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1 Introduction

Let X be a complex Banach space and G a closed subset in X. For a point x € X, an element

g* € G is called a best approximation to x from G if it satisfies that
lz =gl <llz—gll, Vged.
The set of all best approximations to = from G is denoted by Pg(x), that is,
Pa(z) ={9" € G: [z —g"| = d(z,G)},

where d(z,G) = infecq ||z — g]|.

Motivated by the work of Rozema and Smith in [1], Amir [2] introduced the concept of RS-
sets in a real Banach space and gave the uniqueness results for the restricted Chebyshev center
of any compact set with respect to an RS-set. Recently, there are several papers concerned
with the uniqueness of the best approximation from an RS-set [3, 4, 5].

In the spirit of Amir’s idea of RS-sets in a real Banach space, one natural problem is, whether
an RS-set in a complex Banach space can be defined and similar uniqueness results hold? The
purpose of the present paper is to introduce the concept of RS-sets in a complex Banach space
and investigate the problems of characterization, uniqueness and strong uniqueness of best
approximations from an RS-set in a complex Banach space. Some results that are similar to
the real case are given. It should be noted that this problem has never been considered before.
The related works about approximations from generalized polynomials having restricted ranges

in complex-valued continuous function spaces are referred to ones in Smirnov and Smirnov [6]

and Li [7].

Received August 13, 2001, Accepted April 19, 2002
Supported in part by the National Natural Science Foundation of China (Grant No. 10271025)



32 Li C.

2 Preliminaries

Let B* denote the closed unit ball of the dual X* and extB* the set of all extreme points of

B*. For z € X, let E(x) denote the set of all extremal supporting functional at x, i.e.,
E(x) ={a" € extB* : (a*,z) = ||z||}.

Now let us give the definition of an RS-set in a complex Banach space. For the end, recall

first the notion of an RS-set in a real Banach space.

Definition 2.1  An n-dimensional subspace G of a Banach space X, real or complex, is called
an interpolating subspace if no non-trivial linear combination of n linearly independent extreme
points of the ball B* annihilates G.

Definition 2.2  Let X be a real Banach space and {y1,y2,...,yn} n linearly independent
elements of X. We call the set

=1

a real RS-set if each J; is a subset of the real R of one of the following types:

(I) The whole of R;

(IT) A non-trivial proper closed (bounded or unbounded) interval of R;

(ITII) A singleton;
and in addition every subset of {y1,y2,...,Yn} consisting of all y; with J; of type (I) and some
y; with J; of type (I1) spans an interpolating subspace.

Note that the subset of type (II) is, indeed, a non-trivial proper closed convex subset of R

with non-empty interior. This motivates us to define an RS-set in a complex Banach space.

Definition 2.3  Let X be a complex Banach space and {y1,ya,...,yn} n linearly independent
elements of X. We call the set G defined by (2.1) an RS-set if each J; is a subset of the complex
plane C of one of the following types:

(I) The whole of C;

(I1) A non-trivial proper closed convexr (bounded or unbounded) subset with non-empty
interior of C;

(II) A singleton;
and in addition every subset of {y1,y2,...,Yn} consisting of all y; with J; of type (I) and some
y; with J; of type (II) spans an interpolating subspace.

In the next sections, we assume that X is a complex Banach space and G a complex RS-set
of X.

3 Characterizations of Best Approximations

Set In = {i: if J; is of type 11T}, I; = {i : if J; is of type II}. For i € I, let F;(-) be a convex

function defined on the complex plane C such that

0J; ={z€C: Fi(z)=0}, intJ;={z€C: F;(z) <0},
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where 9J; and int.J; denote the boundary and the interior of J;, respectively. Note that such a
convex function exists since the convex set J; has a non-empty interior.
To give characterizations of best approximations from an RS-set, we need to introduce the

concepts of the subdifferential and directional derivative of a real function.

Definition 3.1  Let F' be a real function defined on C and z, uw € C. The subdifferential of
F at z, denoted by OF (2), is defined by
OF(z) ={ue C: F(v) > F(z) + Re(v — 2)u, Yv € C},
while the directional derivative of F at z with respect to u, denoted by F'(z)(u), is defined by
F tu) — F
Fl()(u) = lim T = FR)
t——+40 t

As is well known [8], if F' is convex then JF(z) is a non-empty closed bounded convex set

in C and
F'(2)(u) = max RedF (z)u. (3.1)

The following proposition, of which the proof is direct, is useful in the rest of the paper.

Proposition 3.1  Let z* € C satisfy that F(2*) =0 and z € C. If F(z) < 0(< 0), then
max Re 0F (z*)(z — 2*) < 0(< 0). (3.2)
Now, for g = Y"1, ¢;y;, define
cilg)=ci, I(g)={ielL: ¢i(g9) €0}, o0i(9) =—0Fi(ci(g)), Viel.
Let
P={gespan{ys,...,yn}: ci(g) =0, Vie Iy}.
Then we are ready to state the main theorem of this section.

Theorem 3.1 Let x € X, g* € G. Then the following statements are equivalent:
i) g* € Pa(w);
ii) For anyg € P,

max { a*erél(?ig*) Re(a*, g), ig}ﬁf% max Rec;(g)o;(g*)} >0, (3.3)

where c¢;(g)o;(g*) means {c;(g)o: o € 0;(g%)};
iii) There exist A(x—g*) = {af,as,...,a;} C E(x—g*), B(g*) ={i1,42,...,im} C I(g%),
o, €0i,(g%), j=1,....m(k>1k+m < 2dimP + 1) and positive scalars X1, Az, ..., Ag;
LAy, o N, such that

Mmoo

k m

Z Xi(a;,g) + Z)‘;'Cij (9)os; =0, VYgeP. (3.4)

i=1 j=1
Proof 1)=ii) Since it is trivial when z € G, we assume that x € X \ G. Suppose that the
condition (3.3) does not hold for some g € P. Then,
Re(a*,g) <0, Va* € E(z—g") (3.5)
and
max Rec;(g)o;(g*) <0, Viel(g"). (3.6)
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Write g, = g* — tg. It follows from (3.1) and (3.6) that
lim Fi(ci(gr)) — Filei(g™))

<0,
t—0+4 t
for all ¢ € I(g*) so that, for each ¢ € I(g*), there is ¢; > 0 such that
Fi(ci(gt)) <0, Vo<t <t,. (37)

Taking into account that ¢*(t) € intJ; for all ¢ ¢ I(g*)UIy, we obtain that, for each ¢ ¢ I, there
is ¢; > 0 such that (3.7) holds. Set ¢ty = min;¢y, t;. Then g; € G for all 0 <t < ty. Observe that
(3.5) implies that ¢g* is not a best approximation to z from the convex set Go = {g: : 0 <t < t¢}.
One has that there exists 0 < t < tg such that ||z — g|| < ||z — ¢*||, which contradicts i) and
proves the implication i)==ii).
ii)=>iii) Set
U={b(a*) = ({a",y1),{a*, y2),...,{(a",yn)): a" € E(x— }UC
where
= U {e(@) = (aiwr),cilya), - cilyn))oalg™) -
i€l(g*)
Note that
max Re 0F;(z)u < Fi(z +u) — F;(z), YueC.

It follows that o;(¢*) = —0F;(c;(¢*)) is uniformly bounded on I(¢g*). This implies that C is
compact and so is Y. Thus from ii) and the linear inequality theorem in [9], we get that the
origin of the space C" belongs to the convex hull of the set U. In view of Caratheodory’s theorem

in [9], one can apply Krein-Milman Theorem to find {aj,...,a}} C E(z —g*), {i1,...,im} C

I(g*), cs(ij) € c(ij), s = 1,...,m;,j =1,...,m and positive scalars Aj,..., A\, N, 5=
1,...,m;, j=1,...,m such that
k m M m M
Z/\H—ZZ)\’ =1, Z/\l ajy +ZZ/\ cs(ij) =0, k—l—Zm]SlemP—!—l (3.8)
=1 j=1s=1 j=1s=1
Assume c4(i;) = (cij(yl),cij(yg),...,cij(yn))ojs for some o;, € Uij(g*), s=1,....m4, j =
1,...,m. Set

mi \/
)\ o Zs:l /\stjS =1
jso 04; = \ y  J =L, m.
J

By the convexity of oy, (g ) it follows that o;; € o;,(g9*). Then we obtain ( 4) from (3.8). Let
(c),63,...,&0) satisfy ¢ =0, Vi € Iy, ¢ € intJ;, Vi € I) and go = >, Vy;. It follows that
Reci, (90 —g")oi, >0, j=1,...,m.

This implies that k£ > 1. The proof of ii)=iii) is complete.

ili)==i) Suppose that i) does not hold. Then there exists an element g; € G such that
¢i(gr) € intJ; for all i € I; and ||z — g1|| < ||z — ¢*||. Tt follows from Proposition 3.1 that

max Rec;(¢" — g1)oi(g9*) <0, Viel(g"). (3.9)
From
Re(a*,x — g1) < Re{a*,z — g*), Va" € E(x—g"),
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we have that
Re(a*, 9" —q1) <0, Va* € E(x—g). (3.10)
Clearly, go = g* — g1 € P. However, (3.9) and (3.10) imply that (3.4) does not hold for go, that

is, iii) does not hold. The proof of the theorem is complete.

4 Uniqueness and Strong Uniqueness of Best Approximations

Lemma 4.1  Suppose G is a complex RS-setin X, x € X\G and g* € Pg(x). Let A(xz—g*) =
{af,...,a;} C E(x — g¢*) and B(g*) = {i1,...,im} C I(g*) such that (3.4) holds. Then there

are at least dimP — m linearly independent elements in A(x — g*).

Proof Let positive numbers Ap,..., Ak, Aj,..., AL, A(x — ¢g*) and B(g*) be such that (3.4)
holds. Set

Q:{g:ZCiyiEP: cij:(),j:l,...,m}.
i=1

Then @ is an interpolating subspace of dimension N = dimP — m. With no loss of generality,

we may assume that aj,...,a}, are linearly independent and (3.4) can be rewritten as
U ~ m
Z)\i(af,gﬁ +ZA;0ijcij(g) =0, VgeP (4.1)
i=1 j=1

To complete the proof, it suffices to show that I’ > N. Suppose on the contrary that I’ < N.
Since @ is an interpolating subspace of dimension N = dimP — m, there exists an element
go € Q\ {0} such that \;(a}, go) = |\i|?, i =1,...,I". This with (4.1) implies that \; = 0, i =
1,...,U'. Hence, m > 1 since x € X\G. Thus, by (4.1),

Z)\gaijcij (9)=0, VgeP (4.2)
j=1

Note that there exists g = >, ¢;g; € P such that ¢; € int.J; for each i ¢ Ip. Then (4.2) does
not hold and we have a contradiction. The proof is complete.

Recall that a convex subset J of C is strictly convex if, for any two distinct elements
21,20 € J, %(zl + z5) € intJ.

Theorem 4.1 Let G be a complex RS-set in X. Suppose that J; is strictly convex for each

1 ¢ Iy. Then, for each x € X, x has a unique best approzimation to x from G.

Proof The case when z € G is trivial. Now let € X \ G. Suppose that = has two best
approximations g}, gi. Write ¢* = (g} + ¢5)/2. Then, using standard techniques, we have that
E(x—g") CE(x—g1)NE(x—g;) C{a" €extB™: (a”,g] —g5) =0}
and I(g*) C I(g}) N 1(g5). This implies that ¢;(g7) = ¢;(g5) by the strict convexity of J; for

each i € I(g*). Let
Po={g9€P: c(g)=0, i€l(g")}
In view of the definition of a complex RS-set, Py is an interpolating subspace of dimension

dimP — |I(g*)|, where |I(g*)| denotes the cardinality of the set I(g*). Clearly, g7 — g5 € Po. It

follows from Lemma 4.1 that g7 — g5 = 0 and so the proof is complete.
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Remark 4.1 Because of the convexity of G, the conclusion of Theorem 4.1 is clearly true
if X is a strictly convex Banach space whenever J; is strictly convex or not for each i ¢ Ij.
However, if X is not strictly convex, the conclusion of Theorem 4.1 may not be true without

the strict convexity assumption of J;, as shown in the following example:

Example 4.1 Let Q@ = {-1,0,1} and X = C(Q), the complex continuous function space

defined on @ with the uniform norm. Define g1 =1, go =t — é, Vte@, J1={z€C:Rez >
—lot=-1
27 K
1},J2{Z€C’:Rez§1}andf(t){0, t=0, Then, G ={g=c1+c(t—1):
3 t=1.
27

Recy > 1, Recy < 1}. Take

*—1+(t 1) *—1+i+(1+i)(t 1)
gl_ 2) g2_ 8 4 2

ObViOUSva Hf 79?” = |(f - gf)(0)| = % Sincev fOI' any g = ci + CQ(t - é) € G7

1 1
17 =0l = 1(f = D)O)] = |er = yes| > .
we have that gf € Pg(f). On the other hand, it is easy to check that

17— g3l < 17— g3)(0)| = .

02‘

so that g5 € Pa(f).

Now let’s consider the strong uniqueness of the best approximation to f from G. The

following definition is well known.

Definition 4.1 Let x € X and g* € Pg(x). g* is called strongly unique of order o > 0 if
there exists a constant co > 0 such that ||x — g||* > ||z — ¢*||* + callg — ¢*[|*, Vg € G.

Theorem 4.2 Let G be a complex RS-set. Suppose that d.J; has a positive curvature at z*
for any i € Iy, z* € 0J;. Then each x € X has a strongly unique best approximation of order
2 to x from G.

Proof The proof for the case when = € G is trivial, so that we assume that x ¢ G. Let g* be the
unique best approximation to z from G. Then it follows from Theorem 3.1 that there exist sets
Alx —g*) ={aj,a3,...,a5} C E(x—g*), B(g*)={i1,i2,...,im} C 1(g"),04, € 05,(9"), j=
1,....m (k> 1, k4+m < 2dimP + 1) and positive scalars Ay, Aa,..., A\g, A, A5, ..., AL, such
that (3.4) holds. Without loss of generality, we may take A1, Aa, ..., A to satisfy Zle A =1.
For j = 1,2,...,m, let x;; > 0 and wu;, denote the curvature and the center of curvature
of J;; at c;,(g*), respectively. Define ¢;; = 2u;; — ¢, (g%), 75, = 2|us;, — ci,(9")| = 2/k4; for
Jj=1,2,...,m. Then there exists a neighborhood U;, of ¢;,(g*) such that

|z —¢i,| <ryy, forallze J;, NU;, j=1,2,...,m. (4.3)
Observe that, for any i; € B(g*) and o € 0y,(g*), o = d(¢;; —ci;(g")) for some d > 0. Without
loss of generality, assume that d = 1. Also we may assume that ||z — ¢*|| = 1. It follows from
(3.4) that

k m
> Ndai, )+ > Niei, (9)(@s, —¢iy(g%) =0, VgeP. (4.4)
=1 j=1
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For any g € P, set
k m 1/2
ol = ( oMl o)+ 3 ke, @F )
1=1 j=1

It is easy to see that | - ||2 is @ norm on P so that it is equivalent to the original norm.
Consequently, there exists a constant v > 0 such that ||g|l2 > v||gll, Vg € P. Set
~(g) = l = glI* — H*ff2—g*||2’ VoG g4 g
lg = g*|

We will show that «(g) has positive lower bounds on G \ {¢g*}. Suppose on the contrary that
there exists a sequence {g,} C G such that v(g,) — 0. Then ||z —g,| — ||z —g*||. With no loss
of generality, we may assume that g, — ¢* due to the uniqueness of the best approximation.
It follows from (4.3) that |c;,(gn) — ;| < 7i;, Vij € B(g*), for all n large enough. This with
(4.4) implies that

m

k m
D o allaq @ —ga) P+ Y Niles, =i (ga)l> =Y i,
=1 j=1

j=1

[

Y

fogn

k k m
D oallar,x =g+ Mllai, " = g) P+ Y Nlew, (97) — ¢, (9a)]
=1 =1 j=1

lz —g*[I> + llg" — gnll3 > llz — g* > + +*llg* — gull*.

This means that (g, ) > 72, which contradicts that v(g,) — 0 and completes the proof.
In order to give the more general strong uniqueness theorems, we introduce the notion of a

uniformly convex function and some useful properties, see, for example, [10].
Definition 4.2 A function F : C — R is uniformly convex at z* € C if there exists 0 : Ry —
Ry with 6(x) > 0 for x > 0 such that
FOZ* +(1=X)2) S AF(2") + (1 =N F(2) = M1 = N)d(]z" —z]), Vze€C, 0<A<1.
Define the modulus of convexity of F' at z*
AR+ (1 =NF(z) = F(Az*+ (1 = N)2)
A1 —=N) ’
where the infimum is taken over all z € C and A satisfying |2* — z| =z, 0 < A < 1. Clearly, F

t (x) = inf

is uniformly convex at z* if and only if p,«(z) > 0 for > 0.

Definition 4.3 A function F' : C — R has the modulus of convezity of order a > 0 at z* € C
if there exists do > 0 such that py«(x) > dex® for z > 0.

Proposition 4.1 A function F : C — R has the modulus of convexity of order a > 0 at
z* € C if and only if there exists do, > 0 such that F(z) > F(2*) + Re(z — 2*)u + do |z — 2*|°,
Vz € C, u € OF ().

Theorem 4.3 Let G be a complex RS-set. Suppose that, for any i € I, z* € 8J;, F;(-) has
the modulus of convexity of order a > 0 at z*. Then each x € X has a strongly unique best

approzimation of order r = max{«,2} to x from G.

Proof As in the proof of Theorem 4.1, we assume that « ¢ G, g* € Pg(x) and ||[x—g*|| = 1. Let
A((E _g*) = {a’*liva;a <. 'aa’;;} C E(I’ - g*)7 B(g*) = {i17i27 <o vlm} C I(g*)ao—ij S Uij(g*)v ] =
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1,...,m (k>1, k+m < 2dimP + 1) and positive scalars A1, Aa, ..., Ag; A}, A5, ..., AL be such
that (3.4) holds and Zle A; = 1. For any g € P, set

k m 1/r
(le|<az:g>T+ng|cz,<g>|’°) .
=1 j=1

Again || - ||, is a norm on P equivalent to the original norm so that ||g||, > v||g|l, Vg € P for
— llz=gll"=llz—g™|I"

lg—g*lI"
lower bounds on G \ {g*}. In fact, if otherwise, there exists a sequence {g,} C G such that

gl

some constant v > 0. Set 7,-(g) , Vg € G, g # g*. Then ~,.(g) has positive

Yr(gn) — 0. Then ||z — gn|| — ||z — ¢*||. With no loss of generality, we may assume that

gn — g* since Pg(x) is a singleton. From Proposition 3.1 and (3.4), we have that

k m m
|z = gnll®> > “Nil(af, z—gn)?+2 Y NRe (ci, (") —ci, (gn))oi, +2da Y _Njlei, (9%) =i, (gn)|®

=1 j=1 j=1

k m
=llz = g* 11>+ D Nl{ais ga — g7 + 2da Y Ailer, (97) = ¢, (gn) |
=1 =1

k m
>la =g 1P+ > Nl{ai, gn — g7)" +2da Y Nles, (97) = ci, (ga)]”
=1 i=1
>lz = g*[I* + min{1,2da}l|lgn — g*II7 > llz = g*[* + min{1,2da}y" gn — g"II",
for all n large enough. Since

2 = gal" = llz = g*II" = (r/2)]lz = g" "2 (& = gull* = ll2 = g"II%),
it follows that v,-(g,) > min{1, 2d, }(r/2)||z — g*||" 24" > 0, which contradicts that v, (g,) — 0

and completes the proof.

Remark 4.2 In the case when F; has a continuous twice derivative, we can show that 9J;
has a positive curvature at z* that implies that F;(-) has the modulus of convexity of order
2 at z* for any i € I, z* € 0J;. Hence, in this case, Theorem 4.2 is a direct consequence of
Theorem 4.3.
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