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Abstract The present paper is concerned with problems of the strong uniqueness of the
best approximation and the characterization of a uniqueness element in operator spaces.
Some results on the strong uniqueness of the best approximation operator from ��� -sets
are proved and the uniqueness element of a sun in the compact operator space from ���
to ��� is characterized by the strict Kolmogorov’s condition. Some recent results due to
Lewicki and others are extended and improved.
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Let � and � be two real Banach spaces and let �! "�$#%�'& and () *�+#%�,& denote the
space of all bounded and compact linear operators from � to � , respectively. Let - be a
closed subset in �! *�+#%�,& . For an operator .0/1�! *�+#%�,& , an element 2435/+- is called a
best approximation operator to . from - if it satisfies6 .8792 3 65:;6 .8792 6 #=<�2>/?-A@
The set of all best approximation operators to . from - is denoted by BDCE �.F& , that is,B C  �.F&DGIH	2 3 /?-KJ 6 .8792 3 6 GMLE �.N#O-P&RQS#
where LT �.U#O-D&DGWV�XZY[�\ C 6 .]792 6 @

The problem of best approximation in the space of bounded linear operators has a
long history (see, for example, refs. [1—6]). Some applications to minimal projections
in Banach spaces can be found in ref. [7] while some recent results on the uniqueness
of minimal projections are given in refs. [8—10]. Recently, Lewicki obtained character-
ization theorems of a best approximation operator from a finite dimensional subspace of() *�+#%�,& and �! *�+#%�,&R^ _�` a�b . At the same time, Li ^ c�b considered the nonlinear best approx-
imation problem in �! "�$#%�'& and characterized suns of () *�+#%�,& and �! *�+#%�,& . The re-
sults generalize those results in () �d � #Od � & and () 
ef#Reg& due to Malbrock ^ h%` i�b . In addition,
Lewicki also obtained some special results on strong uniqueness of the best approxima-
tion operator from finite dimensional subspaces of �! "�$#%�'& and (j �d � #Od � & . However, up
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to now, the strong uniqueness problem for the nonlinear cases in () *�+#%�,& and �! *�+#%�,&
has not been explored yet. The purpose of the present paper is to investigate some prob-
lems in this direction. The study is mainly concerned with two aspects. One is with the
strong uniqueness of the best approximation from lnm -sets in �! *�+#%�,& and the other with
the characterization of a uniqueness element of a sun by the strict Kolmogorov condition
in the space () �d � #Od � & .
1 Strong uniqueness in Banach spaces

In order to establish the strong uniqueness of the best approximation operator, we
first give a generalized strong uniqueness theorem for a polyhedron in an arbitrary Banach
space � . The theorems and their proofs are similar to those in ref. [11], but we still write
them here for completeness.

Definition 1.1. A closed convex subset - is called a polyhedron if it is the intersec-
tion of a finite number of closed half-spaces, that is,-]G opqsr _ Hut?/v�wJyx"t 3q #%t{z : L q QS#
for some t�3q /v�83}|~H��kQ and real scalars L q . - is called a polyhedron of finite dimensions
if it is the intersection of a finite dimensional subspace with a polyhedron.

Now let - be a nonempty closed subset in the Banach space � and let � be a sub-
space containing - . Let � 3 denote the closed unit ball of the dual � 3 . As in refs. [12, 13],
we endow � 3 with the �P *� 3 #O��& -topology: for any net H�t 3� Q'�K� 3 #Dt 3� /�� 3 , t 3�4� t 3�
in the �D "�]3�#O��& -topology if and only if x*t�3� #%t}z � x"t�3� #%t}z for any t?/1� . For a subset�

of ��3 , we use
�+�

to denote the closure of
�

in the �D *�]3�#O��& -topology while ����� �
stands for the set of all extreme points from

�
when

�
is a closed convex subset. In the

remainder of this section, let t be a fixed element of � . Take a convex set
� ����3 such

that

(i)
�

is �D "�]3�#O��& -compact;

(ii) for any ��/�- , �%�Z�T��� \u� x*t 3 #%tj7$�Zz�G 6 t�7�� 6 .
Define B�C} *t{&DG��}� � /?- J 6 t�7$� � 6 G¡V�XZY¢ \ C 6 tj7�� 6	£

and ¤ �¦¥ ¢¨§ GIH�t 3 /v����� � J�x"t 3 #%t)7�� � zDG 6 t�7$� � 6 Q�@
Then we have the following theorem.

Theorem 1.1. Let - be a polyhedron of finite dimensions of � . Suppose that� � /?B�CE �t}& and ©jª �« � \�¬�­%®u¯ § x�° 3 #�� � 7$�ZzF±0��#=<T�²/?-�|NH¦� � QS@  �³�@s³u&
Copyright by Science in China Press 2004
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Then � � is strongly unique; that is, there exists a constant ´4±�� such that6 t�7$� 6NµM6 t�7$� � 6P¶ ´ 6 �,7$� � 6 #=<T�²/?-A@
Proof. Assume that -]G opq�r _ Hut?/v�·J¸x*t 3q #%t{z : L q Q

for some t 3q /v� 3 |NH���Q and real scalars L q , ¹PG¡³�#Rº�#�»¦»¦»�#R¼ . Set ½)G¾H�³�#Oº�#¦»¦»¦»¿#R¼EQ ,½ � GIH¦¹~/�½�J�x"t 3q #��ZzDGML q for all ��/�-~Q
and À q GIH���/�-ÁJjx*t 3q #��Zz�GML q Q�#=<E¹�/?½T@
For �²/?- , define Â  Ã�Z&DGÄH¦¹~/�½�Jf��/ À q Q�@
In addition, if

Â  Ã� � &!ÅG;½ , define - � G Æq�Ç\	ÈuÉ ¢¨§¨Ê À q @
Then - � is a closed nonempty subset of - so that ËR3FG;LE "� � #O- � &A±Ì� . LetÍ 3 GÏÎÐ Ñ Ë 3 # if

Â  "� � &!ÅG;½E#³Ò# if
Â  "� � &�G;½

and ��ÓÔGÖÕ×³U7 Í6 � � 7$� 6�Ø � � ¶ Í6 � � 7$� 6 �}#
where �?/�-1|!H�� � Q . We will show that �SÓ � /�- . In fact, it is clear, if

Â  Ã� � &ÙGI½ . Then
we may assume that

Â  "� � &gÅGI½ . For convenience, define Ú q  Í &AGÛx*t{3q #��SÓ�z for any ¹U/$½
and ½kÜ?GÄH¦¹�/?½jJgÚ q  Í 3 &A±�L q Q . Then if � Ó �ÞÝ/1- , we have½ Ü ÅGMß!#à½ Ü p Â  Ã� � &�Gáß5#
since Ú q  Í 3 & : L q for all ¹?/ Â  Ã� � & . For any ¹�/â½kÜ , take �;ã Í q ãäË 3 satisfyingÚ q  Í q &,GWL q and let

Í G © V�X q \uå�æ Í q . From Ú q  Í &,GçL q for any ¹4/M½ � , it follows that�SÓg/?è{- , the relative boundary of - , and
Â  "��Ó�&�éj½ Ü ÅGáß . Take ¹ � / Â  "�SÓ�&{éj½ Ü . Then�SÓg/ À q § but � � Ý/ À q § . This implies that ��ÓÞ/?è}- and henceË 3 GMLE Ã� � #O- � & :;6 � � 7$�SÓ 6 G Í ãÌË 3 @

This is a contradiction, so � Ó � /?- .

Now define ´Z Ã�Z&�G ©)ª �« � \u¬�­ê®u¯ § Í 3ux*°Z3¦#�� � 7$�Zz6 � � 7$� 6 @
Then ´;G·V�XZY ¢ \ CÒëêì ¢¨§¨í ´Z Ã�Z&8±î� . In fact, suppose on the contrary that there exists a
sequence H¦�	ï�Q�ðâ-$|nH¦� � Q such that ´Z Ã�Òïk& � � as ñ �óò . Due to compactness, we

may assume that

Í 3  Ã� � 7$�Òï�&6 � � 7$�Òï 6 �=ô�1ÅGM� . Observe that� � 7 Í 3¦ Ã� � 7$�ÒïS&6 � � 7$� ï 6 G Õ ³U7 Í 36 � � 7$� ï 6�Ø � � ¶ Í 36 � � 7$� ï 6 �Òï'G� Ã�ÒïS&%Ó � @
www.scichina.com
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It follows from  Ã� ï & Ó � /?- that � � 7 ô�²/?-�|NH¦� � Q ; hence©jª �« � \�¬�­%®u¯ § x*° 3 #�� � 7� "� � 7 ô��&%z�GöõsV ©ïu÷Uø ´Z "� ï &�GM��#
which contradicts (1.1). Hence ´,±0� . This implies that©)ª �« � \u¬�­ê®u¯ § x�° 3 #�� � 7��Zz µ ´Í 3 6 � � 7$� 6 #=<T�²/�-A@
Let °�3� / ¤ ��¥ ¢¨§ be such thatx*° 3� #¨� � 7$�ZzDG ©)ª �« � \u¬�­ê®u¯ § x�° 3 #�� � 7��Zz¿@
Then, we have 6 t�7$� 6óµ x*° 3� #%t)7$�ZzG x*°Z3� #%t)7$� � z ¶ x�°�3� #�� � 7$�Zzµ 6 t�7$� � 6D¶ ´Í 3 6 � � 7$� 6
for all ��/1- ; that is, � � is strongly unique. The proof of the theorem is complete.

Remark 1.1. In general, condition (1.1) is called the strict Kolmogorov condition.

Next we will give the definition of an lnm -set on
�

and consider the strong uniqueness
of best approximation from an lnm -set on

�
. The concept of an lnm -set was introduced

first by Amir ^ _*c¨b to investigate the uniqueness of restricted Chebyshev centers in Banach
spaces. The following definition of an lnm -set on

�
, which is convenient to apply, is a

generalization of an lgm -set. We further assume that ���k� � has at least ñ ¶ ³ linearly
independent points.

Definition 1.2. An ñ -dimensional subspace - of the Banach space � is called an
interpolating subspace on

�
if no nontrivial linear combination of ñ linearly independent

points from the set ���k� � annihilates - . In particular, - is called an interpolating subspace
if - is an interpolating subspace on

� GMùj3 .
Definition 1.3. Let H¦ú _ #êú�û�#¦»¦»¦»�#êúÒïkQ be ñ linearly independent elements of � . We

call the set -8G¸ü��jG ïý q�r _ d q ú q JId q / Â qRþ  �³�@ÿº�&
an lnm -set on

�
if each

Â q is a subset of the reals � of one of the following types:

(I) the whole of � ,

(II) a nontrivial proper closed (bounded or unbounded) interval of � ,

(III) a singleton, and, in addition, every subset of H�ú _ #êú�û�#¦»¦»¦»�#êúÒïkQ consisting of all ú q
with

Â q of type (I) and some ú q with
Â q of type (II) spans an interpolating subspace on

�
.

In particular, - is called an lgm -set when
� GMù 3 .

Clearly, an lnm -set on
�

is a finite dimensional polyhedron. Thus, by Theorem 1.1, in
order to prove the strong uniqueness of the best approximation from an lgm -set, it suffices

Copyright by Science in China Press 2004
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to show that condition (1.1) holds. For this purpose, define� q G�V�XZY Â q #�� q G;�%�Z� Â q # ¹PGÄ³�#¦»¦»¦»�#êñP@
Then � q G¡7 ò #�� q G ¶ ò # if

Â q is of type (I) �7 ò : � q ã�� q : ¶ ò # if
Â q is of type (II) �� q G�� q ÅG ¶ ò # if
Â q is of type (III) @

Define linear functionals d q #Z¹PG¡³Ò#Rº�#¦»¦»�»�#êñ , on the space � spanned by H�ú _ #êú�û�#¦»¦»¦»�#êúÒïkQ
as follows: d q  *úZ&�GMd q #=<EújG ïý qsr _ d q ú q # ¹PG¡³�#Oº�#¦»¦»¦»�#�ñD@
Set ½ � GIH�¹~J � q G�� q Q�#½ Ü  Ã� � &DGIH�¹~Jgd q  Ã� � &�G � q QA|F½ � #½ ¥  "� � &�GIH�¹~Jnd q  "� � &�G�� q QF|Ù½ � #½} Ã� � &�GM½ Ü  "� � &	�²½ ¥  "� � &
and � q  "� � &�G¡³Ò# if ¹�/�½ Ü  Ã� � &
�à� q  Ã� � &�GÄ7g³Ò# if ¹~/v½ ¥  "� � &¿@
Finally, let B¡GIH¦�²/��yJId q  "�Z&DGá��#�<E¹�/?½ � Q~@

Theorem 1.2. Suppose that - is an lgm -set on
�

in � . Then the following three
statements are equivalent:

(i) � � /?B C  �t}& ;
(ii) For any ��/�B ,©)ª �Þ� ©)ª �« � \u¬�­ê®u¯ § x�° 3 #��Zz¿# ©jª �q \uåOÉ ¢ § Ê � q  Ã� � &�d q  Ã�Z& £$µ ���  �³�@
�S&
(iii) There exist �, *t$7Á� � &jG Hu°Z3_ #¦»¦»¦»¿#O°Z3� Q9� ¤ �¦¥ ¢¨§ , ù� "� � &jG H�¹ _ #¦»¦»�»�#ê¹��UQ9�½} Ã� � & and positive numbers

Í _ #¦»¦»�»�# Í � , Í�� _ #�»¦»¦»�# Í��� ( ³ ¶�� : Ú ¶�� :�� V © B ¶ ³ ) such
that �ý qsr _ Í q x*° 3q #��Zz ¶ �ý

��r _ Í �� � q��  "� � &êd q��  "�Z&�GM��#=<T�²/?BÙ@  �³�@ �k&
Proof. (i) G�� (ii). Suppose that condition (1.3) does not hold for some ��/?B . Thenx�° 3 #��ZzAã��Z#=<{° 3 / ¤ �¦¥ ¢ §  �³�@ ��&

and d q  "�Z&�� q  "� � &Aã���#=<E¹~/�½} Ã� � &¿@  �³�@
!S&
Write ��"UG>� � 7KË
� . It follows from (1.6) that there is Ë � ±>� such that �#"f/Ì- for all�?ãÄË : Ë � . Observe that (1.5) implies � � Ý/ B�C §  �t}& , where - � GyH¦�#"UJ�� : Ë : Ë � Q ,

www.scichina.com



344
���������	���k����
������	�

Ser. A Mathematics 2004 Vol.47 No.3 339—351

so that there exists �)ãÌË : Ë � such that
6 t²7$� " 6 ã 6 t�7�� � 6 , which contradicts (i) and

proves the implication (i) G�� (ii).

(ii) G�� (iii). Set$ G¾H&%F �° 3 &AJÄ° 3 / ¤ �¦¥ ¢¨§ Q ÆMH&'T *¹¨&FJ¾¹~/v½} "� � &RQS#
where %F �° 3 &�Gâ %x�° 3 #êú _ z�#ux*° 3 #êú�ûRz�#¦»¦»¦»�#ux�° 3 #êúÒï�zê&�#'T "¹�&DG� �d q  "ú _ &¿#Od q  *ú�ûR&�#¦»¦»¦»�#Od q  *úÒï�&ê&ê� q  "� � &�@

By (ii) and the linear inequalities theorem in ref. [15], the origin of the space � ï
belongs to the convex hull of the set

$
. In view of Caratheodory’s theorem one can find�' �t�7�� � &vGöHu°Z3_ #¦»¦»�»�#O°�3� QÌ� ¤ �¦¥ ¢¨§ , ù� Ã� � &vG H�¹ _ #¦»¦»�»�#ê¹(�NQÌ�ä½} Ã� � & and positive

numbers
Í _ #¦»¦»¦»�# Í � , Í � _ #¦»¦»¦»�# Í �� ( ³ ¶)� : Ú ¶)� :�� V © B ¶ ³ ) such that (1.4) holds.

The proof of (ii) G�� (iii) is complete.

(iii) G�� (i). Suppose that (iii) holds but (i) does not hold. Then there exists an element� _ /?- such that d q  Ã� _ &A/8 � q #*� q & for all ¹ Ý/�½ � and
6 tÙ7Þ� _ 6 ã 6 tÙ7Þ� � 6 . Consequently,x�° 3 #%tj7$� _ zFã¡x�° 3 #%tj7$� � z¿#=<{° 3 / ¤ ��¥ ¢¨§

and hence, x�° 3 #�� � 7$� _ zFã0��#=<{° 3 / ¤ �¦¥ ¢¨§ @  �³�@ +�&
In addition, it follows thatd q  "� � 7$� _ &ê� q  "� � &Aã��Z#=<E¹�/?½E "� � &�@  �³�@
,S&
Clearly, ��G¾� � 7�� _ /8B . However, (1.7) and (1.8) imply that (1.4) does not hold for �
which contradicts (iii). The proof of the theorem is complete.

Lemma 1.1. Suppose that - is an lnm -set on
�

. Suppose that t /8�W|!-F#Ù� � /B�CE *t{& . Let �, *t�79� � &ÔG H�°�3_ #¦»¦»¦»¿#O°Z3� Qv� ¤ �¦¥ ¢¨§ and ù² "� � &ÔG H�¹ _ #¦»¦»�»�#ê¹��UQ��¡½} "� � &
with positive numbers

Í _ #¦»¦»¦»�# Í � , Í � _ #¦»¦»�»�# Í �� satisfy (1.4). Then there are at least dim Bj7�
linearly independent elements in �' �tj7$� � & .

Proof. Set - GIH���/�B�Jgd q��  "�Z&�GM��#/.,G¡³Ò#¦»¦»¦»�# � Q�@
Then

-
is an interpolating subspace of dimension 0 G � V © B>7 �

. With no loss of
generality, we may assume that °Z3_ #¦»¦»¦»�#%°Z3� 1 are linearly independent and that (1.4) can be
rewritten as � 1ý qsr _ 2Í q x*° 3q #��Zz ¶ �ý

��r _ Í �� � q��  "� � &êd q��  "�Z&�GM��#=<T�²/?BÙ@  �³�@
3S&
To complete the proof, it suffices to show that Ú � µ 0 . Suppose on the contrary thatÚ � ã40 . Since

-
is an interpolating subspace of dimension 0 G � V © B�7 �

, there exists
an element � � / - |NH���Q such thatx�° 3q #�� � z�G 2Í q #P¹ G�³Ò#¦»¦»¦»�#OÚ � #
Copyright by Science in China Press 2004
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which, together with (1.9), implies that
2Í q GM�Z# ¹PG�³�#Oº�#¦»¦»¦»¿#OÚ � . Consequently,�ý qsr _ Í q x*° 3q #��ZzDGM��#=<T�²/��+@

This yields � � /?B65! *t{& , which contradicts t?/v� |Ù- . The proof is complete.

Theorem 1.3. Suppose - is an lgm -set on
�

. Then, there exists a strongly unique
best approximation to t from - .

Proof. Clearly, B CE �t}&5ÅG¾ß . Assume that t1/v��| - since it is trivial when t1/?- .
By Theorem 1.1 we only need to show that (1.1) holds. Let � � /0B�CT �t}& . Suppose that
there exists � _ /?-�|5H�� � Q such that©jª �« � \u¬�­%®u¯ § x�° 3 #�� � 7$� _ z : �Z@
From Theorem 1.2, we have�ý q�r _ Í q x�° 3q #�� � 7+� _ z ¶ �ý

��r _ Í �� � q7�  "� � &êd q7�  "� � 7$� _ &�G;�Z@
Since � q��  "� � &�d q��  "� � 7$� _ & : �Z#�.4G¡³�#¦»¦»�»�# � , it follows that� µ �ý qsr _ Í q x�° 3q #�� � 7$� _ zDG�7 �ý

��r _ Í �� � q��  Ã� � &êd q7�  "� � 7�� _ & µ ��@
This implies that x*° 3q #�� � 7$� _ zDGM�Z#P¹PGÄ³�#¦»¦»¦»�#OÚ¨#d q��  Ã� � 7$� _ &DGá��#	.,G¡³�#¦»¦»¦»�# � �
hence � � 7j� _ / -

. Then Lemma 1.1 implies that � � G�� _ , which contradicts the fact that� _ /?-�|NH¦� � Q , so (1.1) is true. The proof is complete.

2 Strong uniqueness of the best approximation operator

In this section, we will use Theorem 1.3 to deduce strong uniqueness results of best
approximation operators. Let 8 5 denote the closed unit ball of � . First take

� G8:9 �<; 8=5 ��� and � G;() *�$#ê�4& . Then the �D *() *�$#ê�,&O3¦#O�¡& -topology is just the weak 3 -
topology in (j "�$#%�'& 3 since ^ _�i�b

8:> É 5 ` 9 Ê � G?8:9 �@; 8=5 ��� @
Then we have the following theorem directly from Theorem 1.3.

Theorem 2.1. Let - be an lgm -set in () *�+#%�,& . Then, for any .¾/8() *�$#ê�,& , the
best approximation operator to . from - is strongly unique.

To give more strong uniqueness results in �! *�+#%�,& , we introduce the concept of a
strict lnm -set.

Definition 2.1. An ñ -dimensional subspace -��>() *�+#%�,& is called a strictly in-
terpolating subspace of �! "�$#%�'& if no nontrivial linear combination of ñ linearly indepen-
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dent points from the set H¦���k�u A8 9 � ; 8 5 ��� &OQ 3 annihilates - , where H¦������ B8 9 � ; 8 5 ��� &OQ 3
denotes the weak 3 -closure of ���k�� B8C9 � ; 8=5 ��� & in �! *�+#%�'&O3 .

Definition 2.2. Let HED _ #*D û #�»¦»¦»�#*D ï Q be ñ linearly independent elements of () *�+#%�'& .
We call the set -]G ü DMG ïý q�r _ d q D q JId q / Â qRþ  �º�@s³u&
a strictly lnm -set of �! "�$#%�'& if each

Â q is a subset of � of one of the three types (I),
(II) and (III), and, in addition, every subset of HED _ #*D{û�#¦»¦»¦»�#*D{ï�Q consisting of all D q withÂ q of type (I) and some D q with

Â q of type (II) spans a strictly interpolating subspace of�! "�$#%�'& .
Theorem 2.2. Let ->�Û(j "�$#%�'& be a strict lnm -set in �! *�$#ê�,& . Then, for any.�/v�f "�$#%�'& , the best approximation operator to . from - is strongly unique.

Proof. Take
� G H&8C9 �F; 8=5 ��� Q 3 and � G �f "�$#ê�,& . Since ���k� � �H¦���k�u B8 9 � ; 8 5 ��� &OQ 3 , - is an lgm -set on

�
in �! *�+#%�,& . It follows from Theorem

1.3 that the best approximation operator to . from - is strongly unique and the proof
is complete.

Recall that a set Gç�H8C9 � ; 8=5 ��� is a norm attaining set for m¾�Ä�! "�$#%�'& if for
any .Ì/+m ,

6 . 6 G;�O�Z� « � \&IKJ x*°Z3¦#O.~z J (see, for example, ref. [3]).

Definition 2.3. Let G>��8C9 � ; 8=5 ��� . An ñ -dimensional subspace - spanned byHLD _ #¦»¦»¦»�#*D{ïkQ in �! *�+#%�,& is called a M I -interpolating subspace on G of �! *�+#%�,& if there
exists M I ±�� such that, for any ñ linearly independent points ° 3 _ #¦»¦»�»�#O° 3ï from the set G ,J � ���� %x�° 3q #*D � zê& ïq ` ��r _ J µ M I @

Definition 2.4. Let HED _ #*D û #�»¦»¦»�#*D ï Q be ñ linearly independent elements of �! "�$#%�'& .
We call the set - defined by (2.1) a M I - lgm -set on G of �f "�$#%�'& if each

Â q is a sub-
set of � of one of the three types (I), (II) and (III), and, in addition, every subset ofHLD _ #*D û #¦»¦»¦»�#*D ï Q consisting of all D q with

Â q of type (I) and some D q with
Â q of type (II)

spans a M I -interpolating subspace on G of �f "�$#ê�,& .
Theorem 2.3. Let .�/v�! *�+#%�,& and G a norm attaining set for H�.AQN�4- . Suppose

that - is a M I - lgm -set in �! *�+#%�,& on G . Then, the best approximation operator to . from- is strongly unique.

Proof. Take
� G  AOQPRG��+ �7SGg&ê& 3 and � GÖ�! *�+#%�'& , where 7TGîG H�7N°Z3vJ°�3n/UG'Q . It is not difficult to verify that - is an lgm -set on

�
in �! "�$#%�'& under the as-

sumption of Theorem 2.3, so the result follows from Theorem 1.3. The proof is complete.

Remark 2.1. In the case where - is subspace, Theorems 2.1 and 2.3 were given in
ref. [3] but Theorem 2.2 seems new even in the case where - is a subspace. Clearly, the
above results extend and improve some results due to Lewicki in ref. [3].

3 Uniqueness element of a sun in (WVYXRZ\[EXRZ^]
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Definition 3.1. Let - be a subset of (j �d � #Od � & and 2 � /?- . 2 � is called a uniqueness
element of - if 2 � is a unique best approximation operator to . from - whenever both.�/v(j �d � #Od � & and 2 � /�B�CE �.~& .

Remark 3.1. The notation of a uniqueness element was first introduced in ref. [17]
to characterize the uniqueness of a best uniform approximation in terms of the strict Kol-
mogorov condition in the continuous function space. Recently, it also has been applied to
the problems of strong uniqueness of restricted rational approximation, generalized weight
approximations and simultaneous approximation ^ _A_ ¥ û � b .

Definition 3.2. Let - be a subset of (j �d � #Od � & . - is called a sun, if, for any .â/() �d � #Od � & and 2 � /I- , 2 � /IB�CE �.~& implies that 2 � /IB�CE �. � & for all � µ � , where. � Gá2 � ¶ �  �.8792 � & .
Write ¤S` ¥ [ § GIHLa 3 /v���k�
8:> É7b § ` b §¨Ê � JExca 3 #O.8792 � zDG 6 .8792 � 6 Q�@

Then we are ready to give the main theorem of this section.

Theorem 3.1. Let - be a sun of () �d � #%d � & and 2 � /9- . Then the following state-
ments are equivalent.

(i) 2 � is a uniqueness element of - .

(ii) For any .M/$() �d � #Od � &�|U- , 2 � /�B�CE �.F& if and only if  �.U#R2 � & satisfies the strict
Kolmogorov condition, that is,©jª �EH�xca 3 #R2 � 792'zAJda 3 / ¤T` ¥ [ § QÞ±���#=<�2>/?-�|5H�2 � QS@

Proof. It is clear that (ii) � (i). In order to show (i) � (ii), by the well-known charac-
terization theorem of Kolmogorov’s type of the best approximation from a sun (see for ex-
ample ref. [21]), it suffices to show that, for any .�/v(j �d � #%d � & ,  �.U#R2 � & satisfies the strict
Kolmogorov condition if 2 � /ÌB�CE �.~& . Suppose that there exist . � /Á() �d � #Od � &�#n2 � /B�CE �. � & such that ©jª �EH�xea 3 #R2 � 792 _ zAJda 3 / ¤ ` § ¥ [ § Q : �  A�Z@s³u&
for some 2 _ /1-�|NH	2 � Q . Letf q G¡ ���#¦»¦»¦»�#%�Z#¦³�#%�Z#¦»¦»¦» &�# ¹PG¡³Ò#Rº�#¦»¦»�»�@
For .Ì/�(j �d � #%d � & , define the functional f q�g .Ì/?d 3� G;Ú _ as follows:f q�g .N �t}&�G�x f q #O.5 *t}&%z¿# <}t1/?d � @
Since ���k�h8:> É7b § ` b §�Ê � G0�����i8 �kj ; �����h8 �7l
from ref. [16], we have¤S` § ¥ [ § GIH� f q #%t{&F/v���k�i8 � j ; ���k�h8 � l J�xê f q #%t}&�#� �. � 792 � &%z�G 6 . � 792 � 6 Q�#4 A�Z@ÿº�&
where x� f q #êt{&¿#O.Fz is defined byx� f q #êt{&¿#O.FzPG�x"t�# f q#g .~z�@
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Set ½4GIH�¹�/nmÌJ 6 f q�g  �. � 792 � & 6 G 6 . � 792 � 6 Q
and o q GIH�t1/v���k�
8 � l J�x� f q #%t{&¿#O. � 792 � z�G 6 . � 792 � 6 QS# <T¹~/�½E@
Then ½?ÅGáß and

o q ÅGáß for all ¹~/�½ . Obviously, we also have¤S` § ¥ [ § GÄH� f q #%t{&FJÔ¹~/�½E#%t�/ o q Q�@  A�Z@
�S&
For .¡/ () �d � #Od � & , let p .N *¹O#R¼Z&rq Ü øq ` o r _ denote the matrix corresponding to the operator . ,
that is, .N "¹R#R¼Z&DG f q�g .5 f o &�#=<E¹O#R¼)G¡³�#Oº�#¦»¦»¦»¿@
Set .5 "¹�&DGâ �.5 "¹R#¦³�&�#O.N "¹R#RºÒ&�#¦»¦»¦» &¿# ¹~/smD@
Then 6 . � 792 � 6 G �%�Z�_�t qvu Ü ø Ü øýo r _ J . �  "¹R#R¼Z& 7]2 �  "¹R#R¼Z& J G �O�Z�_rt qcu Ü ø 6 . �  "¹�&�792 �  "¹�& 6 _
and, for any ¹~/v½ , tvG� �t o &A/ o q , we havet o G;�*wSX� �. �  *¹R#O¼×&�792 �  *¹O#R¼Z&%&¿# if . �  *¹O#R¼Z& 7]2 �  "¹R#R¼Z&5ÅGá��@  A�Z@ �k&

We will construct an operator .Ì/?() �d � #Od � & such that6 .N *¹¨& 792 _  "¹�& 6 _ :M6 .5 "¹�&�792 �  "¹�& 6 _ # ¹~/�½  A�Z@ ��&
and xê f q #%t}&�#O.�7 2 � zDG 6 .]792 � 6 #=<E¹�/�½E#Pt1/ o q @  A�Z@
!S&
To this end, we always assume that � q µ ³ in the following. The . is defined as follows.

If ¹~/�½ and
6 2 _  "¹�&�792 �  "¹�& 6 _ Gá� , define.N *¹¨&�G�� q  �. �  *¹�&�792 �  "¹�&ê& ¶ 2 �  "¹�&¿@  A�Z@ +�&

If ¹~/�½ and
6 2 _  "¹�&�792 �  "¹�& 6 _ ÅGá� , definex q GIH�¼�/smÌJg. �  *¹O#R¼Z&�GM2 �  "¹R#R¼Z&RQS@

Then
x q ÅG�m due to the fact that

6 f q g  �. � 792 � & 6 G 6 . � 792 � 6 ±�� . Set

G q GIH�¼�/sm1| x q Jnt o G;�*wSX  �2 _  *¹O#R¼Z& 792 �  "¹R#R¼Z&ê&RQS#
where t;Gî �t o &²/ o q . By (3.4) G q is well-defined. In addition, G q ÅGÖß . In fact, let¤ q G�m+|f x q �yG q & and defineú o GÏÎÐ Ñ t o # ¼�/zG q � ¤ q #7U�*wSX� 
2 _  *¹O#R¼Z& 792 �  "¹R#R¼Z&%&¿# ¼�/ x q @
Then újG� *ú o &A/����k�h8 � l and x� f q #êúZ&�#O. � 792 � z�G 6 . � 792 � 6 . From (3.1), we havexê f q #êúZ&�#R2 � 792 _ z : ��#
so thatýo¿\&IE{ J 2 _  "¹R#R¼Z& 7]2 �  "¹R#O¼×& J 7 ýo¿\^|^{v}	¬#{ J 2 _  "¹R#R¼Z&�792 �  "¹R#R¼Z& J Gâxê f q #êúZ&�#R2 _ 792 � z µ �Z@
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This implies that G q ÅGáß since
6 2 _  "¹�& 792 �  *¹¨& 6 _ ÅGM� . Now define.N *¹¨&�G¡ �.N *¹O#¦³u&¿#¦»¦»¦»�#O.N *¹O#R¼Z&�#¦»¦»¦» &�#  A�Z@
,S&

where .5 "¹R#R¼Z&DG ÎÐ Ñ � q  �2 _  *¹O#R¼Z& 792 �  *¹O#R¼×&ê& ¶ 2 �  "¹R#R¼Z&¿# ¼²/~G q #2 �  *¹O#R¼Z&�# ¼²/nm1|FG q @  A�Z@
3S&
Finally, if ¹~/sm1|A½ , define .N *¹¨&�GM. �  *¹¨&�@  B��@�³¦�S&

Clearly, when .N *¹¨& is defined by (3.7),x� f q #%t}&¿#O.8792 � zDG�� q xê f q #%t}&�#O. � 792 � z�G�� q 6 . � 792 � 6 G 6 .5 "¹�& 792 �  *¹¨& 6 _  B��@�³Ò³u&
and, when .N *¹¨& is defined by (3.8),x� f q #%t{&¿#O.�792 � z�G4� q ýo¿\&IE{ J 2 _  *¹R#O¼×&�792 �  *¹O#R¼Z& J G 6 .5 "¹�& 792 �  *¹¨& 6 _  B��@�³�º�&
for any ¹~/�½ and t1/ o q .

From the Schur Theorem, it follows that there exists ¹ � such that� G 6 f q g  �. � 792 � & 6 ã 6 . � 792 � 6 Ý ºk#=<E¹ µ ¹ � @
so ½ is finite and �%�Z�q \Q� ë å 6 f q g  �. � 7 2 � & 6 ã 6 . � 792 � 6 @  B��@�³L�S&
By (3.11) and (3.12), for any ¹~/v½ , we can take suitable � q µ ³ such that6 .N *¹¨& 792 �  *¹¨& 6 _ GM°�± 6 . � 792 � 6 #  B��@�³Q�k&
where ° is a fixed constant. It follows that6 .5 "¹�&�792 �  *¹¨& 6 _ GM°²± �O���q \Q� ë å 6 f q g  �.]792 � & 6 # ¹~/v½E@
Hence, (3.6) holds. To show (3.5), note that (3.5) is trivial if .5 "¹�& is defined by (3.7). If.N *¹¨& is defined by (3.8), then, using (3.9), we have6 .N *¹�&�792 _  "¹�& 6 _ G ýo¿\&I {  �� q 7Ì³�& J 2 _  "¹R#R¼Z&�792 �  *¹O#R¼×& J ¶ ýo Ç\&IE{ J 2 _  "¹R#R¼Z&�792 �  *¹R#O¼×& JG ýo¿\&IE{ � q J 2 _  *¹O#R¼×&�7 2 �  *¹O#R¼Z& J 7 ýo¿\&IE{ J 2 _  *¹O#R¼×&�7 2 �  *¹O#R¼Z& J¶ ýo Ç\&I&{ J 2 _  *¹O#R¼Z&�792 �  "¹R#R¼Z& J: ýo¿\&I { � q J 2 _  *¹O#R¼×&�7 2 �  *¹O#R¼Z& JG 6 .N *¹¨& 792 �  "¹�& 6 _ @
So (3.5) holds.

Since - is a sun and 2 � /?B�CE �. � & , we have©jª �}Hkxea 3 #R2 � 792'zAJ�a 3 / ¤S` § ¥ [ § Q µ �Z#=<�2�/?-A@
www.scichina.com



350
���������	���k����
������	�

Ser. A Mathematics 2004 Vol.47 No.3 339—351

This, together with (3.3) and (3.6), implies that 2 � /$B C  �.~& . Let . " GÄ2 � ¶ Ë� �.9792 � & .
Then 2 � /$B�C} �.N"�& for all ËN±á� . Take � � ±á� satisfying � ¶ � � ã 6 . � 7K2 � 6 . Then,
from (3.10) and (3.13) , we get�O�Z�q�Ç\�å 6 .N *¹�&�792 �  *¹¨& 6 _ ¶ � � ã 6 .8792 � 6 @  B��@�³E��&
Now selecting ËA± ©jª �EH6� [ j ¥ [ § ��u§ #¦³	Q , we obtain�%�Z�q�Ç\�å 6 . "  "¹�&�792 _  "¹�& 6 _ : Ë 6 .8792 � 6 7�Ë � � ¶I6 2 _ 792 � 6 ã 6 . " 792 � 6 @  B��@�³L!S&
For any ¹~/�½ , 6 . "  *¹¨& 792 _  *¹¨& 6 _ :!6 . "  *¹�&�7].5 "¹�& 6 _ ¶I6 .5 "¹�&�792 _  *¹¨& 6 _:!6 . "  *¹�&�7].5 "¹�& 6 _ ¶I6 .5 "¹�&�792 �  *¹¨& 6 _G 6 . "  *¹�&�792 �  "¹�& 6 _ @
It follows from (3.16) that

6 .�"R7Þ2 _ 6U:M6 .�"¿7Þ2 � 6 ; hence 2 _ /?B�CE �.�"�& , which contradicts
the fact that 2 � is a uniqueness element of - . The proof is complete.

From Theorems 1.1 and 3.1, we immediately have the following corollaries.

Corollary 3.1. Let - be a polyhedron in (j �d � #%d � & with finite dimension. Let .;/() �d � #Od � &�#�2 � /?B�C} �.~& . If 2 � is a uniqueness element of - , 2 � is strongly unique.

Corollary 3.2. Let - be a polyhedron in (j �d � #Od � & with finite dimension. If -
is a Chebyshev subset, then any .¸/0() �d � #Od � & has a strong unique best approximation
operator from - .

Remark 3.1. Corollary 3.2 extends the same result in ref. [3] under the assumption
that - is a finite dimensional subspace in () �d � #Od � & .
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