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a b s t r a c t

Manifold learning have attracted considerable attention over the last decade. The most frequently used

functional is the l2-norm of the gradient of the function. In this paper, we consider the linear manifold

learning problem by minimizing this functional with appropriate constraint. We provide theoretical

analysis on both the functional and the constraint, which shows the affine hulls of the manifold and the

connected components are essential to linear manifold learning problem. Based on the theoretical

analysis, we introduce a novel linear manifold learning algorithm called approximately harmonic

projection (AHP). Unlike canonical linear methods such as principal component analysis, our method is

sensitive to the connected components. This makes our method especially applicable to data clustering.

We conduct several experimental results on three real data sets to demonstrate the effectiveness of our

proposed method.

& 2010 Elsevier Ltd. All rights reserved.

1. Introduction

In many cases of interest in machine learning and data analysis,
the data is usually represented as points in a very high dimensional
space. However, intuitively the data may be generated by
structured systems with much fewer degrees of freedom. Various
researchers have considered the case when the data is on or near a
submanifold of an ambient space. One hopes to estimate intrinsic
properties of the manifold from the data points. These problems
are typically referred to as manifold learning.

The typical work on nonlinear manifold learning includes
Locally Linear Embedding [1], ISOMAP [2], Laplacian Eigenmaps
[3] and MVU [4]. Some linear manifold learning methods include
PCA, LPP [5] and NMF [6]. Belkin and Niyogi propose to use the
Dirichlet integral which is the l2-norm of the gradient of the
function. The Euler–Lagrange equation of the functional is a
harmonic equation. Thus the solution of minimizing this functional
is a harmonic function. Harmonic function plays an important role
in manifold learning. In fact, both isometric mapping on the
manifold and linear mapping on ambient Euclidean space are
harmonic mappings. Isometry is very difficult (even impossible in
many cases) to achieve in real world. An alternative way is to relax
this problem to find a harmonic mapping, since isometric is also
harmonic. LLE aims to find a locally linear embedding. It actually
finds a locally harmonic embedding.

It would be important to distinguish the functions on manifold
and functions on ambient space. For a learning task, we usually

hope our function is defined on ambient space. However, all the
above mentioned nonlinear manifold learning methods consider
the case that the function is defined on the manifold. Compared
with nonlinear methods, linear methods have the advantage that
the function is defined on ambient space. One criterion for the
ideal function is that it should be good on both the manifold and
ambient space. Based on the functional, since linear functions are
always harmonic on ambient space, one hopes then they are as
harmonic as possible on the manifold.

For many real world problems, the data manifold is not only
one global manifold, precisely one connected component, but
numbers of connected components, and the data set are always
sparse. Isomap and LLE considered the problem that the manifold
has only one connected component. They are trying to ‘‘expand’’
the manifold while keep the geometrical structure. However,
there are few discussion on multiple connected components case.
Our paper is a trial in this point, and we found one interesting
property that we can separate parallel affine hulls. Though the
result of nonlinear methods are accurate, the requirement of the
graph model is much higher than linear methods. Our approach
need approximate the affine hull of the manifold which appears
less sensitive to the graph model than Laplacian eigenmaps.

In this paper, we consider the linear methods based on the
harmonic framework. We provide theoretical analysis for general
linear harmonic methods based on the Dirichlet integral. We
show the geometrical meaning of the optimal projections which
are closely related to the function defined on ambient space and
the affine hull of the manifold. We will show the affine hull of the
manifold is essential for linear harmonic methods. PCA happens to
be a very good choice for finding the affine hull of the whole
manifold. The affine hull of each connected component of the
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manifold is very important. Global methods like PCA consider only
the properties of the whole manifold, whereas linear harmonic
methods consider the connected components of the manifold,
which is especially important for data clustering. Based on our
theoretical analysis, we propose a new linear harmonic method
which we call approximately harmonic projections (AHP). The
projections are obtained by approximating the Dirichlet integral.

2. Theoretical analysis

In this section, we provide theoretical analysis for linear
harmonic methods based on the Dirichlet integral.

Let M be a smooth, compact, m-dimensional Riemannian
manifold. If the manifold is embedded in RN , the metric is induced
by the standard metric on RN . We are trying to find a good map
from manifold to much lower dimensional Euclidean space.
Let f be a twice differential function, f :M-R. One of the most
popular criteria is the one preserving locality [3]:

argmin
f

Z
M
Jrf J2 s:t: Jf JL2ðMÞ ¼ 1 ð1Þ

2.1. Linear projection

Let f : RN-R be continuously differentiable. If x1,y,xN are
Euclidean coordinates, corresponding to the orthonormal basis
e1,y,eN, then the gradient [7] is

rf ¼
XN

i ¼ 1

@f

@xi
ei

If we restrict f on M, denote it by fM, the gradient of fM may be
quite different which depends on the metric of the manifold . Let
u1,y,um be the local coordinates of the manifold and g be the
Riemannian metric of the manifold, then we have

rfM ¼
X
k,l

gkl @fM
@uk

@

@ul

where f@=@ulg is a basis for the tangent space of M.
Consider a linear function defined on an ambient space. Let

f ðxÞ ¼ aT x¼
P

aix
iðxÞ, where a is an N�1 column vector. Linear

projection is linear combination of coordinates projection. Thus, it
is necessary to measure the goodness for each coordinate
projection. In the following, we assume f is a linear function on
RN without specific notation.

As f is linear on RN , rf is a constant vector everywhere:

rf ¼
XN

i ¼ 1

aiei ¼ a

As f is defined on the ambient space, we should represent the
gradient by the coordinates of the ambient space. By the linearity
of the gradient operator, we have

rfM ¼
XN

i ¼ 1

airxi
M

thus the functional in problem (1) can be rewritten asZ
M
/rfM,rfMS¼

XN

i,j ¼ 1

aiaj

Z
M
/rxi

M,rxj
MS¼ aT Ha ð2Þ

where H is a symmetric matrix whose entry Hij ¼
R
M/rxi

M,rxj
MS

The constraint can be computed directly:Z
M

f 2
M ¼

Z
M

XN

i ¼ 1

ðaix
i
MÞ

2
¼
XN

i,j ¼ 1

aiaj

Z
M

xi
Mxj
M ¼ aT Ca ð3Þ

where C is a symmetric matrix whose entry Cij ¼
R
Mxi
Mxj
M.

Thus this problem becomes a generalized eigenvector problem:

Ha¼ lCa ð4Þ

Here H and C play a central role in this problem. Intuitively, H

measures the smoothness of the coordinate projection, and C

measures the representativeness of the coordinate projection. In
the following subsections we give an analysis on both the
functional and the constraint.

2.2. Affine manifold and affine hull

We will first study the property when the functional achieves
its minimum value, i.e.,

R
MJrfMJ2

¼ 0. We find it is closely related
to the affine hull of the manifold.

Here we give some basic concepts of the affine manifold and the
affine hull [8].

Definition 2.1. An affine subspace, or affine manifold, is a set V

such that the (affine) line faxþð1�ax
0

Þ : aARg is entirely
contained in V whenever x and x0 are in V (Note that a single
point is an affine manifold).

Take vAV , it is easy to show that V�{v} is a subspace of RN ,
which is independent of the particular v; denote it by V0. Thus an
affine manifold V is nothing but the translation of some vector
space V0, sometimes called the direction(-subspace) of V; we will
also say that V0 and V are parallel. One can therefore speak of the
dimension of an affine manifold; it is just the dimension of V0.

Definition 2.2. To any nonempty set S�RN , we can associate the
intersection of all affine manifolds containing S. This gives the
affine manifold generated by S, denoted aff(S): the affine hull of S.

We should point out an intersection of affine manifolds is still
an affine manifold. For the � -relation, aff(S) is the smallest affine
manifold containing S. It is not difficult to see the affine hull of
certain subset is unique.

Here we give some examples of affine hull. The affine hull of a
set of two different points is the line through them. The affine hull
of one circle is the plane going through it. For two skew lines (see
Fig. 2), the affine hull is a 3-dimensional affine space.

With the definition of the affine hull, we have the following
lemma:

Lemma 2.1. Let S be a nonempty subset of RN and denote its affine

hull by aff(S). The following statements are equivalent:

1. fS¼ const.
2. faff(S)¼const.
3. rf ? affðSÞ.

Proof. 1) 2. Take x0AS, let S0¼S�x0, and denote the subspace
generated by S0 by lin(S0). We have aff(S)¼x0+lin(S0). Assume
dim(lin(S0))¼ l, then we can find l points, x1, . . . ,xlAS such that
{xi�x0} is a basis of lin(S0). This can be obtained by the definition
of affine hull. Thus to every point yAaffðSÞ, there exist
a1, . . . ,amAR, such that y�x¼

P
aiðxi�xÞ. Then

f ðyÞ ¼ f ðxÞþ
X

aiðf ðxiÞ�f ðxÞÞ ¼ f ðxÞ:

Thus f is constant on aff(S).

2) 3. For arbitrary x,yAaffðSÞ, as rf ¼ a

/rf ,y�xS¼ aT ðy�xÞ ¼ f ðyÞ�f ðxÞ ¼ 0:

Thus rf ? affðSÞ.

3) 1. If rf ? affðSÞ, by the previous equation, for arbitrary

x,yAaffðSÞ, f(x)¼ f(y). Thus f is constant on aff(S). And conse-

quently it is constant on S. &
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2.3. Trivial solution and affine hull

When the functional vanishes, f is constant on the manifold.
We call it trivial solution or trivial projection. By Lemma 2.1, we
have the following proposition:

Proposition 2.1. Let M be an m-dimensional manifold embedded

in RN , and denote its affine hull by affðMÞ. Then the following

statements are equivalent:

1. fM ¼ const.
2. faffðMÞ ¼ const.
3. rf ? affðMÞ.

When fM ¼ const,
R
MJrfMJ2

¼ 0. So these are trivial optimal
solutions. The statement (3) in the above proposition shows the
geometric meaning of the trivial optimal solution. Please see
Fig. 1. In this case, the whole manifold will be projected to a single
point. From another point of view, this is the smoothest projection
which is indeed the functional try to find.

On the other hand, the affine hull of the manifold is essential
for linear projection. Next we show the functional totally depends
on the affine hull of the manifold. Take xAaffðMÞ, then
linðMÞ ¼ affðMÞ�fxg is a subspace of RN . We expand the basis
of linðMÞ to an orthogonal basis of RN . Let fx

01, . . . ,x
0Ng be the new

coordinates of RN . Then rf can be rewritten as

rfM ¼
XN

i ¼ 1

a
0

irx
0 i
M:

Since x
0i
M ¼ const, then rx

0 i
M ¼ 0, i¼ l+1,y,N. Thus we have

rfM ¼
XN

i ¼ 1

a
0

irx
0 i ¼

Xl

i ¼ 1

a
0

irx
0i
M:

Therefore the functional has nothing to do with the orthogonal
space to the affine hull. And this conclusion is independent to the
topology and number of connected components of the manifold.
So it is sufficient to find the projections in the affine hull of the
manifold.

Next we prove the problem (4) is well posed in affðMÞ. We
only have to prove the constraint is positive definite. WhenR
Mf 2
M ¼ 0, fM ¼ 0. By Lemma 2.1, we have faffðMÞ ¼ 0. Thus it is

positive definite.
For dimension, we have the following relationship:

dimMrdim affðMÞrN. However, the dimension of the affine
hull is independent to the dimension of the manifold. In the
extreme case, one dimensional manifold would have very high
dimensional affine hull whose dimension even equals to that of
the ambient space.

2.4. Multiple connected components and clustering

We have shown that the functional totally depends on the
affine hull. One natural question is whether there exists nontrivial
optimal projection in the affine hull. IfM has only one connected
component, the answer is no. When the manifold has only one
connected component, the gradient vanishing implies that the
linear function is constant on the whole manifold.

Next we will consider the case when the manifold has multiple
connected components. If there exists parallel affine manifolds
containing the manifold, we have the following theorem:

Theorem 2.1. Suppose the m-dimensional manifold M contains k

connected components, M¼ fM1, . . . ,Mkg, and is embedded in RN .
Denote their affine hulls by affðM1Þ, . . . ,affðMkÞ, and the corre-

sponding linear spaces by linðM1Þ, . . . ,linðMkÞ. Then the following

statements are equivalent:

1.
R
MJrfMJ2

¼ 0.
2. faffðMiÞ

¼ const, i¼ 1,2, . . . ,k.
3. rf ? linðM1Þ � � � � � linðMkÞ.

Proof. We have,Z
M
JrfMJ2

¼ 0

()

Z
Mi

JrfMi
J2
¼ 0

()fMi
¼ ci ¼ const, by Lemma 2:1

()faffðMiÞ
¼ ci ¼ const, by Lemma 2:1

()rf ? affðMiÞ, since affðMiÞ==linðMiÞ

()rf ? linðMiÞ, by the definition of affine hull

()rf ? linðM1Þ � � � � � linðMkÞ: &

Fig. 2 is an illustration. We need to point out these solutions
satisfy the constraint, except for one trivial case f¼0. AndR
MJrfMJ2

¼ 0 is equivalent to l¼ 0, where l is the eigenvalue
of Eq. (4). This can be proved by the fact that C is positive definite
in affðMÞ.

Denote the multiplicity of the zero eigenvalue by s, then by the
third statement, we have the following equation about the
dimension:

dim affðMÞ ¼ sþdim linðM1Þ � � � � � linðMkÞ

Thus,

dim linðM1Þ � � � � � linðMkÞ ¼ dim affðMÞ�s ð5Þ

The right-hand side is clear and it can be computed from data
points. For the left-hand side, since

dim affðMiÞrdim linðM1Þ � � � � � linðMkÞ

it is an upper bound of the dimension of the affine hull of each
connected component. Consider Fig. 2, dim affðMÞ ¼ 3, s¼ 1, then
we have dim linðM1Þ � � � � � linðMkÞ ¼ 2. It means each connected
component can be contained by a two dimensional affine
manifold. The affine manifolds may be either parallel or over-
lapped. This provides an estimation for the dimension of the affine
hull of every single connected component. It also reflects the local
linear structure of the manifold. Thus linear methods can also
discover some local geometry of the manifold. This cannot be
done for many other global linear methods such as PCA.

The third statement of this theorem describes the connection
between the affine hull of the manifold and the function on the
ambient space when it is optimal. In this case, the gradient of
the function on ambient space is orthogonal to the affine hull of
the connected components of the manifold. In some sense, each
connected component with the overlapping affine hull will be

Fig. 1. Trivial optimal projection. The optimal function projects the affine hull of

the manifold to one point. In this case the gradient of the function on ambient

space is orthogonal to the affine hull.
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collapsed by the optimal projection. Usually data points sampled
from different component correspond to different objects, the
optimal projection will separate them very well. Thus this
functional is very suitable for clustering when there are multiple
near parallel connected components. For the affine hull of the
connected components overlaps, it cannot guarantee separate
different connected components. This is the limitation of linear
methods.

2.5. Submanifold of affine manifold

What if dim linðM1Þ � � � � � linðMkÞ ¼ dim affðMÞ? By Eq. (5),
there is no optimal projection in the affine hull. If the manifold is a
compact domain of the affine hull (see Fig. 1), which means
dimM¼ dim affðMÞ. In this case, the manifold is flat, and we have

rfM ¼rf

Thus the functional becomesZ
M
JrfMJ2

¼

Z
M
Jrf J2

¼

Z
M

aT a¼ volðMÞaT a

In this case H¼ volðMÞI, where I is the identity matrix. Then
Eq. (4) is equivalent to the following equation:

a¼ lCa()Ca¼
1

l
a ð6Þ

Therefore this problem is totally depend on the constraint.
Since Cij ¼

R
Mxi
Mxj
M, if we discretize the integral into the sum

over data points, we have

Cij ¼
X

k

xiðxkÞx
jðxkÞ

Here {xk} are data points. We see that C is very similar to the
covariance matrix. In this case, Eq. (4) maximizes the covariance.
However, there are two differences. First, the data points may not
be zero centered. We will discuss this point in the next section.
Second, when the manifold has multiple connected components,
we have

C ¼
X

Ci

where Ci is the constraint matrix of each connected component.
While for covariance matrix, it will sum over all data points. Thus
Eq. (4) considers more cluster information.

3. Our approach

In this section, we consider how to give a good approximation
of the functional and the constraint. We find the affine hull of
each connected component is crucial for Eq. (4). We will define

our objective function on graph, as graph is a good linear
approximation to the manifold. It also considers local information
of the manifold and more importantly the affine hull of the graph
is an approximation to the affine hull of the manifold.

Given xiARN , i¼1,2,y,n, we aim to find a good representation
in a lower dimensional Euclidean space Rd. We assume the
data points xi reside on a manifold embedded in RN . Then we
construct a neighborhood graph, either by k-nearest neighbors or
e-neighbors.

In this work we consider more geometrical structure of this
graph, including edge length, edge orientation, etc. For each edge,
we need to define an orientation, arbitrary but fixed, so that
gradient can be computed. For convenience, let eij denote a vector
starting from xi to xj, i.e., eij¼xj�xi. Denote edge length by dij,
dij ¼ Jxi�xjJ. Let f be a linear function, f : RN-R and denote
yi¼ f(xi). Then the gradient on each edge is

rfeij
¼

yj�yi

dij

xj�xi

dij

It is important to note that the computation of gradient is
independent to the orientation. Different from standard spectral
graph methods which mainly consider the connectivity of graph,
our approach explicitly make use of the edge length which reflects
the geometrical structure of the manifold.

3.1. Approximately harmonic projection

As the structure of the manifold is unknown, it is difficult to
give a good partition of the manifold. Thus we use the ‘‘bottom-
up’’ strategy. We define the integral on each edge. As it is an
approximation to Eq. (1), we call it Approximately Harmonic
Projection (AHP). It solves the following problem

min
X
i � j

Z
eij

Jrfeij
J2 dt s:t:

X
i � j

Z
eij

f ðxðtÞÞ2 dt¼ 1:

Here t is the arc length of eij. As Jrfeij
J2
¼ ððyj�yiÞ=dijÞ

2, the
objective function becomes

X
i � j

Z
eij

Jrfeij
J2 dt¼

X
i � j

Z dij

0

ðyj�yiÞ

dij

� �2

dt¼
X
i � j

1

dij
ðyj�yiÞ

2

¼ 2yT ðD
0

�W
0

Þy ð7Þ

where y¼(y1,y2,y,yn)T, and W0 is a weight matrix, W0ij¼1/dij if xi

and xj are connected, otherwise it is set to zero. D0 is a diagonal
matrix whose entries are column (or row) sum of W0.

For each edge eij, we have f(x(0))¼yi,f(x(dij))¼yj. As f is
linear on each edge, then f ðxðtÞÞ ¼ yiþðt=dijÞðyj�yiÞ. Hence the
constraint will be

X
i � j

Z
eij

f ðxðtÞÞ2 dt¼
X
i � j

Z dij

0
yiþ

t

dij
ðyi�yjÞ

� �2

dt

¼
1

3

X
i � j

dijðy
2
i þyiyjþy2

j Þ

¼
1

3
yT D

00

þ
1

2
W
00

� �
y ð8Þ

where W
00

is a weight matrix, and W
00

ij ¼ dij if xi and xj are conn-
ected, otherwise it is set to zero. D

00

is a diagonal matrix whose
entries are column (or row) sum of W

00

.
Finally, we get our approximately harmonic projection by

solving the following minimization problem:

min yT ðD
0

�W
0

Þy

s:t: yT ðD
00

þ1
2W

00

Þy¼ 1

Fig. 2. Nontrivial optimal projection. The optimal function projects two skew lines

to two different points. In this case the gradient of the projection on ambient space

(here is affðMÞ) is orthogonal to the plane they span.
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By noticing yi¼aTxi, it becomes

min aT XðD
0

�W
0

ÞXT a

s:t: aT XðD
00

þ1
2W

00

ÞXT a¼ 1

Therefore, the minimization problem also turns out to be a
generalized eigenvector problem:

XðD
0

�W
0

ÞXT a¼ lXðD
00

þ1
2W

00

ÞXT a ð9Þ

3.2. PCA and trivial solution

In continuous cases, we have proved the matrix C is positive
definite when it is in the affine hull of the manifold. In discrete
cases, we should find the affine hull, and prove this is a well posed
problem. It is interesting to note that PCA is a good choice for
finding the affine hull.

Proposition 3.1. Given xiARN , i¼1,y,n. Let x
0

i ¼ xi�x, where

x ¼ 1=n
P

xi. Let X
0

¼ ðx
0

1, . . . ,x
0

nÞ, and f be a linear function on RN ,
f(x)¼aTx. Then the following statements are equivalent:

1. f(xi)¼const,
2. f(x0i)¼0 and

3. X
0

X
0T a¼ 0.

Proof. It is not difficult to show statement 1 is equivalent to 2.
2) 3 is straightforward. Then we only need to show 3) 2.

X
0

X
0T a¼ 0) aT X

0

X
0T a¼ 0)

X
ðaT x

0

iÞ
2
¼ 0

Then f ðx
0

iÞ ¼ aT x
0

i ¼ 0. &

The statement 1 means this is a trivial solution, and 3 shows the
trivial solution happens to be the zero eigenvector of PCA.
Therefore, we should remove all these trivial solutions. Thus
PCA is a very good choice for pre-processing. After PCA, as
D
00

þ1
2W

00

is a positive definite matrix, one can prove the constraint
is a positive definite. Thus this is a well posed problem.

3.3. Translation invariance

For Eq. (9), the left-hand side is translation invariant, as the
gradient is translation invariant. The right-hand side is not
translation invariant. We can solve this problem by adding one
translation term into the projection. Let f(x)¼aTx+b, where b

is a constant. Then we should add one constraint for computing b.
One natural constraint is

R
Mf ¼ 0. Because constant function is an

optimal solution for minimizing the functional, the rest solutions
should be orthogonal to it. In discrete form, we have

Xn

i ¼ 1

yi ¼
Xn

i ¼ 1

ðaT xiþbÞ ¼ aT
Xn

i ¼ 1

xi

 !
þnb¼ 0:

If we move the center of data points to the origin, f only differs by
a constant. In this case, we have b

0

¼ �aT ð
P

x
0

iÞ=n¼ 0. Hence we
only need to move the center of the data points to the origin, and
the corresponding translation term vanishes. Thus f is a linear
function in new coordinates. Also it is not difficult to show AHP is
rotation invariant.

We summarize our algorithm as follows: First we apply PCA to
the data points as pre-processing. Then we construct an adjacency
graph, either by e-neighborhoods or k-nearest neighbors. We
compute the eigenvalues and eigenvector of Eq. (9). If we want to
embed the manifold to Rd, let the column vectors a0,y,ad�1 be
solutions of Eq. (9) ordered by their eigenvalues, l0r � � �rld�1.

Then the embedding is as follows:

xi-yi ¼ AT xi, A¼ ða0,a1, . . . ,ad�1Þ

where yi is a d-dimensional vector, and A is a N�d matrix.

3.4. Computational complexity analysis

The complexity of AHP is dominated by three parts: k nearest
neighbor search, matrix multiplication, and solving a generalized
eigenvector problem. Consider n data points in N-dimensional
space. For the k nearest neighbor search, the complexity is
OððNþkÞn2Þ. Nn2 stands for the complexity of computing the
distances between any two data points. kn2 stands for the
complexity of finding the k nearest neighbors for all data points.
The complexity for calculating the matrices X(D

0

�W
0

)XT and
XðD

00

þ1
2W

00

ÞXT are Oðn2NþnN2
Þ. The third part is solving a

generalized eigenvector problem Aa¼ lBa, where A and B are
N�N matrices. To solve this generalized eigenvector problem, we
need first to compute the singular value decomposition (SVD) of
the matrix B. The complexity of SVD is OðN3Þ. Then, to project the
data points into d-dimensional subspace, we need to compute the
first d smallest eigenvectors of an N�N matrix, whose complexity
is OðdN2

Þ. Thus, the total complexity of the generalized eigen-
vector problem is OððNþdÞN2Þ. Therefore, the time complexity of
the AHP algorithm is OððNþkÞn2þðnþNþdÞN2Þ. Since k5n and
d5N, the complexity of AHP is determined by the number of data
points and the number of features.

4. Experimental results

In this section, we give several experimental results on real
data. We show our method is very suitable for dimensionality
reduction and clustering.

4.1. Synthetic example

Two synthetic examples are given in Fig. 3. Both of the two
data sets correspond essentially to a one-dimensional manifold.
The fist row shows the case the projection is not orthogonal. In
this case, the affine hull of two connected components overlaps
which is exactly the ambient space. Our method also find
a projection which seems orthogonal to the connected
component. It is not difficult to see from the mathematical
result, as our method always try to collapse the connected
component. The first basis of the second example is the optimal
case, as it is orthogonal to the affine hull of each circle. Thus it
separates two circles very well.

4.2. Handwritten digits

To demonstrate the effectiveness of our method, we performed
experiments on the USPS handwritten digits database.1 For each
digit from zero to nine, there are 1100 greyscale images. The
images are downsampled to 16�16 resolution, so the dimension
of the ambient space is 256.

Fig. 4 shows the result of using AHP to embed the data set of
digit ‘‘1’’ onto a two-dimensional plane. We traverse along the
principal direction within the projected manifold. As we can see,
the horizontal direction appears to describe the slant of the digits,
while the vertical direction describes the change of digit width.
The slant and width changes along the paths are quite smooth,

1 http://www.cs.toronto.edu/�roweis/data.html
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thus AHP indeed captures some meaningful structure and this
projection is very smooth.

4.3. Manifold of face images

Our second example is the embedding of the manifold of face
images. The face images data set used here is the same as that
used in [1]. This data set contains 1965 face images taken from
sequential frames of a small video. The size of each images is
20�28, with 256 gray levels per pixel. Thus each face image is
represented by a point in the 560-dimensional ambient space.

Fig. 5 shows the projection results. The images of faces are
projected onto a two-dimensional plane described by the first two
coordinates of AHP. The data is clearly divided into two parts
(components). The left part are the faces with open mouth, and
the right part are the faces with closed mouth. The bottom images
correspond to points along the right path (linked by solid line),
illustrating one particular mode of variability in pose.

4.4. Face clustering

We applied the AHP to ORL face image data set. The data set
contains 400 faces images taken from 40 people, each people
having 10 face images. The label information is corresponding
to people identification. The size of each image is 32�32, with
256 gray levels per pixel. Thus, each face image is represented by
a point in the 1024-dimensional ambient space.

To demonstrate how AHP improves the performance of
clustering, we compared seven methods listed below:

� K-means on the original face image matrix (K-means), which is
treated as our baseline.

� K-means after AHP (AHP).
� K-means after PCA (PCA).
� Nonnegative Matrix Factorization based clustering [6].
� K-means after LLE (LLE).
� K-means after ISOMAP (ISOMAP).
� K-means after LE (LE).

Note that, AHP needs to construct a graph on face images. The
number of nearest neighbors was set to 5. We use accuracy and
mutual information to measure the quality of the clustering
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Fig. 3. The first column show the result of AHP, the second column show the result of PCA. The line segments describe the two bases. The first basis shown as a longer line

segment, and the second basis is shown as a shorter line segment. (a) AHP and (b) PCA.

Fig. 4. AHP on handwritten digit ‘‘1’’. Top: embedding of digit images onto R2.

Bottom: images corresponding to points along the path linked by solid line.

B. Lin et al. / Pattern Recognition 43 (2010) 3307–33133312



Author's personal copy
ARTICLE IN PRESS

results. Please see [9] for the detailed definition of these two
standard measures for clustering. Tables 1 and 2 show the
experimental results on the ORL face image data set. The
evaluations were conducted with different number of clusters,
ranging from 2 to 10. For each given cluster number K, 50 tests
were conducted on different randomly chosen clusters, and the
average performance was computed over these 50 tests. For each
test, K-means algorithm was applied 20 times with different start
points, and the best result in terms of the objective function of
K-means was recorded.

For the dimension of the subspace, we choose the first K�1
dimensions in AHP. As can be seen, AHP performs better than LE
in this problem. The main reason is the data points are sparse and
there are multiple connected components. In this example, LE is
sensitive to the graph structure. For obtaining better result, we
have also adjusted the parameter of weight in LE. Moreover, our
method is as good as ISOMAP. However the computational cost of
ISOMAP is more expensive than our method.

5. Conclusion

In this paper, we provide a theoretical analysis on linear
harmonic manifold learning methods based on the Dirichlet

integral, which shows that the affine hull of the manifold is
essential. And there is a close connection between the affine hull
of the manifold and PCA. We show the geometric meaning of
optimal projection that the gradient of the function on ambient
space is orthogonal to the span of the affine hulls of the connected
components. More importantly, it shows the relationship of
function on manifold and function on ambient space when it is
optimal.

For multiple connected components, the optimal projection
will collapse the connected components. Thus it is especially
suitable for clustering. If the manifold is a compact domain of its
affine hull, then the constraint plays a central role which is very
similar to covariance matrix. Based on our theoretical analysis, we
propose a new linear dimensionality reduction algorithm called
Approximately Harmonic Projection. The experimental results on
real data sets are impressive.
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Fig. 5. A two dimensional representation of the set of all images of faces using

AHP. The bottom images are corresponding to points along the path linked by

solid line.

Table 1
Accuracy.

K K-means AHP PCA NMF LLE ISOMAP LE

2 0.9400 0.9390 0.9220 0.9070 0.9480 0.9410 0.8840

3 0.9060 0.9207 0.8893 0.7693 0.9260 0.9193 0.6520

4 0.8765 0.8955 0.8545 0.7390 0.8650 0.8935 0.6990

5 0.7896 0.8304 0.7816 0.6585 0.8072 0.8352 0.7152

6 0.7477 0.7997 0.7303 0.6160 0.7683 0.8036 0.6930

7 0.7769 0.8171 0.7851 0.6191 0.7874 0.8128 0.7165

8 0.7585 0.7952 0.7555 0.6002 0.7657 0.7895 0.7080

9 0.7364 0.7940 0.7502 0.5898 0.7395 0.7842 0.7077

10 0.7218 0.7764 0.7130 0.5564 0.7120 0.7494 0.6758

Table 2
Mutual Information.

K K-means AHP PCA NMF LLE ISOMAP LE

2 0.8191 0.8143 0.7589 0.7185 0.8420 0.8169 0.6879

3 0.8400 0.8522 0.8018 0.6251 0.8629 0.8423 0.4763

4 0.8341 0.8377 0.8022 0.6404 0.8360 0.8377 0.6412

5 0.7647 0.7931 0.7518 0.5841 0.8058 0.8023 0.6981

6 0.7474 0.7726 0.7217 0.5718 0.7749 0.7762 0.7088

7 0.7906 0.8140 0.7866 0.6100 0.8148 0.8098 0.7703

8 0.7880 0.8054 0.7795 0.6266 0.8074 0.8021 0.7682

9 0.7826 0.8189 0.7817 0.6294 0.7988 0.8069 0.7751

10 0.7683 0.8062 0.7619 0.6085 0.7797 0.7861 0.7578
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