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Abstract—We present a new approach to simulta-

neously denoise and parameterize unorganized point

cloud data. This is achieved by minimizing an ap-

propriate energy function defined on the point cloud

and its parameterization. An iterative algorithm to

minimize the energy is described. The key ingredient

of our approach is an “as-rigid-as-possible” meshless

parameterization to map a point cloud with disk

topology to the plane without building the connectiv-

ity of the point cloud. Then 2D triangulation method

can be applied to the planar parameterization to

provide triangle connectivity for the 2D points, which

can be transferred back to the 3D point cloud to

form a triangle mesh surface. We also show how

to generalize the approach to meshes with closed

topology of any genus. Experimental results have

shown that our approach can effectively denoise the

point cloud and our meshless parameterization can

preserve local distances in the point cloud, resulting

in a more regular 3D triangle mesh, compared to

other methods.
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1. INTRODUCTION

Geometry reconstruction from point clouds, also
known as surface reconstruction or reverse engineering,
has been extensively studied in the last two decades
(e.g. [17], [8]). The objective is that the resulting
piecewise-linear surface closely approximates the under-
lying surface from which the point cloud was sampled.

Typically the point clouds are acquired by a laser
scanner or by photometric stereo methods, thus are often
unorganized, noisy, and lack orientation information.
Oriented normals at the points play a crucial role in
reconstructing the surface but augmenting the points
with orientation is a difficult task.

We take as input an unorganized point cloud which
may contain noise and has no orientation information.
A novel approach is presented to remove the noise in
the point data and obtain a distortion-minimizing planar
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parameterization. The meshing of the point cloud is
then easily obtained by triangulating the points in the
parameterization.

A key component of our algorithm is meshless pa-
rameterization of the point cloud to the plane. Surface
parameterization is an important component in many
digital geometry processing algorithms. Parameteriza-
tion means to map a given surface to a suitable (usually
planar) domain, such that mapping has some natural
properties, e.g. smoothness, bijectivity and small distor-
tion. Parameterization has been studied extensively in
the past decade, and many elegant approaches address
this problem. However, most of the parameterization
algorithms are designed specifically for triangle mesh
data, as opposed to so-called meshless parameterization,
which applies to simple point sets.

In this paper, we present a novel solution to meshing
point clouds based on meshless parameterization, as
first proposed by Floater and Reimers [13]. The main
idea is to embed (parameterize) the points in the plane,
triangulate them in the plane using any reasonable
triangulation algorithm, e.g. Delaunay, and then use the
same triangulation edge structure to mesh the original
3D point cloud. In order for the resulting mesh to
have decent quality, i.e. not have too many ill-shaped
triangles, the 2D parameterization should preserve the
local geometry of the 3D point cloud as much as
possible. Since only developable surfaces can be flat-
tened onto the plane with no distortion at all, the main
challenge in parameterization is to minimize the shape
distortion incurred during the mapping. Shape distortion
may be measured in many different ways. Since a point
cloud is nothing more than a collection of unorganized
points, a practical measure of shape distortion is the
change in local inter-point distances as a result of the
parameterization. Thus the goal is to minimize this
metric distortion — sometimes called stress or strain
energy. We adopt a technique due to Zhang et al. [37],
originally developed for “localizing” a sensor network in
the plane (i.e. computing the positions of the sensors)
based on measured inter-sensor distances. Although it
does not strictly try to minimize stress, this “as-rigid-
as-possible” (ARAP) algorithm embeds 3D points in
the plane with small metric distortion. As a result,
the quality of the triangulation does not significantly
deteriorate when transferred from 2D to 3D.

Broadly speaking, our approach belongs to the family



of Delaunay-based surface reconstruction algorithms,
which employs the Delaunay/Voronoi structure of sam-
ple points to extract the implied surface. The most
renowned algorithms in this family are Powercrust [2]
and Cocone ([3], [9], [10]). The strength of those
algorithms is that they provide a theoretical guarantee
on the correctness of the reconstructed geometry and
topology if the sampling density meets some criteria.
However, these approaches are complicated, and real-
world input data rarely meets the sampling density
requirements. When presented with a noisy input, these
approaches might generate ugly-shaped triangles during
reconstruction. In contrast, our meshing algorithm is
easy to implement and can handle point clouds with
noise, sharp features and flexible sampling rates.

Our main contribution is a novel meshless param-
eterization algorithm for point clouds which aims at
minimizing metric distortion during parameterization.
This meshless parameterization may be combined with
a denoising component, which can filter out the noise,
resulting in a smooth triangular mesh. So our approach
achieves both denoising and reconstruction. Addition-
ally, due to its inherent distance preserving property,
the parameterization better suits surface reconstruction,
resulting in higher quality triangulations. Being invariant
to rigid transformations, it also permits an extension to
treat closed meshes of arbitrary topology. Moreover, our
approach is not dependent on the coherent orientation
of the normal vector of each point as the orientation is
handled automatically. Experimental results have shown
that our approach performs much better than existing
meshless parameterization algorithms.

2. RELATED WORK

Parameterization is a key component of our approach.
There are a large number of practical approaches to
mesh parameterization in the literature, and to review
them all is beyond the scope of this paper. We refer
the interested reader to the surveys of Floater and
Hormann [14] and Sheffer et al. [34] for the state of
the art.

As previously mentioned, most of the mesh param-
eterization approaches are difficult to apply to point
clouds directly, since they rely on the underlying mesh
connectivity information and the triangle geometry.
However, Floater and Reimers [13] were able to extend
the so-called “shape-preserving” (SP) mesh parameteri-
zation algorithm, based on convex combinations of one-
ring neighborhood vertices [12], to a point cloud. A
point is represented as a convex combination of its
neighbors in a proximity graph, typically a k-nearest
neighbor (kNN) graph, and the resulting “Laplace-type”
linear system is solved for the planar positions of the
vertices, subject to a fixed convex planar boundary.
While this yields a reasonable parameterization, which
can be triangulated and transferred to the original 3D
point cloud to form a manifold triangle mesh, the

somewhat artificial convex boundary introduces signif-
icant distortion into the parameterization, resulting in
distorted 3D triangles, which may also intersect each
other. In addition, the presence of a boundary implies
that the method is applicable only to point clouds whose
underlying surface has disk topology. Realizing that a
planar disk parameter domain may not be the most
suitable, Zwicker and Gotsman [39] used a more sophis-
ticated spherical parameterization algorithm, modified to
handle a point cloud, to parameterize the point cloud
of genus 0 to the sphere, and triangulated the result
on the sphere. This yields better results, but they are
still somewhat distorted, due to the significant difference
between the unit sphere geometry and the underlying
surface geometry. Hormann and Reimers [18] proposed
to handle a closed topology by partitioning the point
cloud into disk-like patches, meshing each separately,
and then “stitching” them back together to form a closed
mesh. While in principle this could work (even for
higher genus surfaces), their particular method seems
to yield rather distorted results, particularly at the patch
seams. Tewari et al. [36] showed how, in the special case
of a genus 1 underlying surface, to locally parameterize
the point cloud to the plane in a seamless manner using
the mathematical theory of discrete one-forms. This
method however, has rather high complexity (because
it involves detecting in O(n3) the so called non-trivial
cycles of the mesh), and is not applicable to surfaces of
genus other than 1.

Other approaches that can be easily adapted to per-
form meshless parameterization are based on recent
advances in manifold learning and dimension reduction.
These techniques are designed to embed high-dimension
points in low-dimension spaces with minimal metric
distortion. The Multi-Dimensional Scaling (MDS) tech-
nique [7] embeds the points in the plane by preserving
all pairs of distances through strain minimization, while
Local Linear Embedding (LLE) [33] and Local Tangent
Space Alignment (LTSA) ([38], [5]) try to preserve
the affine relationships between local neighbors. The
Local Rigid Embedding (LRE) [35] is a variant of
LLE which tries to preserve distances within the point
cloud, and is a particularly good candidate for meshless
parameterization in our application. A more elaborate
version of LRE is the PATCHWORK method of Koren
et al. [21].

Broadly speaking, the meshless approach is close
to the surface reconstruction algorithms originating in
the computational geometry community. These come
with theoretical guarantees on the geometry or topology
of the reconstructed surfaces [4]. Amenta et al. [1]
were the first to propose a Voronoi-based reconstruction
approach, called Crust, which interpolates the sampled
points using a Delaunay complex. This method however,
requires a “good” sample from a smooth surface. Later,
Amenta et al. [3] improved the Crust algorithm using the
inverse medial axis transformation. The reconstructed
surface is obtained as the boundary of power diagram
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cells instead of the usual Voronoi diagram. However, this
approach introduces many extra points in the reconstruc-
tion and does not always generate a triangulated surface.
The Cocone method [2] was developed to improve Crust
in both theory and practice. This approach uses so-
called co-cones to extract the manifold triangles from
the Delaunay triangulation. Subsequently, a series of
Cocone-type approaches, e.g. Tight Cocone [9], Robust
Cocone [10] were proposed to handle water-tight surface
reconstruction and noisy input data.

Removing noise from point cloud has also been
studied before. Mitra et al. [25] use local least squares
fitting to analyze normal estimation in the presence of
noise. Based on this, noise can be filtered out efficiently.
Dey and Sun [11] denoise point clouds by projecting
the points onto an underlying smooth surface defined
as a moving least squares surface. The projected points
are then used in subsequent processing. Lange and
Polthier [22] employ an anisotropic mean curvature flow
to remove noise from point clouds. Their approach can
effectively remove noise as well as detect and enhance
geometric features of the sampled surface. The Locally
Optimal Projection (LOP) operator is a versatile tool
to consolidate point clouds ([29], [19]). It projects an
arbitrary point-set onto the point cloud, which can
also reduce noise in a sense by replacing the noisy
point cloud with the smoothly distributed points in the
projection.

The meshless parameterization algorithm that we use
is a member of the so-called As-Rigid-As-Possible
(ARAP) family of parameterization algorithms. This
family was proposed by Liu et al. [27], who present
an efficient “local/global” algorithm for parameterizing
a triangle mesh to the plane in a manner which preserves
distances. However, their approach is designed for a
triangle mesh with connectivity information, and takes
advantage of the triangle structure of the mesh. When
dealing with point clouds, lacking triangle connectivity,
more caution must be exercised. Recently, Zhang et
al. [37] adapted the basic ARAP approach to solve the
localization problem for sensor networks. This involves
the natural neighbors for each point. It first embeds
local neighborhoods in “patches” onto the plane in
a distance-preserving manner. Then, these patches are
stitched together coherently by rigid alignment. We
will use a variant of this algorithm here for meshless
parameterization.

Furthermore, we propose a novel approach for obtain-
ing the denoised point data and its parameterization si-
multaneously. In fact, ARAP meshless parameterization
minimizes an energy function which contains a global
measure of point cloud smoothness. Hence, to denoise
point clouds, we simply allow each point in the cloud to
move in its vicinity to obtain a better ARAP meshless
parameterization result. We define a global Laplacian
energy to minimize the noise during the optimization.

3. MESHLESS DENOISING AND PARAMETERIZATION

We start by formulating the problem of meshless
denoising and parameterization.

3.1 Problem statement

Given a collection of unorganized points X =
{x1, x2, ..., xn} ⊂ R

3, which are sampled from a
surface with disk topology and might contain noise, the
meshless denoising and parameterization problem is to
find new points P = {p1, p2, ..., pn} in R

3 close to X
and their corresponding positions V = {v1, v2, ..., vN}
in R

2. We call P the denoised version of X and V the
parameterization of P . Generally we expect that P is
as close as possible to X and that the local distances of
P are preserved in V as much as possible.

We call X an oriented point cloud if a normal ni is
provided for each point xi, otherwise it is unoriented.
For each i, we define the local neighbors of point xi ∈
X as Ni = {j : xj is neighbor of xi}, Xi = {xj : j ∈
Ni} and its cardinality as ni = |Ni|.

3.2 The global optimization problem

The problem of meshless denoising and parameteri-
zation is to find the denoised points P and its parame-
terization V simultaneously. We formalize it as a global
optimization minimizing the following energy function:

E(P ,V ) = EPara + EFidelity + λESmooth (1)

where EFidelity measures the distance of P from X
and is defined as

EFidelity =
n∑

i=1

‖pi − xi‖2 (2)

ESmooth is the global Laplacian smoothing energy
([30], [26]) on P :

ESmooth =
n∑

i=1

‖pi −
∑
j∈Ni

wijpj‖2 (3)

wij are weights describing the affine relationship be-
tween pi and its local neighbors, EPara(P ,V ) is a min-
imal metric distortion parameterization energy which
tries to preserve the local distances of P in V , and
λ is a scalar weight.

The main novelty of our approach lies in the pa-
rameterization energy EPara(P ,V ), which computes a
meshless parameterization V of P by rigid alignment.
Given P , the idea in computing the meshless parameter-
ization V is to preserve the distances between a point
and its neighbors as much as possible throughout the
process, which finally achieves a minimal metric dis-
tortion parameterization. Specifically, we use the local
neighborhoods Pi of all points pi as “building blocks”
to construct the final meshless parameterization. Each
point pi in the input undergoes two “local” phases and
one “global” phase, as shown in Fig. 1:
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Fig. 1. Given a 3D point cloud (a), any given 3D point (in red) undergoes two local and one global phase in our algorithm: (b) finding
its local neighbors (in blue) in the 3D point cloud and (pink) tangent plane; (c) flattening the neighborhood into the 2D tangent plane; (d)
“stitching” the 2D neighborhoods into a global meshless 2D parameterization.

1) Finding its local neighbors Pi in the point cloud,
and its tangent plane;

2) Flattening Pi into the tangent plane to form Ui;
3) “Stitching” all the different Ui’s into a global

meshless parameterization, forming Vi.
We describe each phase in detail in Section 4 and

then give the solution to the global optimization of (1)
in Section 5.

4. MESHLESS PARAMETERIZATION BY RIGID
ALIGNMENT

In this section, we elaborate on our meshless param-
eterization scheme, namely, how to compute a parame-
terization V from a given point set P .

4.1 Local flattening

We rely on a proximity graph defined on the point
cloud. There are two possible ways to construct such a
proximity graph: 1) An ε-radius graph, defined by Pi =
{pj : |pj − pi| < ε}; 2) a k-nearest-neighbor (kNN)
graph, where Pi is defined as the k nearest points to
pi. We adopt the second approach. A kNN graph on n
points may be constructed in O(n log n) time using an
appropriate spatial data structure [6].

Once the Pi’s are established, they should be flat-
tened to the plane, to form Ui, in a distance-preserving
manner, i.e., the distortion of the distances between
points in Ui and the corresponding original distances
in Pi should be minimal. It is most convenient to flatten
Pi to the “tangent plane” of pi. If P is an oriented
point cloud, the tangent plane of pi is that passing
through pi and perpendicular to ni. The advantage of
using these planes is that they maintain a consistent
orientation, which means they can be “stitched” together
without foldovers. If P is an unoriented point cloud,
it is possible to estimate the normal directions using
standard methods, like PCA [17] or local least squares
fitting [25], on each of the Pi. These typically will
have inconsistent orientations, which is inconvenient for

processing. However, as we will see in Section 4.3, a
small modification of our basic approach can handle also
unoriented point clouds.

To flatten Pi, we first project the points in Pi orthog-
onally onto the tangent plane. Then, following Koren et
al. [21], we improve the embedding to preserve the 3D
distances as much as possible using a “stress majoriza-
tion” procedure. This involves iteratively updating the
position of uij ∈ Ui to be

uij ← ui + dij(uij − ui)inv(‖uij − ui‖)
where

dij = ‖pij − pi‖
inv(x) =

{
1/x, : x �= 0
0, : x = 0

4.2 Rigid alignment

Once we have a distance-preserving flattening Ui of
each of the separate neighborhoods Pi to their tangent
planes, we would like to align them all to one global
2D embedding. Again, we would like to distort distances
minimally. This is possible if we strive to transform each
Pi to the unique parameterization plane by some rigid
transformation, which preserves distances.

As stated above, the tangent planes of oriented points
have consistent orientations, hence the rigid transfor-
mations should be rotation and translation only (with-
out reflections) to prevent any “folding” during the
parameterization. For each i, we want to find a rigid
transformation (rotation and translation) for Ui, (from its
local tangent plane to the global parameterization plane)
such that the positions of Pi in the final parameterization
(Vi) are

Vi = UiRi + ti (4)

where Ri is a rotation, ti is a translation and Vi =
(vi1, ..., viNi

)T , where vj = (vx
j , vy

j )T , are the coordi-
nates of the points in Pi in the global parameterization.
To keep it simple, we assume that ui coincides with
vi, which means the translation ti can be eliminated
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from (4). Then, the coordinates of the points in Ni are
redefined as

U
′
i = Ui − 1T uT

i

V
′
i = Vi − 1T vT

i

where 1 = (1, 1, ..., 1)T . In sequel, we will use Ui and
Vi to denote the coordinates after this translation. Eq.
(4) then becomes

Vi = UiRi (5)

If each of the Vi are indeed a pure rotation of Ui,
then the final parameterization of the entire point cloud
will have the same metric distortion as that present in
the Ui’s. However, since there is some overlap between
the different Ui, multiple rotations will apply to every
point pi. Thus, in practice, the metric distortion will
increase during alignment of the neighborhoods, and we
must solve the following optimization problem, where
we simultaneously seek the global parameterization V
(from which the local Vi are extracted) and the rotations
Ri:

EARAP =
N∑

i=1

‖Vi − UiRi‖2F (6)

where ‖ · ‖F is the Frobenius norm, and Ri satisfies

RT
i Ri = I, det(Ri) = 1

Problem (6) is a nonlinear least-squares problem.
Luckily, we may resort to the alternating least squares
(ALS) method to solve this optimization problem, which
is simple and efficient. Observe that if all Ri are known,
then the unknown optimal V = {v1, v2, ..., vN} can
be obtained as the solution of a quadratic optimization
problem; conversely, if V = {v1, v2, ..., vN} is known,
then the unknown optimal Ri can be computed
separately for every i, as we will soon see. Thus
we may alternate between these two stages until
convergence. We now discuss the details of the iterative
solver and its initialization.

4.2.1 The “local-global” alternating least-squares
solver

Suppose the optimal V = {v1, v2, ..., vN} of Problem
(6) is known. For each i, we may compute the optimal
rotation matrix Ri, in a least squares sense, as the
solution of the following small minimization problem:

Ri = argmin
R

{‖Vi − UiR‖2F : RT R = I, det(R) = 1
}

(7)
This is a Rotation Orthogonal Procrustes Problem
(ROPP), which can be solved by Procrustes analy-
sis [16]. Specifically, the optimal rotation matrix is
Ri = AiZiB

T
i , where Ai and Bi are obtained from the

Singular Value Decomposition (SVD) [32] of UT
i Vi:

UT
i Vi = AiZiB

T
i (8)

and Zi = diag(1, ..., 1, σi), where σi = det(AiB
T
i ), ef-

fectively excluding the orientation-reversing rigid trans-
formation. Computing all the Ri is the so-called “local”
step of the ALS solver.

Next, if all the Ri are known, we can solve for V
by setting the gradient of (6) to zero. This yields the
following Poisson-type linear system for the vi:∑

j∈Ni

(vi − vj) +
∑
i∈Nj

(vi − vj)

=
∑
j∈Ni

Ri(ui − uij) +
∑
i∈Nj

Rj(uji − uj)
(9)

This is the so-called “global” step of the ALS solver.
The entries of the associated matrix depend only on
the local neighborhood Ni, so the coefficient matrix is
sparse and fixed throughout the iterative algorithm. Thus
we can pre-factor it (e.g. with Cholesky decomposition),
and reuse the factorization to solve the linear system,
whose right hand side changes in each iteration.

4.2.2 Initialization
Choosing a suitable initial parameterization V is

important for the stability and convergence rate of the
ALS solver described in the previous section. Ideally,
the initial parameterization should not to be too far from
the solution of (6). Essentially, the nonlinearity of the
problem is caused by the orthogonality of the rotation
matrices Ri, namely, if

Ri =
(

ai bi

−bi ai

)
(10)

then the entries of Ri are nonlinearly constrained by
a2

i + b2
i = 1.

If we remove these nonlinear constraints on Ri,
i.e., allow a general similarity transformation matrix Si

instead of Ri:

Si =
(

ai bi

−bi ai

)
(11)

then (6) will become a simple linear least squares
problem with respect to V :

V = argmin
Vi⊂V,a,b

N∑
i=1

∥∥∥∥Vi − Ui

(
ai bi

−bi ai

)∥∥∥∥
2

F

(12)

Note one caveat: The problem (12) has a trivial solution,
i.e., Vi ≡ 0 and ai = bi = 0. To eliminate this
solution, we fix two points with longest distance in
the plane and solve the resulting non-homogeneous
linear system of normal equations with these constraints.
When applied to triangle meshes, this solution has been
shown by Liu et al. [27] to be equivalent to the Least-
Squares Conformal Mapping (LSCM) parameterization
method [23]. We use this 2D configuration as our initial
parameterization for the ALS solver. Fig. 2(b) shows
the final rigid alignment parameterization using this
initialization, shown in Fig. 2(a).

4.3 Treating unoriented point clouds

If P is an unoriented point cloud, the rigid alignment
algorithm described in Section 4.2 will probably not
work, as the estimated normal orientations may not
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Fig. 2. (a) Initial parameterization of mesh of Fig. 1(a) by similarity alignment. (b) Meshless parameterization generated by the “As-Rigid-
As-Possible” ALS algorithm, starting from (a). (c) Delaunay triangulation of the parameterization in (b). Redundant triangles marked in red
should be removed. (d) Reconstructed 3D triangle mesh.

be consistent. Since the rigid transformation in (6) is
restricted to be a pure rotation, this will resist orientation
reversals in the global alignment, which may have
rectified the situation. However, we can circumvent the
problem by allowing general rigid transformations, i.e.,
including also reflection. Thus, given Ui and Vi, the best
rigid transformation between them is

Ri = argmin
R

{‖Vi − UiR‖2F : RT R = I
}

(13)

The solution is Ri = AiB
T
i , where Ai and Bi are

obtained by SVD, as in Section 4.2.1.
However, the initialization procedure proposed in

Section 4.2.2 will not work here, since a similarity
transformation is also orientation-preserving as its de-
terminant is always non-negative. Fig. 3(a) shows the
results using similarity transformations to generate the
initial parameterization for an unoriented point cloud,
which introduces foldovers. Fortunately, we can fix
this problem by allowing Ri to be a general affine
transformation. We define

Ai =
(

ai bi

ci di

)
(14)

and the optimization problem (6) becomes

V = argmin
Vi⊂V,a,b,c,d

N∑
i=1

∥∥∥∥Vi − Ui

(
ai bi

ci di

)∥∥∥∥
2

F

(15)

which is also a linear least squares problem with respect
to V .

Like the linear system (9), (15) also has the trivial
solutions when vi = 0 and ai = bi = ci = di = 0, so
we have to add at least three constraints by fixing the
positions of the points in one local neighborhood, e.g.,
the points in U0. Fig. 3(c) shows the rigid alignment
parameterization obtained using affine alignment as the
initial parameterization.

4.4 The boundary

Once the point cloud has been embedded in the plane,
we triangulate it using planar Delaunay triangulation.
This results in a set of triangles with quite uniform

Fig. 3. For the point cloud model in Fig. 1(a), without normals,
the solver run with similarity transformations will generate a param-
eterization with local neighbors folding as shown in (a). Assuming
affine transformation will generate the parameterization shown in (b).
(c) shows the final parameterization by rigid alignment with (b) as
initialization. Red points denote boundary.

shapes. The natural boundary of the point cloud is
found in a manner similar to that employed by Floater
and Reimers [13]. All Delaunay triangles outside this
boundary are subsequently removed. See Fig. 2(c) for an
example. The remaining triangles are used to triangulate
the input point cloud.

5. GLOBAL OPTIMIZATION

The global minimization (1) is a nonlinear function
with respect to P and V , with no closed-form solution.
Therefore, we use an iterative approach to solve this
optimization. In each iteration, the optimization can be
cast as a sparse linear system.

By iteration, we compute a series of points P (k) and
V (k), k = 0, 1, 2, .... Initially, we set P (0) = X . The
iteration consists of two phases:
(1) Compute V (k) from P (k):

From the point data P (k), we compute its parameter-
ization V (k) as in Section 4 by minimizing

E(V ) = EPara (16)

(2) Compute P (k+1) from V (k):
The new positions of P (k+1) can be computed from

V (k) by minimizing

E(P ) = EFidelity + λESmooth (17)
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where the coefficients wij in ESmooth (see Eq. (3)) are
calculated from the corresponding neighbors in param-
eterization V (k) as:

{wij} = argmin
wij

∑
j∈Ni

‖v(k)
i − wijv

(k)
ij ‖2,

s.t.
∑
j∈Ni

wij = 1
(18)

for each i. These may be computed by solving a
least-squares problem [33]. Since both EFidelity and
ESmooth are quadratic energies with respect to pi, by
setting the gradient of (17) to be zero, we obtain a linear
system for pi:

(pi−xi)+λ(pi−
∑
j∈Ni

wijpj)+λ
∑
i∈Nj

wji(wjipi−pj) = 0

(19)
The solution of (19) will be P (k+1).

6. APPLICATION: MESHING POINT CLOUDS

In this section, we show that our meshless denoising
and parameterization provides a good method for surface
reconstruction.

Once the planar parameterization is available, 2D
Delaunay triangulation can be applied to the planar posi-
tions to provide triangle connectivity for the 2D points,
which can be transferred back to the 3D point cloud
to form a triangle mesh. Because our ARAP meshless
parameterization approach flattens the point cloud into
the plane, it is applicable only to an open point cloud
(whose underlying surface has disk topology) and the
result will be an open 3D triangle mesh, as in Fig. 2(d).

We now show how to modify the basic method,
in order to apply it to point clouds sampled from an
underlying closed manifold surface. Following Hormann
and Reimers [18], this is done by applying the ba-
sic approach to small overlapping patches segmented
from the point cloud. A closed triangular mesh is then
obtained by triangulating each patch separately, yet
consistently. As opposed to the results of Hormann and
Reimers [18], due to the distance-preservation of ARAP
parameterization, and the invariance of the Delaunay
triangulation to rigid transformations, the triangulations
of two patches will mostly agree in their overlap. This
will result in an almost clean manifold triangular mesh
which can be perfected by simple post processing. See
examples in Figs. 4 and 5.

6.1 Patch segmentation and optimization

The goal now is to segment the point cloud into
overlapping patches which are topologically equivalent
to a disk. Let S = {Si|i = 1, ..., K} be the patches.
To obtain a closed reconstruction from these patches,
S should satisfy the following conditions: 1) S should
cover the entire point cloud, i.e.,

⋃
Si = P ; 2) two

adjacent patches have some overlap. The following
scheme generates such a segmentation.

First, choose K seed points from the point cloud.
These seed points should be uniformly distributed on the
point cloud. An easy way to achieve this is by k-means
clustering to segment the point cloud into K patches,
denoted by S

′
i . Then the seed point si for patch S

′
i is

selected as the point nearest to the geometric center
of this patch. Note that the intersection of any two
patches is now empty, but we have

⋃
S

′
i = P . Then

each patch S
′
i is extended to a larger patch Si , which

means S
′
i ⊂ Si. Now adjacent patches Si have non-

empty overlaps. It is easy to get Si from S
′
i , e.g., we

can simply extend S
′
i by absorbing the points in a small

μ-neighbor of boundary points of S
′
i .

Fig. 4. Meshing a point cloud sampled from a closed surface of genus
2. (Left) Input point cloud (with 4,000 points) is segmented into 40
patches by k-means clustering. The patches are color-coded, black
points are the seeds. (Center) Reconstructed triangle mesh by ARAP
meshless parameterization of each patch and Delaunay triangulation.
There may be holes and inconsistent local triangulations. (Right) Final
triangle mesh after inconsistent triangle removal and hole filling. The
holes (bounded by blue lines in Center) are filled by triangulating the
polygon (green lines).

We now apply the meshless approach on each patch
Si to get a planar point cloud. Then we apply Delaunay
triangulation and map the connectivity back to point
cloud.

It is worthwhile to point out that the orientations of
all patches do not have to be consistent because our ap-
proach can handle unoriented point clouds automatically,
as demonstrated in Section 4.3.

6.2 Reconstructing a closed manifold

There may be inconsistent triangulations in the over-
lap of two patches, for two reasons: First, the Delaunay
triangulation on the patch boundary points will not agree
with each other; Second, ARAP meshless parameteriza-
tion cannot guarantee that the distances are not distorted
at all during parameterization, and this will affect the
structure of the Delaunay triangulation. We can fix the
first problem by ignoring triangles close to the triangu-
lation boundary, in effect adopting only triangles which
are a subset of Si. The parameter 0 < α < μ indicates
to adopt only triangles that have its vertices in Si and
the α-neighbor of boundary points of Si. The second
problem may be addressed by examining the edges
after triangulation. If more than two triangles share one
edge, we remove the redundant triangles. Fortunately,
due to the distance-preservation properties of our ARAP
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Fig. 5. Meshing noisy point clouds sampled from closed surfaces of different genus. (Top) Input point cloud (6,000 points), genus 0,
is segmented into 30 patches, and reconstructed triangle mesh. (Bottom) Input point cloud (4,817 points), genus 2, is segmented into 10
patches, and reconstructed triangle mesh. Noise rate is 2%D, where D is the diameter of point cloud. For RobustCocone [10] and Poisson
reconstruction [20], MLS projection [11] is used to denoise the point clouds.

meshless parameterization algorithm, disagreement of
triangulations is very infrequent. Table 1 details the
amount of inconsistent triangulations that occurred in
our experimental examples.

In some rare cases, there may exist holes after recon-
struction. To form a closed mesh, the holes are filled
by simply triangulating the polygon formed by the hole
boundaries. See Fig. 4 for an example.

7. EXPERIMENTAL RESULTS

We now present some results of our meshless de-
noising and parameterization algorithm applied to point
clouds obtained by sampling 3D models. Our approach
can effectively obtain a denoised point cloud and its
parameterization and then construct a high quality tri-
angular mesh.

Fig. 6 shows the results of applying our approach on
a data cloud with two levels of noise. The weight λ in
(1) controls the smoothness of the result. Larger values
of λ will generate smoother results. It can be seen that
our approach can achieve both smooth and high quality
triangular mesh. The figures in the bottom row show the
behavior of the energy in (1), indicating that it decreases
during iteration.

In Fig. 9, we compare our basic ARAP approach (on
a point cloud with disk topology) with the analogous
algorithm using the meshless parameterizations SP [13],

LLE [33], and LRE [35]. SP requires a fixed boundary,
as opposed to the others. To make a fair comparison,
the point cloud used in this example contains no noise.

It is not surprising that SP incurs large distortion,
especially in the vicinity of the boundary, resulting in
bad triangle shapes. The other three approaches can gen-
erate fairly good results when the boundary of the point
cloud is somewhat regular. However, the differences
between these algorithms show when the boundary is
irregular. LLE and LRE now incur distortion, whereas
ARAP generates higher quality parameterizations, and
the resulting 3D triangle mesh contains more regular
connectivity and uniform-shaped triangles.

Non-uniform sampling is a significant issue when
meshing point clouds. Fig. 7 shows that our approach
can handle this case well. From the results generated
with both ε-radius and kNN graphs, we see the param-
eterization preserves the points’ distribution, and this is
reflected by the resulting triangle mesh.

We also compare our approach with the Cocone-type
algorithms and Poisson surface reconstruction [20], the
latter based on building a characteristic function for the
cloud volume. Software for the Cocone-type algorithms,
including Cocone [2], TightCocone [9] and Robust Co-
cone [10], were kindly provided by the authors of those
algorithms, and Poisson reconstruction is implemented
in the MeshLab software package [24].
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Fig. 6. Denoising and triangulation of the Venus point cloud with different noise levels and values of λ. Top row: noise rate is 1%D; Middle

row: noise rate is 2%D, where D is the diameter of point cloud. Bottom row: energy change of Equation (1) during iteration when noise
rates are 1%D (left) and 2%D (right) respectively.

Fig. 7. Meshing a non-uniformly sampled point cloud with different
proximity graphs. (a) The point cloud. (b) Meshing using kNN with
k = 12; (c) Meshing using ε-radius with ε = 3%.

Fig. 5 shows two examples of reconstructing closed
mesh surfaces in the presence of noise. For RobustCo-
cone and Poisson reconstruction we use moving least
squares surface projection [11] to denoise the sample
points before reconstruction. RobustCocone interpolates
through a subset of smooth sample points, so the trian-

gulation might contain non-uniform triangles. Poisson
surface reconstruction generates the final triangulation
using Marching Cubes, which also has irregular trian-
gles. Our approach can not only directly denoise the raw
data, but also produce a high quality triangulation.

As our approach interpolates the sample points, sharp
features may be preserved during reconstruction. Fig. 8
shows two such examples. We assume the data contains
no noise and compare our results with those of Cocone
and TightCocone. Cocone is suitable for reconstructing
surfaces with boundaries, but might incur holes when
sampling is insufficient. TightCocone interpolates the
sample points to produce a water-tight surface. We
observe that our approach generates a reconstruction no
worse than (Tight)Cocone, but with less computational
effort (see Table 1).

7.1 Complexity

The complexity of our method is dominated by the
O(n log n) construction of the proximity graph on n
points, and the ALS iterative solver. Each iteration of
the solver requires O(n) time for the local step (SVD
of n 2× 2 matrices), and O(n) time for the global step
(solution of a sparse linear system having O(n) non-zero
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Fig. 8. Meshing point clouds sampled from closed surfaces with sharp features. (Top) “Wave” input point cloud (9,274 points), reconstruction
by Cocone [2] and ARAP. (Bottom) “Fandisk” input point cloud (7,583 points) is segmented into 10 patches, reconstructed by TightCocone [9]
and ARAP.

TABLE 1
STATISTICS FOR MESHLESS ARAP AND THE RUNTIME OF Cocone, TightCone, RobustCocone AND POISSON RECONSTRUCTION USED IN

THE EXPERIMENTS.

Meshless ARAP
ARAP parameterization Global optimization (T,R)Cocone (sec) Poisson (sec)Model
Iterations Time (sec) Iterations Time (sec) Holes Inconsistent triangles

Rabbit 8 0.4 10 2.1 11 104 3.2 3.5

Indolady 7 0.35 9 1.7 7 82 2.5 2.7

Fandisk 8 0.4 9 2.1 9 50 5.4 3.9

Wave 10 0.9 10 4.2 0 0 6.4 —

entries in a n × n matrix). It is difficult to bound the
number of iterations required until convergence, but our
experiments seem to indicate that this is a very small
number. Thus the method is very fast. Table 1 details
some of these statistics.

8. CONCLUSION

We have presented a new meshless denoising and
parameterization approach for point clouds. The de-
noised point cloud and its parameterization are obtained
simultaneously by a global optimization based on an
iterative solver. The meshless parameterization consists
of a local flattening and a global aligning operation. The
key idea is to use rigid transformations to align all the
local neighbors together, while preserving their shapes.
The point set may then be meshed by triangulating the
parameterization result. An extension of the basic idea
allows to mesh point clouds sampled from manifold
surfaces having arbitrary topologies.

Our future work includes methods to improve the
density of the points using our framework. This could

possibly be done by incorporating an energy that en-
courages the movement of the points along their tangent
planes.
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Fig. 9. Comparison of meshless 2D parameterizations and resulting 3D triangle meshes on a point cloud sampled from two surfaces having
disk topology. The approaches for comparison include SP [13], LLE [33], LRE [35], and our proposed ARAP. Numbers in parentheses are the
average and standard deviation of the minimal angle per triangle (taken over all mesh triangles).
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