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Abstract. We propose a Ulm-like Cayley transform method for solving inverse eigenvalue problems,
which avoids solving approzimate Jacobian equations comparing with other known methods. A conver-
gence analysis of this method is provided and the quadratic convergence property is proved under the
assumption of the distinction of the given eigenvalues. Numerical experiments are given in the last
section and comparisons with the inexact Cayley transform method [1] are made.
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1 Introduction

Over the years there has been considerable interest in deriving and analyzing the theory or algorithms
for inverse eigenvalue problems (IEPs) which are defined as follows. Let c= (¢1,ca,...,c,)T € R® and
{A;}7, be a sequence of real symmetric n x n matrices. Define

Ale) =) cid; (1.1)
i=1
and denote its eigenvalues by {\;(c)}?_; with the ordering A1(c) < A2(c) < --- < A, (c). Let {A\J},
be given with A\] < A5 <... < A*. Then the IEP is to find a vector ¢c* € R" such that
Ai(c*)=AF fori=1,2,...,n. (1.2)

The vector ¢* is called a solution of the IEP.
This type of inverse problem arises in a variety of applications. See for instance the pole assignment
problem [2, 33], the inverse Toeplitz eigenvalue problem [30, 34], the inverse Sturm-Liouville problem
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[19] , problems in applied mechanics and structure design [15, 16, 21], applied geophysics [29], applied
physics [25], numerical analysis [27] and dynamics systems [9]. A good reference for these applications
is a recent survey paper on structured inverse eigenvalue problems by Chu and Golub [7]. In many of
these applications, the problem size n can be large. For example, large Toeplitz eigenvalue problems
[30] and large discrete inverse Sturm-Liouville problems [7]. Our goal in this paper is to derive an
efficient algorithm for solving large IEPs.

Recall that solving the IEP (1.2) is equivalent to solving the equation f(c) = 0 on R™, where the
function f : R™ — R" is defined by

f(c) = (Mi(c) — A7, da(e) = As, .., du(e) — A5)T. (1.3)

Then c* is a solution of the TEP if and only if ¢* is a solution of the equation f(c) = 0. Based on this
equivalence, Newton’s method can be applied to the IEP, and it converges quadratically [13, 36]. To
overcome this drawback, different Newton-like methods have been proposed and studied [5, 6, 13, 36].
Instead of computing the exact eigenvectors of the matrix A(c), Newton-like methods adopt the
approximations to them in each outer iteration. Among these methods, the Cayley transform method
[13] is particularly interesting which forms an approximate Jacobian equation by applying matrix
exponentials and Cayley transforms. To alleviate the over-solving problem, Bai, Chan and Morini
presented in [1] an inexact Cayley transform method for solving the nonlinear system f(c) = 0. Their
method stops the inner iterations before convergence. Suitable inner tolerances for the approximate
Jacobian equation (ii) was set in that paper and the super-linear convergence rate was obtained.

The purpose of the present paper is, motivated by Moser’s method and Ulm’s method (cf. [11,
14, 18, 19, 20, 26, 31, 32, 37]), to propose a deformed Cayley transform method for solving the IEP,
which avoids solving the Jacobian equations in each outer iteration. Under the classical assumption
that the given eigenvalues are distinct and the Jacobian matrix J(c*) is nonsingular (which is also
used in [1, 3]), we prove that this method converges quadratically.

Comparing with the inexact Cayley transform method in [1], the deformed Cayley transform
method seems more stable, and reduces the difficulty though they have the same costs. Numerical ex-
periments are given in the last section to illustrate the comparisons with the inexact Cayley transform
method.

2 Ulm-like Cayley transform method

Let [1,n] denote the set of n integers 1,2,...,n. As usual, let R"*" denote the set of all real n x n
matrices. Let || -|| denote the 2-norm in R™. The induced 2-norm in R™*" is also denoted by || - |, i.e.,
A
|A]| :=  sup Il Ax] for each A € R™™"™.
xER", x#0 HXH

Let || - || p denote the Frobenius norm in R™*™. Then

Al < ||Allp for each A € R™*™. (2.1)
Let c= (c1,¢2,...,¢,)T € R™ and let {A4;}™, be a sequence of real symmetric n x n matrices. Let

A(c) be defined by (1.1), i.e.,
A(C) = Z CiAi7
i=1
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Let A1(c) < A2(c) < -+ < Ay(c) be the eigenvalues of the matrix A(c) and {q;(c)}; be the
normalized eigenvectors corresponding to {A;(c)}? ;. Define J(c) = ([J(c)]i;) by

[J(c)]ij :== qai(c)T Ajqi(c) for each 4,j € [1,n]. (2.2)

Let {\!}7; be given with A} < A3 < --- < A% and write A* = (A}, A5, ..., A%)T. Let ¢* be the solution
of the IEP, i.e.,
Ai(c*) = A7 for each i € [1,n].

As in [1, 3, 13], we assume that the given eigenvalues {Af}? ; are distinct. Then the eigenvalues
of A(c) are distinct too in some neighborhood of ¢*. It follows that the function f(c) is analytic
in the same neighborhood and that J(c) is the Jacobian matrix of f at ¢ (cf. [1, 3]). This means
Newton’s method, which converges quadratically (cf. [23, 36]), involves solving a complete eigen-
problem for the matrix A(c). In [13], it was proved that if we only compute it approximately, we
still have quadratic convergence. This results in the following Cayley transform method which forms
approximate Jacobian equations by applying matrix exponentials and Cayley transforms.

Algorithm 1: Cayley transform method

1. Given ¢, compute the orthonormal eigenvectors {q;(c®)}?_; of A(c?). Let P, = [pY,...,p%] =

[q1(c?), ..., qn(c)].

2. For £k =0,1,... until convergence, do:
(a) Form the approximate Jacobian matrix Ji as follows:
[Jk)ij = (pf)TAjpé€ for each 4,5 € [1,n]. (2.3)

(b) Solve cF*! from the approximate Jacobian equation

Jref = \* (2.4)
(¢) Form the skew-symmetric matrix Yj:
Yi)ij = (pf)f\:ﬁl(c’;l)p}; for each 4,j € [1,n] and i #j. (2.5)
j N
(d) Compute Pyyq = [piT, ..., pFt] = W& ... vE+ 1T by solving
(I+ %Yk)vfﬂ = h;? for each j € [1,n], (2.6)

where hé? is the jth column of Hy = (I — 3Y;,)P[.

Note that in Algorithm 1, systems (2.4) and (2.6) are solved exactly. However, if n is large, one
may solve these systems by iterative methods. One could expect that it requires only a few iterations
to solve (2.6) iteratively. This is due to the fact that, as {cy} converges to c*, || Ps|| converges to zero
(cf. [1, 13]). Consequently, the coeflicient matrix on the left-hand side of (2.6) approaches the identity
matrix in the limit, and therefore (2.6) can be solved efficiently by iterative methods. On the other
hand, as for the approximate Jacobian equation (2.4), iterative methods may bring the over-solving
problem in the sense that the last few iterations before convergence are usually insignificant as far
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as the convergence of the outer iteration is concerned. This over-solving of the inner iterations will
cause a waste of time and does not improve the efficiency of the whole method. To alleviate the
over-solving problem and improve the efficiency in solving the IEP, Bai, Chan and Morini proposed in
[1] the following inexact Cayley transform method where system (2.4) is solved approximately rather
than exactly.

Algorithm 2: Inexact Cayley transform method
1. Given c°, compute the orthonormal eigenvectors {q;(c®)}™; and the eigenvalues {\;(c®)}™,
of A(c?). Let Py = [pY,...,p%] = [qi(c?),...,q,(c?)] and p° = (A(c?),..., A\, (c?)T.

2. For k = 0,1, 2 until convergence do:

(a) Same as (a) in Algorithm 1

(b) Solve cF*! inexactly from the approximate Jacobian equation
JeP Tt = X* 4 rk, (2.7)

until the residual r”* satisfies

lp* — X"}

e
IA™]7

g€ (1,2]. (2.8)
(¢) Same as (c) in Algorithm 1

(d) Same as (d) in Algorithm 1

(e) Compute phtt = (P, pht)T by

pf“ = (pf"‘l)TA(ckH)pi?Jrl for each i =1,2,...,n. (2.9)

Under the assumption that the given eigenvalues {A\r}?_; are distinct and the Jacobian matrix
J(c*) is invertible, the inexact Cayley transform method converges locally with convergence rate 3 [1].
In each outer iteration of the inexact Cayley transform method, an approximate Jacobian equation
is required to solve. This still can be costly sometimes especially when c”
c*. Furthermore, as we know, system (2.7) will involves the stability problem or the preconditioning

is close to the solution

problem in some cases.

Recall that Moser’s method [18, 26, 31] to solve operator equations in Banach spaces is defined as
follows. Let X, Y be (real or complex) Banach spaces, and D C X be an open subset. Consider the
general operator equation:

f(z)=0, (2.10)
where f: D C X — Y is a nonlinear operator with continuous Fréchet derivative f’. Given z¢y € D
and By € L(Y, X), Moser’s method has the following form:

{ Tpy1 = T — Brf(ap)

for each k =0,1,....
Byy1= 2By — By f'(w1) By,

The convergence rate of Moser’s method is (1 4+ v/5)/2 = 1.61--- (see [26]). However, quadratic
convergence rate can be obtained when the sequence {By} generated by

Bk-i—l = ZBk - ka/(xk+1)Bk for each k = O, 1, e
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This is Ulm’s method introduced in [35] and has been further studied in [11, 14, 18, 20, 31, 32,
37]. Compared with Newton’s method, the advantage of Moser’s method and Ulm’s method is that
Jacobian equations are avoided to solve. Motivated by Moser’s method and Ulm’s method, we propose
the following deformed Cayley transform method for solving the IEP, which also avoids solving the
approximate Jacobian equations.

Algorithm 3: Ulm-like Cayley transform method
1. Given ¢ € R™ and By € R™*™ be such that
1T = Bod ()] < o, (2.11)
where 1 is a positive constant. Compute the orthonormal eigenvectors {q;(c®)}™; of A(c?).
Let Py =[py,...,p"] = [qi(c?),...,q,(c?)] and Jy = J(c").
2. For £k =0,1,2,... until convergence, do:
(a) Compute cF*! by
M =ck — Bp(Jpck — X¥). (2.12)
(b) Same as (c) in Algorithm 1.
(¢) Same as (d) in Algorithm 1.
(d) Form the approximate Jacobian matrix J41 as follows:
[Jii1lij = (PFTHTA;pF for each i,5 € [1,n). (2.13)
(e) Compute the matrix Bji1 by
Bk+1 = 2Bk - Bka+1Bk. (214)
Remark 2.1. Note that (2.6) implies
Pey1 = P(I+ 1Y) (I — Y)Y for each k =0,1,.... (2.15)

Since Py is an orthogonal matriz and {Yy} are skew-symmetric matrices, we see that the matriz { Py}
generated by (2.6) must be orthogonal, i.e.,

PP, = PPl =1 foreachk=0,1,.... (2.16)

To maintain the orthogonality of Py, that would mean that (2.6) cannot be solved inexactly. However,
we will see in Section 3 that ||Yy|| converges to zero (see (3.10), (3.15) and (3.35)). Consequently, the
matriz on the left-hand side of (2.6) approaches the identity matrixz in the limit. Therefore we can
expect to solve (2.6) accurately by iterative methods using just a few iterations.

Remark 2.2. The main difference of the deformed Cayley transform method and the inexact Cayley
transform method is that the step of solving the approzimate Jacobian equation (2.4) in the inex-
act Cayley transform method is replaced by computing the product of matrices, which has the same
computational cost as solving the approximate Jacobian equation. However, computing the product of
matrices is simpler than solving equations and has no unstability problem caused by ill-conditioning
in solving equations. Therefore, the deformed Cayley transform method reduces significantly the diffi-
culty of the problem. In particular, the parallel computation techniques can be applied in the deformed
Cayley transform method to improve the computational efficiency.
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3 Convergence analysis

In this section, we carry on the convergence analysis of the deformed Cayley transform method.
Let {A\f}7, be given with A\] < A5 < ... < A%, Let c* be the solution of the IEP and let Q. =
[q1(c®), ..., gn(c*)] be the orthogonal matrix of the eigenvectors of A(c*). Then the matrix Q. satisfies

QT A(cHQ., = A, (3.1)

where A, = diag(A},...,As). As the standard assumption in [1, 3], we assume that the given eigen-
values {\7}" , are distinct and that the Jacobian matrix J(c*) is nonsingular. Let c* be the kth
iteration of the method, {\;(c¥)}™_; and {q;(c*)}™, be the eigenvalues and normalized eigenvectors
of A(c*) respectively, i.e.,

A(c®)qi(c?) = Xi(c")qi(c*) and  q;(c*)"q;(c") = { (1)’ i: ;?

Below, we will prove that if By approximates J(c®)~! and the initial guess c® is closed to the solution
c*, then the sequence {c*} generated by the deformed Cayley transform method converges locally to
c* with root-convergence rate 2. For this purpose, we need the following four lemmas. The first two
lemmas have been presented in [3]; while the third one has been presented in [13, Corollary 3.1].

Lemma 3.1. Suppose that {\;}1_, are distinct. Then there exist positive numbers g and py such
that the following assertion holds for each ¢ € B(c*,dp).

|'ai(e) —ai(c?) [[S po e =c™ || for eachi € [1,n]. (3-2)

Lemma 3.2. Let {w;}?; C R™ be unit vectors approximating q;(c*). Let J,, be the matriz defined
by [Jwlij = (wi)T Ajw; for each i, j € [1,n]. Then

| Jwe™ = J(e*)e” ||< 2n - max |A7] - max || w; — gi(c™) [ (3.3)

Lemma 3.3. There exist two positive numbers 1 and py such that, for any orthogonal matriz P with
|P— Q.| < 61, the skew-symmetric matriz X defined by eX = PTQ, satisfies

X1 < pall P = Qull- (34)
Let {Py} be defined by (2.15). Define
Ep, =P, —Q. foreachk=0,1,.... (3.5)
Then we have the following key lemma.

Lemma 3.4. Suppose that the given eigenvalues {\f}7_, is distinct and the Jacobian matriz J(c*)is
invertible. Then there exist positive numbers 0o and py such that, for any k = 1,2, ..., if |c*+! —c*|| <
d2 and || Ey|| < 6o then

1Bl < p2(lle™* — || + | Ex1®). (3.6)

Proof. Let k =1,2,... and consider the matrix X}, defined by e** = PI'Q,. Since Pj is orthogonal, it
follows from (3.1) that
eXr A e X = PTA(c*) Py (3.7)
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Note that
eX =T+ X +0(|X|?) for each matrix X. (3.8)

Combining this and (3.7), we have that
As + X A — A X = PEA(CH) Py + O(|| Xk ||?),

Let 4,5 = 1,....n with i # j. Then the above equality implies that

1
X = A

[Xklij = (p7)" AP} + O(|| Xk ).

By the definition of Y} in (2.5), one has that

e D) — AHT)BE + 01X, 7).

(Xklij — [Yaliz =

As A(-) is Lipschitz continuous, it follows that
[Xkli; = Valisl = O™ = || + 1 X))
Consequently,
1Xk = Yl < [1Xk = Yallp = O™ — ¢*[| + | Xe|?) (3.9)
and so || Y| = O(||c**! — ¢*|| + || Xk||). Let C > 0 be such that

1Yk < O(Hck+1 —c*|| + || Xk||) for each k. (3.10)

Take 0 < §2 < min {61, W}, where §; and p; are the positive numbers determined by Lemma

3.3. Assume that ||ckT! — ¢*|| < 62 and || Ex|| < 82. Then || Ey| < 6; and Lemma 3.3 is applicable to
getting
[ Xkl < prl| Bkl (3.11)

Thus (3.10) entails that
1Yl < (™ = [l + pull Bell) < C(1+ p1)da < 1.

Consequently

_ 1
-1y, 1” < <9 3.12
=307 < g (312)

Below we will show that there exists ps > 0 such that (3.6) holds. Granting this, the proof is complete.
To this end, we note by (3.5) and (2.15) that
Eiy1 = Pol(I+3Yi) (I — 3Y3) 7t —eXF] = Po[(I + §Y5) — e (1 — 3YR)](1 — 4Y3) 7L

Applying (3.8) to z, one has

Bus = Rl +30) = [+ X+ 0K~ 3Vl =4 g
= PuYi — Xp 4+ 3 X6 Ye + O(| Xk )] — 5Y3) " '
Since Py is orthogonal, it follows that
1Brrall < 1Y% — Xl + OUXll - (1Yl + 12Xk (2 = 5Y5) |- (3.14)

Thus (3.6) is seen to hold by (3.9)-(3.12). O
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Now we present the main result of this paper which shows that the deformed Cayley transform
method converges quadratically.

Theorem 3.1. Suppose that {\!}I"_, are distinct and that the Jacobian matriz J(c*) is invertible.
Then there exist T € (0,1], § € (0,7) and p € [0,6] such that, for each c® € B(c*,d) and By € R™*"
satisfying (2.11), the sequence {ck} generated by Algorithm 3 with initial point c® converges to c*,
and the following estimates hold for each k =10,1,....

k
5 2
|k —c*|| <7 <) , (3.15)
T

o\
T = BJi|| <7 (T> : (3.16)

Proof. Let 8o, po € (0,+00) be the constants determined by Lemma 3.1 such that Hy||.J(c*) ||y < 1
where
Hy :=2npy - max || 4;]|. (3.17)
J

Let d3 € (0,&1] and ps € (0,+00) be the constants determined by Lemma 3.4. Moreover, we write for
simplicity,

_ (A _
= and Hy = 4np - max |\]|. 3.18
G AN ORI = np ] 319
Set Jn
. 1 nPo 1
= ) ) — . 3.19
T mln{l +H2 ,02(1 +np%) (1 +4PH1)2} ( )
Clearly
<1 (3.20)
Take § and p such that
0<5<min{6 B 02 ! } and 0<pu<d (3.21)
) y Ty /=y "7 = = U. .
O ey pH, s
Then, one has by the definition of p that
1 1 — Hy|[J(c*) |6 1
S NS 1059 Tl L R W
pHy Hy[J(e*) =] Hy [ J(e*) |
Thus for any matrix A,
|A—J(c*)|| < Hid = A" exists and [|A7!|| < 5. (3.22)

Below we shall show that 7, § and p are as desired. To do this, let k¥ = 0,1,... and consider the
following conditions:

o\
Bl < v () (3.23)

k
5\? _ _
[T — J(c*)|| < Hy7 (T) and [|J 1| < p; (3.24)
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2 N\
I — BrJi|| <7 <7’> and |cF—c*| <7 <7’> ; (3.25)
ok+1
|Brl| <25 and |cF!—c|| <~ () . (3.26)
T
Then we have the following implications:
(3.23) = (3.24) (3.27)
and
[(3.23) + (3.25)] = (3.26). (3.28)

To prove the first implication, we suppose that (3.23) holds. Note that

k
5\ ,
10t = () < 17 - Q= Bl < Vamr (2] foreachic Lol (329)
Then, for any ¢, j € [1,n],

| [Jrliz = [J (™)) | | [P} — ai(e”)]" A;pF — ai(c)T Ajlai(e*) — py] |

2 A5 -l pd = aile”) |

6 2
2y | Al ()

IN I

IN

which together with the definition of H; gives

k .
§\° 5\?2
5= ) < 1 = ) < 200 max sl (2) < e (2)

Thus, the first inequality of (3.24) is proved; while the second inequality follows from (3.22) because
|Jx — J(c*)|| < H16 (noting that 6 < 7). Therefore, the implication (3.27) is proved.

To verify the second implication, suppose that (3.23) and (3.25) hold. Then (3.24) holds by (3.27)
and so ||J; || < p. Furthermore,

k
5 2
IBidill < 14111 = Budi <147 (T) |

Therefore,

1Bxl < 1Bk Jiell - 175l <

1+r(i> ]pg(1+r)p§2p (3.30)

(noting that 7 < 1 by (3.20)). As for the estimate of |[c¥*! — ¢*||, we note that A* = J(c*)c*. Thus,
(2.12) implies

cFtl—c* = cF—c* + BpJick — J(c*)c* (3.31)
= (I — BpJy)(c® — ¢*) + Bi(Jrc* — J(c*)c*).

k
5\2
Since max IpF — qi(c*)|| < /npot <T> by (3.29), it follows from Lemma 3.2 that

2k+1

1)
lie* = J(e)c*]| < 2n - max X - max [p} — qu(c*)[? < 2n%0? - max |Af]r2 () L (332)
1 1 1 T
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By (3.25) and using (3.30) and (3.32), we conclude from (3.31) that

[+t —e| < T = Brdi - lle* — e[| + | Bel| - [[Jue™ — T (e*)e*||

5\? 5\
2 (2 2.2~ w2 (9
< 7 (T> + 4n*pgp max |AF|T (T> (3.33)
5 2k+1
= (1 + HZ)TQ () 9
T
where the last inequality holds because of the definition of Hy. Thus, by the definition of 7,
5 ok+1
| —c*|| <7 <> : (3.34)
T

This together with (3.30) completes the proof of the second implication.
Below we will show that (3.15), (3.16) and

1Bl < Vipor (5) (3.35)

hold for each k& > 0. We will proceed by mathematical induction. Clearly, (3.15) and (3.16) for k =0
are trivial by assumptions (noting that p < ¢). Moreover, by Lemma 3.1,

1ol < 1Eollr < v/n - max [lai(c®) — ai(e”)|| < vpolle” — | < v/npod. (3.36)

Thus (3.35) is true for k = 0.
Now assume that (3.15), (3.16) and (3.35) hold for all £k < m — 1. Then, recalling that 6 < 7, one
has that

k
5\ 2
|Em-1] < Vnpot (T) < 62

Moreover, by implication (3.28) (with &k =m — 1), one has that (3.15) holds for k = m and

1Bl < 25, (3.37)
Hence
6 2"71
le™ —c*|| <7 () < 0, (3.38)
T
Applying Lemma 3.4, we obtain
5\*" s\
Bl < pallle” =+ 1Bal?) < e+ i) (2) < vimr (2) . sa9)

Thus (3.15) and (3.35) are seen to hold for & = m. To show that (3.16) holds for k = m, using
implication (3.27) (with k = m — 1, m), one gets that
2771.71

-
[Ty — J(c*)|| < Hyr (5> and || Jp, — J(c*)|| < Hi7 (5> .
T

T

Hence
2117,7 1

1)
i = Tl < 1 = I + s = e < 207 (2] (3.40)
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Recalling that By = 2By_1 — By_1JyBr_1 for each k =1,2,..., we have
I—Bpydm=I—Bpn_1Jn)* =T~ Bn1Jm-1— Bm1(Jm — Jm_1))*. (3.41)
Then by (3.37), (3.40) and using the inductional assumption (3.16) (with k =m — 1), we have that

I =Bl < (I = Bt Jm-1ll + 1Bl - | Jm = Jm—1])?

(@) e (8] .

gm
(1+ 4pHy)*72 <5> .
T

IN

Note by (3.19) that 7(1 + 4pH;)? < 1. It follows that

6 2'[’77/
=Bl <7 (2) (3.43)
that is (3.16) holds for k = m and completes the proof. O

4  Numerical experiments

In this section, we illustrate by numerical experiments the convergence performance of the deformed
Cayley transform method on the inverse Toeplitz eigenvalue problem [1, 3, 30, 34]. For comparisons,
the inexact Cayley transform method [1] is also tested. Our aim is to show that the outer iteration
number required for convergence of the deformed Cayley transform method is comparable to that of
the inexact Cayley transform method [1] with large 8. We use Toeplitz matrices as our A; in (1.1):

0 1 o --- 0 o o --- 0 1
1 0 1 .o 0 . . ...
A]_:I, A2: 0 1 0 I 7An:
' 0 1 0 0
0 0 1 0 1 0 0 0

Thus A(c) is a symmetric Toeplitz matrix with the first column equals to ¢. All our tests were done
in Matlab.

In [30], very large inverse Toeplitz eigenvalue problem were solved on parallel architectures. Here
we consider three problem sizes: n = 100, 200 and 300. For each value of n, we constructed ten n-by-n
test problems. For each test problem, we first generate c¢* with entries randomly chosen between 0
and 10. Then we compute the eigenvalues {A}" ; of A(c*) as the prescribed eigenvalues. Since both
algorithms are locally convergent, the initial guess c® is formed by chopping the components of ¢* to
two decimal places for n = 30, three decimal places for n = 200 and five decimal places for n = 300.
For both algorithms, the stopping tolerance for the outer (Newton) iterations is 1010,

The linear systems (2.6) and (2.7) are all solved iteratively by the QMR method (cf. [1, 12]) using
the Matlab-provided QMR function. At the (k + 1)th iteration, we use v¥ as the initial guess of the

j
inverse power equations (2.6), and c* as the initial guess of the Jacobian equation (2.7). The stopping

11
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tolerance for the systems (2.7) is as given in the equations. We also set the maximum number of
iterations allowed to 400 for all inner iterations. To speed up the convergence, we use the Matlab-
provided Modified ILU (MILU) preconditioner: LUINC(A, [drop-tolerance, 1, 1, 1]) which is one of
the most versatile pre-conditioners for unstructured matrices [8, 17]. The drop tolerance we use here
is 0.01 for all the three problem sizes.

The following table gives the total numbers of outer iterations averaged over the ten test matrices
respectively when n = 100, 200 and 300. Note by (2.11) that By is an approximation of J; . Here,
we take By = J; ! for the deformed Cayley transform method. Since Algorithm 2 converges with
convergence rate 1 + €, we present the outer iterations of Algorithm 2 with large . From this table,
we can see that the outer iteration number of Algorithm 3 required for convergence is comparable to
that of Algorithm 2 with large €. Moreover, it should be noted that Algorithm 3 avoids the solvation
of the approximate Jacobian equation in each outer iteration. This will be very attractive when the
Jacobian equation (2.7) is difficult to solve .

Table 1: Averaged total numbers of outer iterations of Algorithms 2 and 3

Algorithm ICTM Algorithm 2
" 7e=05 [ e=0.6 | e=0.8 | e=1
100 | 5.0 5.0 50 | 5.0 5.5
200 | 5.2 4.6 46 | 4.6 4.0
300 | 3.2 3.2 3.2 | 3.2 3.1

To further illustrate the convergence performance of Algorithm 3, we give the convergence history
this method for different initial guess By. Recall that By satisfies ||I — BoJo|| < p. The following table
gives the averaged total numbers of outer iterations of Algorithm 3 with different p. From this table,
we can see that, for Algorithm 3, the numbers of outer iterations, where By is an approximation to
Jo_l, is comparable to the one where By = Jo_l.

Table 2: Averaged total numbers of outer iterations of Algorithm 3 with different

p=le—-1|pu=1le-2 | p=1le—-3 | p=1le—4 | p=0
100 6.0 5.5 5.5 5.5 5.5
200 4.2 4.0 4.0 4.0 4.0
300 3.4 3.1 3.1 3.1 3.1

From this table, we can see that for the Deform Cayley transform method, the convergence
performance in the case when By is an approximation to J(c?)~! is comparable to the one when
By = J(c) ! especially for y = le — 2, le — 3 and le — 4.
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