Available online at www.sciencedirect.com
JOURNAL OF

ScienceDirect Approximation
Theory

ELSEVIER Journal of Approximation Theory 163 (2011) 1300-1316 _
www.elsevier.com/locate/jat

Full length article

Existence of best simultaneous approximations in
L,(S, 2, X)

Xian-Fa Luo®*, Chong Libe, Hong-Kun Xu dc Jen-Chih Yao®

4 Department of Mathematics, China Jiliang University, Hangzhou 310038, China
b Department of Mathematics, Zhejiang University, Hangzhou 310027, China
¢ Department of Mathematics, College of Sciences, King Saud University, P. O. Box 2455, Riyadh 11451, Saudi Arabia
dDepartment of Applied Mathematics, National Sun Yat-sen University, Kaohsiung 80424, Taiwan
€ Center for General Education, Kaohsiung Medical University, Kaohsiung 80702, Taiwan

Received 30 July 2010; received in revised form 23 March 2011; accepted 28 April 2011
Available online 4 May 2011

Communicated by Andrds Kro6

Abstract

Let (S, 2, u) be a complete positive o-finite measure space and let X be a Banach space. We are
concerned with the proximinality problem for the best simultaneous approximations to two functions in
Lp(S, X, X). Let X be a sub-o-algebra of X' and Y a nonempty locally weakly compact convex subset
of X such that spanY and its dual have the Radon-Nikodym property. We prove that L, (S, Xy, Y) is
N-simultaneous proximinal in L, (S, 2/, X) (with the additional assumption that (S, X, 1) be finite for the
case when p = 1). Furthermore, for the special case when Yy = X, we show that the assumption that the
dual of span Y has the Radon—Nikodym property can be removed.
© 2011 Elsevier Inc. All rights reserved.

Keywords: Simultaneous approximation; Simultaneous proximinality; Radon—Nikodym property

1. Introduction

Let X be a Banach space with norm || - || and (S, X', ©) a complete positive o -finite measure
space. Let 1 < p < ocoandlet L,(S, X, X) denote the Banach space of all Bochner p-integrable
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(essentially bounded for p = o0) functions defined on S with values in X, endowed with the
norm || - ||, defined by

1/p
P
Iy = (/s QLS » I=p<oo foreach f € L,(S, X, X).
ess sup || f(s)I, p =00

Let G be a nonempty subset of L, (S, 2, X) and let f € L,(S, 2, X). Recall that an element gg
of G is called a best approximation to f from G if

ILf = gollp =dp(f. G) ==inf{||f —gll, : g € G}.

The set of all best approximations to f from G is denoted by Pg(f). Recall also that G is
proximinal in L ,(S, X, X) if Pg(f) # ¥ foreach f € L,(S, XY, X).

In the case when Y is a closed subspace of X, the problem whether L, (S, X, Y) is proximinal
in L,(S, X, X) has been studied deeply and extensively, see for example [4-6,11,13,15,18].
In particular, in the case when (S, X', i) is a finite measure space, it was proved in [4] that
Li(S, X, Y) is proximinal in Li(S, Y, X) if Y is reflexive and in [5] that L,(S, X,Y) is
proximinal in L,(S, Y, X) if and only if L;(S, Y, Y) is proximinal in L;(S, 2, X). These
results have been extended to the case when (S, X, u) is a o-finite measure space in [13],
where it was further proved for a closed separable subspace Y that L,(S, X, Y) is proximinal in
L,(S, X, X) if and only if Y is proximinal in X.

The problem of the best simultaneous approximations in L, (S, ', X) was studied in [17].
The setting is as follows. Let m be a positive integer or m = +oco and let N(-) be a monotonic
norm in the space R™ (where R™ is a linear space consisting of some real sequences in the case
when m = 4o00) in the sense that, for each pair of a = (g4;),b = (b;) € R™, the condition
la;| < |b;i| for eachi = 1,...,m implies that N(a) < N(b). Let {f;}iL; € L,(S, %, X)
satisfying (|| fill,) € R™ and G € L,(S, 2, X). Then the best simultaneous approximation
problem considered here is to find an element gg € G such that

N((Ifi = gollp)) = NI fi —gllp)) foreachg e G.

Such an element go is called a best N-simultaneous approximation to {f;}i", from G.
Characterization results were established in [17] for the case when m < -+00, extensions of
which to general Banach spaces and/or to infinitely many elements in Banach spaces are referred
to [7-10,12].

Saidi et al. considered in [16] the proximinality problem for the best N-simultaneous
approximations in L,(S, 2, X). Recall that a nonempty subset G of L,(S, X, X) is called
N-simultaneously proximinal in L,(S, %, X) if each {fi}]L; € L,(S, Y, X) satisfying
(I fillp) € R™ admits a best N-simultaneous approximation from G. In the case when m < 400,
Y is a reflexive subspace and (S, X', u) is a finite measure space, it was proved in [16] that
L,(S, X, Y) is N-simultaneous proximinal in L ,(S, X', X) for each 1 < p < oo, which clearly
extends the corresponding results in [4, Theorem 1.2], [5, Theorem 1.2] and [15, Theorem 4.2]
for best approximation problems.

Recently, Mendoza and Pakhrou considered in [14] the N-simultaneous proximinality
problem of Li(S, Xy, X) in L{(S, X, X) for the case when m < 400, where Xy is a sub-o-
algebra of J. They proved that L (S, Xy, X) is N-simultaneous proximinal in L{(S, X, X) if X
is reflexive. As shown by Mendoza and Pakhrou, in [14], the N-simultaneous proximinality is
strictly stronger than the (ordinary) proximinality. In fact, they showed in [14, Example 2] that
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there exist a Banach space X and a sub-o-algebra Yy such that L (S, Xy, X) is proximinal but
not N-simultaneously proximal in L(S, X, X).

In the present paper, we will continue to study the N-simultaneous proximinality problem
of L,(S, 2o, Y)or L,(S,Y,Y)in L,(S, 2, X) but in the more general case. More precisely,
we assume that m = 2 for simplicity and that (S, X', i) is a complete positive o -finite measure
space and Y a locally weakly compact closed convex subset of X. It should be remarked that
this problem for the general case is nontrivial and more difficult. We will prove in the present
paper that L, (S, Xy, Y) is N-simultaneous proximinal in L,(S, X, X) foreach 1 < p < +o0
(with the additional assumption that (S, X', i) be finite for the case when p = 1) if span ¥ and
span Y" have the Radon—Nikodym property. While for the special case when Yy = X, we will
show that L, (S, Y, Y) is N-simultaneous proximinal in L,(S, 2, X) foreach 1 < p < oo if
span Y has the Radon—Nikodym property. These results extend and improve both [16, Theorems
3 and 4] and the main theorem of [14]. Even in the case of m = 1, namely, the case of the best
approximation, our results in the present paper seem new.

2. Auxiliary lemmas

Let (S, X', u) be a complete positive o-finite measure space and let X be a Banach space with
norm || - . Let 1 < p < 00, Y C X, and Xy a sub-o-algebra of »'. We use L, (S, 2o, Y) to
denote the subset of L ,(S, 2, X) defined by

Ly(S,20,Y)={g € Ly(S, 2y, X):g(s) €Y forae.s € S}.

Foraset A € X, let x4 stand for the characteristic function of A; thatis, y4(s) = 1ifs € A and
xA(s) = 0 otherwise. For a point x € X and r > 0, we use B(x, r) to denote the closed ball with
center x and radius r. Recall that a subset Y of X is locally weakly compact (resp. boundedly
weakly compact) if, for each point y € Y (resp. for each r > 0), there exists § > 0 such that
B(y,8)NY (resp. B(0, r) NY) is weakly compact. To prepare for the proof of the main theorem
of this paper, we will verify some useful lemmas in this section. The first one is trivial and its
proof is thus omitted.

Lemma 2.1. Suppose that Y is a closed convex subset of X. Then the following statements are
equivalent.

(1) Y is locally weakly compact.
(i) Y is boundedly weakly compact.
(iii) There exist a point y € Y and § > 0 such that B(y, §) N'Y is weakly compact.

Throughout the rest of this paper, we shall always assume that N is a monotonic norm in the
space R? and that Y is a closed convex subset of X such that L p(S, 2, Y) is nonempty. Thus,
without loss of generality, we may assume that 0 € Y. In fact, in the case when ©(S) = +o0,
it holds automatically because L, (S, 2y, Y) is nonempty; while in the case when 1(S) < +o0,
one can take yp € Y and consider Y — yp in place of Y if necessary. The following lemma is an
extension of [16, Corollary 1].

Lemma 2.2. Let f!, 2 € L,(S, X, X) be a pair of countably valued functions. Then L, r?
admit a best N-simultaneous approximation from L, (S, X, Y).
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Proof. Let k = 1,2 and assume that f*¥ = 2?21 x,kXAi for some sequence {A;} of disjoint
measurable sets in S and some sequence {xf } € X. Then u(A;) < oo whenever xf # 0 because

o0
LFAI5 =D I 1P (A < oo
i=1

Thus, we may assume that 0 < (A;) < oo for eachi € N. Set

i=1

o0
G=1g=) vixa :8€LyS, %, Y)}

and

S(f'. fAe) = NUf = glp. I1f> —gllp) foreachgeg.
We first show that there exists gg € G such that

S(fY, 3 80) =8(f1, A =inf8(f', 1 8): g € G). @2.1)

To do this, let {g"} C G be a sequence such that §(f', £2; g") — 8(f', f2). Then there exists
some positive number M such that §(f L f 2. g") < M, for all n. Let n € N and assume that
8" =272, v x4, Then, thanks to the monotonicity of the norm N,

N1, 1) (Z IIy,-”II”M(Ai)>

i=1

N(Ig" Il 18" 11 p)

IA

N =&l + 1 s 12 =" 1 + 121 )
N = g™ lp 1F2 = &™) + NALF s 1F2 )
M+ NS s 1P ).

This shows that, for each i, {y{'};’zozl is bounded in Y. Since Y is locally weakly compact, it

IA

IA

follows from Lemma 2.1 that {y{ } has a weakly convergent subsequence { yf’ l} (say), with weak
limit y;. Then y; € Y because Y is a closed convex subset of X. Similarly, noting that { yg ’1} isa

subsequence of {y}}, there exists a subsequence {y5 ’2} of {y;’]} such that lim,,_, o yg 2 = b
weakly for some y, € Y. Continuing in this way, one has that, for each i, there exists a

subsequence { ylﬂ+ll+ I of {y" J’:l} such that {y;’ +I1+ 1} weakly converges to some element y; € Y.
Since, for each fixed natural number m and eachi = 1, ..., m, {y;""} is a subsequence of {y:"'},

we have that lim, y;""" = y; weakly by the choice of {y;' 1}, Using the weak lower semicontinuity
of the norm of X, we obtain that

k . . k s .
lx; — yill < lm}11nf||xi —y"™|| foreachi=1,...,m.
Thus
1
P

1
N (Zl llx! — y,-n"u(Al-)) (Zl Ix? — yiu"u(A,-))

1 1
P
)

m m P
<N (Z lim inf |1 — y;’*’"n”u(Al-)) (Z lim inf |7 — y?”"u"u(Ai))
i=1 i=1
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1

m P
lim inf (Z llx? — y?*’”n”u(A,-))
i=1

( ]

00 P
: (Z b — y?""llpu(Ai))
i=1

m 4
< N | liminf (Z x} — y;”’”n"u(A,-))
i=1

™
NE

?
< lim inf N ( i —y;”mnf’u(A,-)) ||x,-2—yf’m||1’u<A,->)

1 1

1

o0
< lim inf N <Z lx} — y{”mllpu(Ai))

i=1
= liminf8(f", % ¢"™) = 8(f", £,
n

o0
n=1

where the last equality holds because {g""*}
above expression, we get that

is a subsequence of {g"}. Letting m — oo in the

1 1
N (an}—yin"umn) ,<Z||x?—yi||f’um,->) <81 1. 22)

i=1 i=1
It follows that Y ;2 ||y | w(A;) < oo. Define go = > ;2 vi xa,. Then go € G and

NALFY = gollp, I1F2 = gollp) = (1, £

thanks to (2.2). Hence (2.1) is proved.
Next we claim that

SUFY ) < NUIFY = hllp, I f> — hll,) foreachh € L,y(S, X, Y). (2.3)

Granting this, one has that gp is a best N-simultaneous approximation to {fi, f»} from
L,(S, X, Y) and the proof is then complete.

It therefore remains to show (2.3). Let h € L, (S, X, Y) be a countably valued function that
has the expression h = Ziozl hjxs; for some sequence {B;} of disjoint measurable sets in S

and some sequence {h;} C Y. Then f * and h can be rewritten respectively as

o o

k k

S =§ xjjXang;, and h= E hijxa.0B;
i,j=1 i,j=1

where

x(‘~=xf and h;j =h; foreachi,j=1,2,....

Then

=

o0
> (A 0Bl I < 1kl ((Ai)7  foreachi € N, 24)
j=1

where and in what follows, ¢ satisfies % + ql =1ifl < p<oocandqg = ocoif p = 1. In fact,
(2.4) is clear in the case when p = 1. In the case when 1 < p < oo, one can apply Holder’s

inequality to conclude that
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1

1

q\ ¢ 1
o0 o0 A; N B; >0 P
D AN Byl < (Y] “(—’) (Zu(BjnmjnP)
j=1 j=1\ w(Bj)r j=1

1
>0 A;NB)\? g
Z <—M(M(Bj) ])> M(Bj))

1
iNB; q
< Al (Z “(M(B : ) (Bj>)

=1

IA

I
=
=

~

X

1
= ||allp(n(Ai))e.
Hence (2.4) holds. Set

o0
2. w(Ai N Bj)h;
/ Jj=1

yi = foreach i € N.

n(Ai)
Then y/ € Y because Z?OZI[M(A,- N Bj)1/n(A;) = 1 and Y is a closed convex subset. Define
g =272y xa Theng € L,(S, X, Y)and

o0
L = nlp = Z Ilxf; = hij 1P w(A; O By)

p Ta

> ium)(;“m(;f)n —hy ”>,,
> inxf — 1P (A)

= ﬁ}" - £'llp,

where the inequality holds because the function ¢ + #? is convex on [0, +00). Now from (2.1)
and the monotonicity of the norm N, it follows that

NALF = hllp, 12 =hlp) = NAF =&l 12 = &llp) = 8(FL, £5).

As the set of all countably valued functions in L (S, X, Y) is dense in L, (S, X, Y), (2.3) is seen
to hold and the proof is complete. [

The following lemma is useful and taken from [16], where it was proved for the case when Y
is a subspace.

Lemma 2.3. Let g be a best N-simultaneous approximation to f', f> € L{(S, ¥, X) from
Li(S,X,Y). Then,

/A”g(S)HdM = 2maX{/A ||f1(S)||dM,/A||f2(5)||dﬂ} Joreach A € X.
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The following lemma shows that the set L, (S, Xy, Y) is closed.

Lemma 2.4. L,(S, Xy, Y) is a closed convex subset of L, (S, X, X).

Proof. The convexity of L, (S, Xy, Y) is clear since Y is convex. Thus we only need to show
that L, (S, Xy, Y) is closed. To this purpose, let f € L,(S, X, X) and {f,,} € L,(S, Xy, Y) be
a sequence satisfying lim, || f, — fll, = 0. Then by Fatou’s lemma, we obtain that

/limianIfn(S) — f®IPdu < liminf/ I fu(s) = f()Pdp = 0.
s " n S

It follows that liminf}, || f,(s) — f(s)|| = 0 for a.e. s € S. This implies that f(s) € Y for almost
all s € S since Y is closed in X, which completes the proof.  [J

Lemma 2.5. Let f € L,(S, X, X) be a countably valued function. Then there exists h* &
Ly(S, X, X*) such that |h*|ly < 1and (f, h*) = || fll

Proof. Let f = Y 2, xixa,, where {A;} is a sequence of disjoint measurable sets with
w(A;) > 0foreachi € N. Without loss of generality, we may assume that x; 7 0 for eachi € N.
For eachi € N, let x7 € X* be such that [|x]|| = (||)c,~||/||f||1,,)1”_1 and x/(x;) = [lx] [l
Define h* = ) 2, x¥xa;- Then h* € Ly(S, X, X*) and ||h*||; = 1 because sup; ||x|| = 1 if
q = oo and

o0
. Z llxi 1P 1 (A;)
DI uA) = T =1 ifq < ox.
P 1y
On the other hand,

o0 0 o0 P
(") =) xfeouA) =Y I lxllnA) = | "x|’| ”_1 (A = 1£llp,

P
i=1 i=1 i=1 I1fllp

which completes the proof. [J

Lemma 2.6. Suppose that (S, X, 1) is a finite measure space. Let f € L,(S, X, X) satisfy
(f, h*) =0 for each h* € Ly(S, X, X*). Then f = 0.

Proof. Let { f,} be a sequence of countably valued functions in L ,(S, ¥, X) such that ||(f, —
HI < % for a.e. s € § and each n. Then

Ifn— fll, < %(M(S))% for each . 2.5)

By Lemma 2.5, for each n € N, there is h; € L,(S, X, X*) such that ||A)]l, < 1 and
(fus b)) = |l full p- Thus

I fallp = (fus ) = (fo = fo ) + (f b)) < W fu = fll,  foreachn.
This together with (2.5) implies that
1Ay = Umil fullp +Um il fo — fllp < 21Hm |l fu — fll, =0

and the proof is complete. [
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The following lemma is taken from [14, Lemma 2], which was proved for the case when
Y =X.

Lemma 2.7. Let f1, f2 e L,(S, X, X)andlet {g,} C L,(S, Xy, Y) be a minimizing sequence
for best N-simultaneous approximation to f', f? from Ly(S, 20, Y). If {Ay}) © 2o is such
that lim, oo (Ap) = 0, then {gnxac} is a minimizing sequence for best N-simultaneous
approximation to ', f% from Ly(S, 20, Y).

Finally we still need the following lemma, see for example [2, Lemma 2.1.3]. Recall that
L1(w) is the space of integrable real-valued function on (S, X, u); thatis, L1(n) = L1(S, X, R).

Lemma 2.8. Suppose that (S, X, (1) is a finite measure space. Let { f;,} be a bounded sequence
in L1(w). Then there exist a subsequence { f,, } of { fn} and a sequence { Ay} of pairwise disjoint
measurable sets such that { fin, x Ai} is uniformly integrable.

3. Main results

We begin with the well known notion of the Radon—Nikodym property, see for example [3].
A Banach space X is said to have the Radon—Nikodym property with respect to a finite measure
space (S, X, n) if, for each p-continuous vector measure G : 3 — X of bounded variation,
there exists g € L1(S, X', X) such that G(E) = fE gdu for each E € Y. Whereas X is said to
have the Radon—-Nikodym property if X has the Radon—Nikodym property with respect to each
finite measure space. It is well known that any reflexive Banach space has the Radon—Nikodym
property.

Before proving the main theorem of the present paper, we need an extension of Dunford
Theorem [3, Theorem IV.2.1]. Recall that ¢ satisfies % + é =1ifl < p <ooandg = oo if

p=1
Lemma 3.1. Let (S, X1, u) be a o-finite measure space with Xy generated by a countable

algebra. Suppose that X has the Radon—Nikodym property. Let 1 < p < oo and let {g,} be
a sequence in L, (S, X1, X) satisfying the following conditions:

(a) {gn} is bounded in L ,(S, 2, X),
(b) {gn} is uniformly integrable,
(c) foreach E € X with u(E) < 0o, {fE gndu} is relatively weakly compact in X.

Then there exist a subsequence {g,, } of {gn} and go € L, (S, X1, X) such that for each E € X}
with w(E) < oo,

lilzn(gnk — 80, h*xg) =0 foreach h* € Ly(S, X1, X™). (3.1

Furthermore, in the case when 1 < p < 00, (3.1) can be improved to the following assertion

lilzn(gnk — g0, h*) =0 foreach h* € Ly(S, X1, X™). (3.2)

Proof. We divide the proof into two steps.

Step One: The conclusion of the lemma holds in the case when ©(S) < oo.

Suppose that u(S) < oo. Then (3.1) is equivalent to (3.2). Let {E,,} be a countable
algebra which generates the o -algebra 2. Then by (c), a Cantor diagonalization will produce a
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subsequence {gy, } of {g,} such that for each E € {E,,}

weak-lilzn / gndp  exists. (3.3)
E

We claim that (3.3) holds for each E € Y. To do this, let E € X). Since the weak closure of
{ f £ & du} is weakly compact by (c), it suffices to verify that { f g &ndu} is a weak Cauchy
sequence in X. Let ¢ > 0 and x* € X* \ {0}. Then by (b), there is § > 0 such that
Sallgnldu < m for each n € N whenever A € X and u(A) < 8. By [1, Theorem 1.3.11],
there exists Ey, such that (£ A Ey,) < 8. It turns out that

/ llgn, ldp < 2 6* for each k € N.
EAEy, [|* ]

Since (3.3) holds for E = Ey,,, there is a positive number N such that

x*/
E

Consequently, for all k, m > N,

X*/ gnkdu—x*/ gnmd/t’ =
E E

gnedp — X*/ Snndi
E

< ¢ forallk,m > N.
ko 2

ko

/;:k()

- / x*(8ny — &ny)dut
Eg\E

€
2

x*(gnk - gnm)dll« + / X*(gnk - gnm)dﬂ
E\Eko

IA

+/ Il (Il gng Il + 11gn,, Ddie < €
EAEy,

Exg

and the claim stands. Thus, we may define a vector measure G : X} — X by
G(E) = weak- lilzn/ gn A foreach E € 2. (3.4)
E

For each x* € X*, as (ii) guarantees that lim,g)—0 /| £ X*gndin = 0 uniformly in £, it follows
that lim, )0 x*G(E) = 0. This shows that G is weakly countably additive and so norm
countably additive by the Orlicz—Pettis Theorem (see [3, Corollary 1.4.4]). Since G vanishes
on sets of p-zero in X, G is p-continuous on . Let

C =sup “gn”p- (3.5
n>1

Then, for any partition {E; : i = 1,2, ..., m} of S with each E; € Y, one has that

L 1 1
Z IG(EDI < lirr}(inf/S llgne (O Ild < lirr}(infllgnkllpu(s)q <Cu(S)q.

i=1

Hence, G is of bounded variation. Thus by the assumed Radon—Nikodym property, there exists
go € L1(S, 21, X) suchthat G(E) = fE godu for each E € Y. This together with (3.4) implies
that

li]{n(g,,k — g0, h") =0 foreach h* € SL(S, 2}, X™), (3.6)
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where SL(S, X, X*) denotes the set of all simple measurable functions on S. Below we shall
verify that go € L,(S, 21, X). Granting this, (3.2) follows from (3.6) because SL(S, 2|, X*) is
dense in L, (S, X, X*) and {g,,} is bounded in L, (S, X, X). Thus (3.1) is proved in the case
when w(S) < oo.

To show that go € L, (S, X1, X), let {A;} be an expanding sequence in X; with U; A; = §
such that g is bounded on each A;. Then, for each i € N, goxa, € L,(S, X1, X). Since
(8oxa;» h*) = (g0, h* xa,) for each h* € SL(S, X1, X*), it follows from (3.6) that

[{(goxa;, h*)| = lilgnl(gnk,h*XAi)l < lin}cinf”gnk”p”h*XA;”q < Cllh*|q 3.7
holds for each h* e SL(S, X}, X*). Note that L,(S, X1, X) S L,(S, X1, X)™ C L,(S,
X1, X*)* and that SL(S, X1, X*) is dense in L, (S, X1, X*). One has that

llgoxa; llp = sup{l{goxa,, h*)| : h* € Ly(S, X1, X*), [In*]ly < 1}

= sup {|(goxa;. h*)| - B* € SL(S, 1, X*), [|h*|l4 < 1}
<C

thanks to (3.7). Consequently, Fatou’s lemma guarantees that
/ lgollPdu = /liim llgoxa, I”dp < limiinff llgoxa; II”7du < CP,
S s s

which means that go € L, (S, 21, X).

Step Two. Consider the case when (S, X, u) is o-finite. Take an expanding sequence {S;} in
X1 such that 0 < wu(S;) < oo foreachi and § = Ul?’il S;. For a measurable subset A of S, let
21|14 denote the o-algebra defined by

Jila={ENA:E €} 3.8)

Also, for a measurable function f on S, we use f|4 to stand for the restriction to A of f. Since
n(S1) < oo, we have by Step One that the sequence {g,|s,} yields a subsequence {g, 1} of {g,}
and g} € L,(S1, X1|s,, X) such that

lim(gy 1ls, — g;, h*) =0 foreachh* € Ly(S1, Zils,, X7). 3.9)
n
Similarly, there exist a subsequence {g, 2} of {g,,1} and g} € L,(S2, Yi|s,, X) such that
lim(gy, 2ls, — g5, h*) =0 foreach h* € L (S, Zils,, X). (3.10)
n

Since S; C S, it follows from (3.9) and (3.10) that (gi — gé|51,h*) = 0 for each h* €
Ly(S1, Zils,, X*), which together with Lemma 2.6 implies gj|s, = g}. Continuing in this
way, we have that, for each i € N, there exist a subsequence {gs;+1} of {gs;} and g; , €
Lp(S,'_H, 2 |Si+1 , X) such that

Sivils = & G.11)
and
X). (3.12)

lim(gnit1l5.., — gi41-h") =0 foreach h* € Ly(Sit1, Tils.,.

Define the function go on S by go(s) = g/(s) if s € S; for some i € N. Then g is well-defined
by (3.11) and

goxs; = & xs, foreachi € N. (3.13)



1310 X.-F. Luo et al. / Journal of Approximation Theory 163 (2011) 1300-1316

Below we will show that the subsequence {g,,} and go are as desired. For each h* €
Ly(S, 21, X*), by (3.12) and (3.13), one has that, for each i € N,

[{goxs;» B} = Ugixs;, W) = lim [(gn.ils;, h*[s;)| < liminf [[gnill,1A*llg < CllA*llg-

Hence, for eachi € N,

1
p
</ llgoxs; IIPdM) = sup{l{goxs,, ™) : ™ € Ly(S, Zils;, X), Ih*llq < 1} < C.
S

Consequently, Fatou’s lemma guarantees that

/ ligollPdp = f lim lgoxs; II”dp = liml_inff llgoxa; I”du < CP, (3.14)
S S S

which shows that gy € L, (S, X1, X). It remains to show that (3.1) holds for each E € X' with
w(E) < oo. For this purpose, let h* € L, (S, X, X*) and let E € X be such that 4(E) < oo.
Then the Cantor diagonalization yields

lim{g,,» — go, h* xsinE)) = lim{g, ns; = gols:» h*xs:ney) =0 foreachi € N. (3.15)

By (ii), there is § > 0 such that

€ p
max ||go||1’du,sup/ ™ ||Pd,,L} - <_>
{/A I T 4h*||,

for each A € X} with u(A) < 4. (3.16)
Since {E N S;} is monotone, E = U; (E N S;) and w(E) < oo, it follows that
limu(E \ (ENS;)) =0.
1

Combining this with (3.16) shows that there exists a positive integer K such that

p
€
max{ f loll”de. sup / ||gn,n||"du}<( i ) (3.17)
E\(ENSk) n JE\(EnSk) 4h*lq

By (3.15), there exists ng € N such that

€
= [(gn.n — 80, K" XEnsk )| < 5 foralln > no. (3.18)

/ ((gn,n — 80)(5), h*(s))du
ENSk

Hence, by (3.17) and (3.18), we have that, for all n > ng,

[{gn.n — 80, h* xE) <

/ ((gn.n — 80)($), h*(s))d,u‘
ENSg

+

/ <(gn,n — 80)(s), h*(S)>du’
E\(ENSk)

1
€ p
< Sl [( / ||gn,n||f’du>
E\(ENSk)
1
P
+ (/ IIgollde> } <€
E\(ENSk)

and (3.1) is seen to hold for each E € Y| with u(E) < oo.
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Below we prove (3.2) for the case when 1 < p < oo. Let h* € L, (S, X1, X*) and let e > 0.
Then there exists £ € X'} with u(E) < oo such that

€
— 3.19
4C ( )
where C is defined by (3.5). Furthermore, by (3.1), there is ko € N such that

Ih* xs\Ellqg <

[{gn, — g0, h* xE)| < €/2 foreachk > ko.
This together with (3.5), (3.14) and (3.19) implies that
[(gn, — &0 B < [{gn, — 80 B XE) + 1{8n, — 80, K" X5\E)|
< 5+ (lgnllp + g0l A sl =€
which completes the proof of (3.2). [

Let {g,} be a bounded sequence in L,(S, 2, spanY). Then for each A € X, we get by
Holder’s inequality and (3.5) that

1 1
/A lgn(s)ldue < ( /A ||gn<s>||f’du)" ( /A du>q < Cu(ANT. (3.20)

Now we are ready to give the first main theorem of this paper.

Theorem 3.1. Let Y be a locally weakly compact closed convex subset of X such that both
spanY and spanY  have the Radon—Nikodym property. Suppose that either p > 1 or p = 1 and
(S, X, w) is finite. Then L, (S, 2o, Y) is N-simultaneously proximinal in L ,(S, X, X).

Proof. Let f!, f2 € L,(S, X, X) and let {g,} L, (S, £o, Y¥) be a minimizing sequence for
best N-simultaneous approximation to f1, f2 from L ,(S, o, Y). Then {N(||f1 —gnllp. ||f2 _
gnll»)} is bounded. Since

lgall,N(1, 1) = N(lgall p» llgnll )
< NUIF = gully + 1 Mp £ = gullp + 1LF21)
< NUIF = gullps 1F2 = gullp) + NALF s £ 1),

it follows that {g,} is bounded. Now, Let X} € 3y be a o-algebra generated by a countable
algebra such that each g, is measurable with respect to (S, X1, u); hence {g,} € L,(S, 21, Y).

By Lemma 2.8, there exist a subsequence of {g,}, still denoted as {g,} itself, and a sequence
{A,} of pairwise disjoint measurable sets in X' such that {g,xac} is uniformly integrable in
L(S, X1, spanY). Define

A J8nXAS, P = L
&n = &n» 1 <p < +oo.

Then {g,} is a minimizing sequence for a best N-simultaneous approximation to f!, 2 from
L,(S, 2, Y), which is trivial for p > 1, and is because of Lemma 2.7 for p = 1 as
lim, 1 (A,;) = 0. Below we only prove that there exist a subsequence of {g,}, again denoted
by {g,} itself, and go € L,(S, Xy, Y) such that {g,} converges weakly to go in L,(S, X, X).
Granting this, go is a best N-simultaneous approximation to fi, fo from L,(S, Xy, Y)
(cf. [14, Lemma 1]). To do this, we first check that conditions (a)—(c) in Lemma 3.1 are satisfied
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by the sequence {g,}. By the definition of {g,}, conditions (a) and (b) are satisfied and it remains
to check condition (c). To this end, let A € X} with 0 < u(A) < oo. Note that {fA gn(s)du} is
bounded, and

L[ gn(s)du € co((g,)(A)) CY foreachn e N (3.21)
wu(A) Ja

thanks to [3, Corollary 11.2.8]. We have that { [ 4 8n(s)du} is relatively weakly compact in spanY’,
which shows that condition (c) in Lemma 3.1 is true. Thus, Lemma 3.1 guarantees that there
exist a subsequence of {g,}, still denoted as {g,} and go € L, (S, X1, spanY) such that

lim(g, — go, h*) =0 foreach h™ € L (S, X1, spanY*). (3.22)
n

Since spanY * has the Radon-Nikodym property, it follows from [3, Theorem IV. 1.1] that
(L (S, 21, spanY))* = L, (S, 1, span¥ ).

This together with (3.22) implies that {g,} converges weakly to go in L,(S, X1, spanY), and
hence lim, g, = go weakly in L,(S, Y, X) because L,(S, X, spanY) is a subspace of
L,(S, X, X). Furthermore, Noting that L, (S, X', Y) is closed convex by Lemma 2.4, we have
that go € L,(S, X1, Y). Hence go € L, (S, Xy, Y) as Ly € Xp. The proof is complete. [

The following corollary, which is a direct consequence of Theorem 3.1, extends [14, Main
theorem] that was proved for the case when p = 1 and ¥ = X.

Corollary 3.1. Let Y be a closed convex subset of X such that spanY is reflexive. Suppose that
1 < p < +oo,orthat p = 1 and (S, X, ) is finite. Then L, (S, 2y, Y) is N-simultaneously
proximinal in L, (S, X, X).

We observe that Theorem 3.1 requires the assumption that both spanY and spanY have the
Radon—Nikodym property. We do not know if this assumption can be removed. However, in the
case when Yy = X, the following theorem shows that the assumption that span Y * have the
Radon—Nikodym property can actually be removed.

Theorem 3.2. Let Y be a locally weakly compact closed convex subset of X such that
spanY has the Radon—Nikodym property. Then L,(S, X, Y) is N-simultaneously proximinal
inLy(S, X, X) foreach1 < p < co.

Proof. Let fl, f2 € L,(S, X, X). We have to show that there exists go € L,(S, Y, Y) such
that

NAL = gollps 1% = gollp) < NI = Rllp, If* = hllp) foreach k€ Ly(S, 2, Y).
For each £k = 1,2, let { f,f} be a sequence of countably valued measurable functions in
L,(S, X, X) such that
lim || fX— 41, =0 and lim| fX¢s) — fX(s) =0 forae. s eS. (3.23)
n n

By Lemma 2.2, for each n, there exists g, € L, (S, X, Y) such that g, is a best N-simultaneous
approximation to fnl, fn2 from L,(S, Y, Y). Let 2 be a o-algebra generated by a countable
algebra such that each f,f and g, are measurable with respect to (S, X1, ). Thus, f! and f>
are measurable with respect to (S, 2, u). Consequently, {fl, f2} C Ly(S, 21, X), {f,f} -
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Ly(S, 21, X) and {g,} € L,(S, X1, X). We claim that there exist a subsequence of {g,}, still
denoted as {g,}, and go € L, (S, X1, spanY) such that, for each E € X with u(E) < oo,

lim(g, — go, h*x£) =0 foreach h* € L, (S, Xy, span¥"). (3.24)
n

By Lemma 3.1, to show the claim, it suffices to verify that {g,} satisfies the following conditions:

(a) {gn}is bounded in L, (S, X', spanY),
(b) {gn} is uniformly integrable in (S, X, spanY),
(c) foreach A € X} with u(A) < oo, {fA gn(s)du} is relatively weakly compact in spanY .

Since, for each n, g, is a best N-simultaneous approximation to fnl, fn2 from L,(S, X, Y)
and 0 € L,(S, X, Y), we have that

lgnllpN(1, 1) = N(lignllp, llgnll p)

NSy = gallp + 1 17 = gallp + 171

NS = nllps 17 = gallp) + NALA s 11571 )

NS s 1571 p)-

Thus (a) is seen to hold because { fnl} and { fnz} are bounded by (3.23). To prove assertion
(b), we first consider the case of p = 1. Since lim, || fX — |1 = 0 by (3.23), {ff} is
uniformly integrable for each k = 1, 2. This and Lemma 2.3 imply (b) because {g,} is a best
N-simultaneous approximation to fnl, fnz. For the case when 1 < p < oo, it follows from

(3.20). Finally, let A € X; with 0 < u(A) < oo. Note that {fA gn(s)du} is bounded by (3.20),
and

IAN A

IA

L'/ gn(s)du € co(gn(A)) €Y foreachn e N (3.25)
n(A) Ja

thanks to [3, Corollary I1.2.8]. Hence assertion (c) follows and the claim holds.

Next we claim that go € L, (S, X, Y). Since go € L, (S, Xy, spanY) C L,(S, Y, span’), it
suffices to prove that, for each E € X with 0 < w(E) < o0, go(s) € Y forae. s € E. To do
this, let E € X with 0 < u(E) < oo. By [3, Corollary II.1.3], there exists a sequence {g,} of
countably valued measurable functions on E such that

1
(g — go)(s)|| < — forae.s € Eandeachn € N. (3.26)
n

Assume that

o
gn = anixgm. for eachn € N,
i=1

where, for each n € N, {x,,;}72, € X and {E,;}72, € X is a countable partition of E. Without
loss of generality, we may assume that u(E,;) > 0 for each n,i € N. Let

1
w(Eni)
Then, {y,; : n,i € N} C Y. Infact, let n,i € N and write A = E,;. Then, by (3.24),

Yni = / godu foreachn,i € N.
Eni

1 1
weakly-lim —— r(s)du = —/ o(s)du.
TR @ )L ¢ w(a) 18
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Hence y,; f 4 80(s)du € Y by (3.25). Recall that | |g is defined by (3.8) and write

_ 1
T (4

[0}
gn = Z Yni XE,; foreachn e N.

i=1
Then {g,} € L,(E, 21|g, Y). Furthermore, by (3.26),

1
lxni — ynill H w(Eni) /I;,,i (&n — go)dp

Hence [(8, — &)l < % on E and [[(2, — g0)(s)|| < 2 forae. s € E and each n € N.
Thus Lemma 2.4 is applicable and we conclude that goxg € L,(E, Xi|g, Y); consequently,
go(s) e Y forae.s € Eandso gy € L,(S, X1, 7).

Thus, it remains to show that gg is a best N-simultaneous approximation to f!, fZ from
L,(S, X, Y). For this purpose, let € > 0 and k = 1, 2. Then there exists {fek} € L,(S, 21, X)
with countable values such that

75— (fF = go)ll, < e (3.27)

By Lemma 2.5, we may take h; . € Lq(S, X1, X*) such that ||h; ll; < 1 and (fek, e =
Il 711 . 1t follows from (3.27) that

1
< — foreachn,i € N.
n

1A, < 1% = go  hE T+ 15 = g0 — FENlp < 10FY = go B )| + e (3.28)

On the other hand, there exists E € ¥; with u(E) < oo such that ||(f* — 80)Xxs\Ellp < € for
each k = 1, 2. This together with (3.28) implies that

IFE < 105 = gos hEexe)l + |(FF = g0, hf e xs\E)
+e < |(f* — go. hf  xE)| + 2e. (3.29)
By (3.23) and (3.24), one has that
lm(fy = gn. b exe) = (f* = 80, hf xE).
Letg € L,(S, X, Y). Then
N = oo BT oxedl 1 = gou by cxedD
= Hm NS, — gu. B X)L 17 — 8ns 1S XE)D)
<UmN(Ify = gallp 1/ = galp)
<EmN(Ify = gllp. £ = 8llp)
=N =gl £ = gllp).
where the last equality holds because of (3.23). Furthermore, by (3.28) and (3.29), we have that
N 1F2 1) < NOG = g0, i exe)l + 26, 1% — 8o, h3  xE)| + 2€)

< NUS = gllp 12 = gllp) +2eN (L, D).
Combining this with (3.27) gives that

NAULF' = gollps 1F2 = gollp) < NULF' = gllp, I1£% = gll ) + 3eN(1, 1).
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Since g € L,(S, X, Y) and € > O are arbitrary, go is a best N-simultaneous approximation to
fL, f% from L (S, X, Y) and the proof is complete. [

The following corollary, which extends [16, Theorems 3 and 4] and which was proved for the
case when Y is a reflexive subspace, is a direct consequence of Theorem 3.2.

Corollary 3.2. Let Y be a closed convex subset of X such that spanY is reflexive. Then
L,(S, X, Y) is N-simultaneously proximinal in L,(S, X, X) for each 1 < p < co.

Remark 3.1. We do not know if the assumption that span Y have the Radon—Nikodym property
can be dropped from Theorem 3.2.

4. Concluding remark

We have established the N-simultaneous proximinality of L,(S, Xp,Y) and L,(S, Y, Y)
in L,(S, X, X), where N is any monotone norm of R2. 1t is not hard to extend our results
(i.e., Theorems 3.1 and 3.2) to the case where N is any monotone norm of R, with m a finite
positive integer.

It is of interest to know (as one of the referees pointed out) if our approach in this paper works
to handle the case where N is a monotone norm of R* (i.e., the case m = 00).

It however looks that our approach may fail to treat the case of m = 0o since in many places,
our argument depends heavily on the finiteness of m and we are not sure if the barrier of the
finiteness of m can be broken through. For instance, first of all, we do not know if Lemma 2.2
can still hold in the case of m = oo since our proof cannot be extended to the case of m = oo.
As a matter of fact, since in our Lemma 2.2, we have finitely many functions { f k}Z;1 (indeed
m = 2), we can find countably many disjoint measurable sets {A;}7°, in X such that each f k can
be written as a (possibly infinite) linear combination of the characteristic functions of {A;}7° .
However, we do not know if this is true for infinitely many functions { f k},fozl. Moreover, we do
not know if a monotone norm N on R* is lower semicontinuous with respect to componentwise
convergence in R®. This lower semicontinuity of N, which holds in the case of m < oo, is
required in the proof of Lemma 2.2.

Secondly, we have also required that m be finite in the proof of Lemma 2.7 (i.e., [14,
Lemma 2]). It is thus unclear if Lemma 2.7 holds for the case of m = oo.
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