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Let X and Y be two real Banach spaces and let £(X,Y") and K(X,Y") denote the
space of all bounded and compact linear operators from X to Y, respectively. Let G be a
closed subset in £(X,Y"). For an operator L € £(X,Y), anelement V* € G is called a
best approximation operator to L from G if it satisfies

IL-V*| <[ L-V]|, VVeQG.
The set of all best approximation operators to L from G is denoted by Pg (L), that is,
Po(L)={V*€G: |[L-V*|| =d(L,G)},
where
d(L,G) = inf ||[L—-V||.
Veg

The problem of best approximation in the space of bounded linear operators has a
long history (see, for example, refs. [1—6]). Some applications to minimal projections
in Banach spaces can be found in ref. [7] while some recent results on the uniqueness
of minimal projections are given in refs. [8—10]. Recently, Lewicki obtained character-
ization theorems of a best approximation operator from a finite dimensional subspace of
K(X,Y)and £(X,Y)3]. At the same time, Li!* considered the nonlinear best approx-
imation problem in £(X,Y") and characterized suns of K(X,Y") and £(X,Y’). The re-
sults generalize those results in KC(co, o) and K(C, C) due to Malbrock (561, In addition,
Lewicki also obtained some special results on strong uniqueness of the best approxima-
tion operator from finite dimensional subspaces of £(X,Y") and K(co, co). However, up
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to now, the strong uniqueness problem for the nonlinear cases in IC(X,Y) and £(X,Y)
has not been explored yet. The purpose of the present paper is to investigate some prob-
lems in this direction. The study is mainly concerned with two aspects. One is with the
strong uniqueness of the best approximation from RS-sets in £(X,Y") and the other with
the characterization of a uniqueness element of a sun by the strict Kolmogorov condition
in the space X(co, co).

1 Strong uniqueness in Banach spaces

In order to establish the strong uniqueness of the best approximation operator, we
first give a generalized strong uniqueness theorem for a polyhedron in an arbitrary Banach
space X . The theorems and their proofs are similar to those in ref. [11], but we still write
them here for completeness.

Definition 1.1. A closed convex subset G is called a polyhedron if it is the intersec-
tion of a finite number of closed half-spaces, that is,

k
g= ﬂ{‘r €X: <£C:,.’17> < dz}a
i=1
for some z; € X*\ {0} and real scalars d;. G is called a polyhedron of finite dimensions
if it is the intersection of a finite dimensional subspace with a polyhedron.

Now let G be a nonempty closed subset in the Banach space X and let M be a sub-
space containing G. Let B* denote the closed unit ball of the dual X *. As in refs. [12, 13],
we endow B* with the o(X*, M )-topology: for any net {z*} C B*, z; € B*, z}, — z;
in the o (X *, M )-topology if and only if (x*,z) — (x§,z) forany = € M. For a subset
K of B*, we use K° to denote the closure of K in the o(X*, M )-topology while ext K
stands for the set of all extreme points from K when K is a closed convex subset. In the
remainder of this section, let z be a fixed element of X . Take a convex set X C B* such
that

(i) K is o(X*, M )-compact;
(i) forany g € G, sup,..x(z*,z — g) = ||z — ¢|.
Define
Po(w) = {a € G5 Jlo = goll = inf o - g
and
By g, ={a" €extK : (z",2 — go) = ||z — gol}-
Then we have the following theorem.

Theorem 1.1. Let G be a polyhedron of finite dimensions of X. Suppose that
go € Pg(x) and

max (a*,go—9g) >0, VYgeG\{g} (1.1)

a*€E;_gq
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Strong uniqueness of best approximations in spaces of bounded linear operators 341

Then gy is strongly unique; that is, there exists a constant » > 0 such that
lz =gl > lz = goll +rllg = goll, Vge€G.

Proof.  Assume that
k
g= ﬂ{m € X: (zf,z) <d;}
i=1

for some z¥ € X* \ {0} and real scalars d;, t = 1,2,---, k. Set I = {1,2,---, k},

Iy={iel: (z},9)=d;forallg € G}
and

Hi={g€G: (zl,g)=d}, Viel
For g € G, define

J(g)={iel: ge H}.
In addition, if J(go) # I, define
Go = U H;.
i¢J(go)

Then G, is a closed nonempty subset of G so that ¢* = d(go, Go) > 0. Let

N if J(go) # I,
], if J(go) =1

and
A

A
(1 e
llgo — gl llgo — gl

where g € G \ {go}. We will show that gy~ € G. In fact, it is clear, if J(go) = I. Then
we may assume that J(go) # I. For convenience, define ;(\) = (z},g,) forany i € I
and It ={ieI: [;(\*)>d;}. Thenif g\« ¢ G, we have

I+7égv I+mJ(gO):®a
since [;(\*) < d; forall i € J(go). Foranyi € I*, take 0 < A; < t* satisfying
l;(X\;) = d; and let A\ = min;cr+ A;. From [;(A) = d; forany i € I, it follows that
g € 0§, the relative boundary of G, and J(g,) N It # o. Take iy € J(gn) N IT. Then
g € H;, but gy ¢ H,, . This implies that g, € 9G and hence

t* =d(go,G0) < llgo — gall = A < t*.

This is a contradiction, so g, € G.

Now define g
T(g) — max ((l »Jo — g>
a*€Bego  [lg0 — gl
Then r = inf g\ (43 (g) > 0. In fact, suppose on the contrary that there exists a

sequence {g.} C G \ {go} such that 7(¢g,) — 0 asn — oo. Due to compactness, we

AX*(go — gn
may assume that M — g # 0. Observe that
9o — 9n
)‘*(90 - gn)

go — = - 90 Gn = \Gn)r*-
190 = gnll 190 = gnll llgo = gull
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It follows from (g, )« € Gthatgo — g € G \ {go}; hence
~max (as g0 = (90 = §)) = lim 7(gn) =0,
which contradicts (1.1). Hence > 0. This implies that

. T
a*glEa,z}_(g()(a ygdo — g) Z F”go - g”a Vg € g

Leta; € E,_4, be such that
(ag,90 — g9) = a*g}%}fgo (a*, 90 — 9)-
Then, we have
lz =gl > (a5, z—g)
= (ag, = = go) + (a5, 90 — 9)
> e = goll + 53 ll90 = gl

forall g € G; that is, g, is strongly unique. The proof of the theorem is complete.
Remark 1.1.  In general, condition (1.1) is called the strict Kolmogorov condition.

Next we will give the definition of an R.S-set on K and consider the strong uniqueness
of best approximation from an R.S-set on K. The concept of an R.S-set was introduced
first by Amirl'4 to investigate the uniqueness of restricted Chebyshev centers in Banach
spaces. The following definition of an RS-set on K, which is convenient to apply, is a
generalization of an RS-set. We further assume that ext K’ has at least n + 1 linearly
independent points.

Definition 1.2.  An n-dimensional subspace G of the Banach space X is called an
interpolating subspace on K if no nontrivial linear combination of n linearly independent
points from the set ext K annihilates G. In particular, G is called an interpolating subspace
if G is an interpolating subspace on K = B*.

Definition 1.3.  Let {y1, Y2, -, yn} be n linearly independent elements of X. We

call the set
g={g=XFM:q€L} (1.2)
=1
an RS-set on K if each J; is a subset of the reals R of one of the following types:
(1) the whole of R,
(1) a nontrivial proper closed (bounded or unbounded) interval of R,

(111) a singleton, and, in addition, every subset of {y1, y2, - - - , ¥, } consisting of all y;
with J; of type (1) and some y; with J; of type (I) spans an interpolating subspace on K.
In particular, G is called an RS-set when K = B*.

Clearly, an RS-set on K is a finite dimensional polyhedron. Thus, by Theorem 1.1, in
order to prove the strong uniqueness of the best approximation from an R.S-set, it suffices
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to show that condition (1.1) holds. For this purpose, define
Otz=1anZ, ﬂi:Suin, i:l,-..,n_

Then
a; = —o0, [ =+oo, if J; is of type (I);
—o00 < a; < B < 400, if J; is of type (I1);
a; = B; # 400, if J; is of type (l11).
Define linear functionals ¢;, 2 = 1,2, - - -, n, on the space Y spanned by {y1,y2, -, yn}
as follows: .
ci(y) =c¢, Vy= Zciyi, 1=1,2,---,n.
=1
Set
I, = {Z ooy = /Bz}a
I (90) = {i: ci(g0) = i} \ Lo,
I_(go) = {i: ci(go) = Bi} \ Lo,
I(go) = 1:(g0) U I (go)
and
0i(go) =1, ifi € I,(g0); 0i(g0) = —1, ifi € I_(go)-
Finally, let

P={geY: ¢(g9)=0,Viel}.

Theorem 1.2.  Suppose that G is an RS-set on K in X. Then the following three
statements are equivalent:

(i) 9o € Pg(z);
(if) Forany g € P,

max{ max (a",g), max Ui(go)ci(g)} > 0; (1.3)

a*€Eq g 1€1(go)

(”I) There exist A(.’L‘ - gO) = {GI, te '7a2k} Cc Ez—goi B(go) = {ih o ';im} c
I(go) and positive numbers Ay, - - -, Aj, Ap, -+ -, AL (1 +m <1+ m < dimP + 1) such

that
l

D Nilaig) + Y Njoi(go)ei;(9) =0, Vg e P. (1.4)
i=1 j=1

Proof.  (i)=(ii). Suppose that condition (1.3) does not hold for some g € P. Then
(a*,9) <0, Va" € E,_, (1.5)

and
ci(9)oi(g0) <0, Vi€ I(go)- (1.6)
Write g* = go — tg. It follows from (1.6) that there is £, > 0 such that g* € G for all
0 < t < to. Observe that (1.5) implies go € Pgo(x), where G° = {g* : 0 < t < to},
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so that there exists 0 < ¢ < ¢, such that ||z — ¢*|| < ||z — gol|, which contradicts (i) and
proves the implication (i)==>(ii).
(ii))=(iii). Set
U={b(a"): a" €E, 4} J{cli): i€I(g)}
where
b(a*) = (<a’*7y1>’ <a’*7y2>7 T <a*a yn))a

c(i) = (ci(y1); ci(ya), - -+ ci(yn))oi(go)-

By (ii) and the linear inequalities theorem in ref. [15], the origin of the space R™
belongs to the convex hull of the set ¢/. In view of Caratheodory’s theorem one can find
Alx — go) = {a}, - -,a;} C E;_g, B(g0) = {t1,--,%m} C I(go) and positive
numbers Ay, -« -, A, AL, -, AL (T +m < [+ m < dimP + 1) such that (1.4) holds.
The proof of (ii)==>(iii) is complete.

(iii)= (i). Suppose that (iii) holds but (i) does not hold. Then there exists an element
g1 € Gsuchthate;(g1) € (au, B;) forall ¢ ¢ Iy and ||z —g1|| < ||z —gol|- Consequently,
(a*,xz —g1) < (a*,x — go), Va" € E,

and hence,
<a*,go - gl) < 0, Ya* € wago- (17)
In addition, it follows that

Ci(go - gl)O'i(go) < 0, Vi € I(go) (18)
Clearly, g = go — g1 € P. However, (1.7) and (1.8) imply that (1.4) does not hold for g
which contradicts (iii). The proof of the theorem is complete.

Lemma 1.1.  Suppose that G is an RS-set on K. Suppose thatz € X \ G, g, €
Pg(z). Let A(x — go) = {a],---,a} C Esg, and B(go) = {i1,---,im} € I(g0)
with positive numbers Aq, - - -, A;, A, - - -, AL satisfy (1.4). Then there are at least dimP —
m linearly independent elements in A(z — go).

Proof. Set

Q:{QGP: cij(g)zov j:l,---,m}.
Then @ is an interpolating subspace of dimension N = dimP — m. With no loss of
generality, we may assume that a3, - - -, aj, are linearly independent and that (1.4) can be
rewritten as

4 m
D Ailaig) + Y Njoi,(go)es;(9) =0, Vg e P. (1.9)
i=1 j=1

To complete the proof, it suffices to show that I’ > IN. Suppose on the contrary that

I” < N. Since @ is an interpolating subspace of dimension N = dim P — m, there exists
an element go € @ \ {0} such that

<a’:790>:5‘ia i:]-a"'alla
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which, together with (1.9), implies that \; = 0, s = 1,2, - - -, I’. Consequently,

l
> Aifaf,g) =0, VgeX.
=1
This yields g € Px(z), which contradicts z € X \ G. The proof is complete.

Theorem 1.3.  Suppose G is an RS-set on K. Then, there exists a strongly unique
best approximation to x from G.

Proof. Clearly, Pg(z) # @. Assume thatz € X \ G since itis trivial when z € G.
By Theorem 1.1 we only need to show that (1.1) holds. Let go € Pg(xz). Suppose that
there exists g; € G \ {go} such that

*
— < 0.
omax {a’,g0—g1) <O

From Theorem 1.2, we have

l m
Z)\i@«fago —g1) + Z)‘;’Uz’j(go)ci,-(go —g1) =0.

i=1 j=1

Since 0;;(g0)ci; (9o — g1) <0, j =1,---,m, it follows that

0> Z/\Kafago —q1) = —Z)\;Uz’j (90)ci; (90 — 1) > 0.

l
i=1 7j=1
This implies that
<a:ago—91> :07 1= 17"'ala
cij(QO _gl) =0,7=1,---,m;
hence go — g1 € Q. Then Lemma 1.1 implies that go = g;, which contradicts the fact that
g1 € G\ {90}, s0 (1.1) is true. The proof is complete.

2 Strong uniqueness of the best approximation operator

In this section, we will use Theorem 1.3 to deduce strong uniqueness results of best
approximation operators. Let B x denote the closed unit ball of X. First take K =
By xBx«and M = K(X,Y). Thenthe o (KX(X,Y)*, M)-topology is just the weak*-
topology in (X, Y)* sincel'¢

B)C(X,Y)* = By* X BX**-
Then we have the following theorem directly from Theorem 1.3.

Theorem 2.1. Let G be an RS-setin IC(X,Y). Then, forany L € K(X,Y), the
best approximation operator to L from G is strongly unique.

To give more strong uniqueness results in £(X,Y"), we introduce the concept of a
strict RS-set.

Definition 2.1.  An n-dimensional subspace G C K(X,Y) is called a strictly in-
terpolating subspace of £(X,Y") if no nontrivial linear combination of n linearly indepen-
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dent points from the set {ext(By~ x Bx-+)}* annihilates G, where {ext(By- X By« )}*
denotes the weak*-closure of ext(By- X Bx-«) in L(X,Y)*.

Definition2.2.  Let{Ty,T5,---,T,} ben linearly independent elements of (X,Y").

We call the set
g:{TZZCiEZ CiGJi} (21)
=1

a strictly RS-set of £(X,Y) if each J; is a subset of R of one of the three types (1),
(11) and (111), and, in addition, every subset of {7}, T, - - -, T,,} consisting of all T} with
J; of type (1) and some T; with J; of type (Il) spans a strictly interpolating subspace of
L(X,Y).

Theorem 2.2. LetG C K(X,Y) be a strict RS-set in £(X,Y"). Then, for any
L € £(X,Y), the best approximation operator to L from G is strongly unique.

Proof. Take K = {By«xBx«}*and M = L(X,Y). Since extK C
{ext(By- X Bx.«)}*, G is an RS-set on K in £(X,Y). It follows from Theorem
1.3 that the best approximation operator to L from G is strongly unique and the proof
is complete.

Recall that a set /' C By« X B« is a norm attaining set for S C £(X,Y) if for
any L € S, ||L|| = sup,.cr |(a*, L)| (see, for example, ref. [3]).

Definition 2.3. Let F' C By- x Bx--. An n-dimensional subspace G spanned by
{Ty,---,T,,} in L(X,Y) is called a § p-interpolating subspace on F' of £L(X,Y) if there
exists dr > 0 such that, for any n linearly independent points a7, - - - , @} from the set F,

|det(<a;‘,Tj))Zj=1 > 0.

Definition2.4. Let{Ty,T5,---,T,} ben linearly independent elements of L(X,Y").
We call the set G defined by (2.1) a 67-RS-set on F' of £(X,Y) if each J; is a sub-
set of R of one of the three types (1), (1) and (111), and, in addition, every subset of
{T\, T, --,T,} consisting of all T; with J; of type (I) and some T; with J; of type (Il)
spans a dg-interpolating subspace on F' of L(X,Y).

Theorem 2.3. Let L € £(X,Y) and F' a norm attaining set for { L} U G. Suppose
that G isa dp-RS-setin L(X,Y') on F. Then, the best approximation operator to L from
g is strongly unique.

Proof. Take K = (coF U(—F))*and M = L(X,Y), where —F = {—a* :
a* € F'}. Itis not difficult to verify that G is an RS-set on K in £(X,Y") under the as-
sumption of Theorem 2.3, so the result follows from Theorem 1.3. The proof is complete.

Remark 2.1.  In the case where G is subspace, Theorems 2.1 and 2.3 were given in
ref. [3] but Theorem 2.2 seems new even in the case where G is a subspace. Clearly, the
above results extend and improve some results due to Lewicki in ref. [3].

3 Uniqueness element of a sun in X(cq, o)
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Definition 3.1.  Let G be a subset of IC(cy, cp) and Vi, € G. Vj is called a uniqueness
element of G if V; is a unique best approximation operator to L from G whenever both
Le K(Co,CO) and ‘/0 € Pg(L)

Remark 3.1.  The notation of a uniqueness element was first introduced in ref. [17]
to characterize the uniqueness of a best uniform approximation in terms of the strict Kol-
mogorov condition in the continuous function space. Recently, it also has been applied to
the problems of strong uniqueness of restricted rational approximation, generalized weight
approximations and simultaneous approximation[*8=20),

Definition 3.2.  Let G be a subset of K(co,co). G is called a sun, if, for any L €
K(co,co) and Vy € G, V, € Pg(L) implies that V, € Pg(L,) for all « > 0, where
L,=Vo+a(L-1V,).

Write

EL—VO = {U* € extB,C(Cch)* M <u*,L — ‘/0> = ”L — ‘/0”}
Then we are ready to give the main theorem of this section.

Theorem 3.1.  Let G be a sun of (¢, co) and V,, € G. Then the following state-
ments are equivalent.

(i) Vo is a uniqueness element of G.

(ii) Forany L € K(co,c0) \ G, Vo € Pg(L) if and only if (L, V;) satisfies the strict
Kolmogorov condition, that is,

max{(u*, Vo —V): v € B, v} >0, VYV eg\{V}

Proof. Itisclearthat (ii)=> (i). In order to show (i)=>(ii), by the well-known charac-
terization theorem of Kolmogorov’s type of the best approximation from a sun (see for ex-
ample ref. [21]), it suffices to show that, for any L € K(cy, co), (L, V;) satisfies the strict
Kolmogorov condition if V, € Pg(L). Suppose that there exist Ly € K(co, o), Vo €
Pg(Ly) such that

max{(u*, Vo —V1): v" € E,_v,} <0 (3.1)
forsome V; € G\ {Vi}. Let
ei:(oa"'aoalvov"'), t=1,2,---.
For L € K(co, ¢o), define the functional e; o L € ¢ = I* as follows:
e;o L(z) = (e;, L(x)), Vz € cp.
Since
extBi(co,co)r = €xtBp X extBje
from ref. [16], we have
Er,—v, ={(ei,x) € extBn x extBj= : ((e;,z), (Lo — Vo)) = ||Lo — Vbl|}, (3.2)
where ((e;, z), L) is defined by
<(eiax)7 L> = <$, €; 0 L>
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Set
I={ieN: [le;o(Lo— Vo)l = [ILo — Voll}
and
Z; ={x € extBi= : ((e;,x),Lo — Vo) = ||Lo — Vol|}, Vi€l
Then I # @ and Z; # o forall + € I. Obviously, we also have
Ero_v, ={(ei,z): i € I,z € Z;}. (3.3)
For L € K(co, co), let [L(i, k)]F 72, denote the matrix corresponding to the operator L,

that is,
L(i,k) =e;0 L(eg), Vi,k=1,2,---.

Set
L(l): (L(Za 1)aL(i72)a"')a 1 €N
Then
+o0
Lo — Vol = sup Y |Lo(i,k) — Vo(i,k)| = sup |[|Lo(3) — Vo(3)llx
1<i<400 1 1<i<+o00
and, forany i € I, x = (z;) € Z;, we have
xyp =sgn(Lo(i, k) — Vo(i, k), if Lo(i, k) — Vo(i, k) # 0. (3.4)
We will construct an operator L € K(co, ¢o) such that
I1L(2) = Vi(@)[lx < [IL(2) — Vo()[l1, i€ 1 (3.5)
and
((ejyx), L=Vo) =||L—=Vol||, Viel, z€ Z,. (3.6)

To this end, we always assume that 3; > 1 in the following. The L is defined as follows.
Ifi € Iand ||V3(i) — Vo(3)|ls = O, define
L(i) = Bi(Lo(2) — Vo(2)) + Vo(2). (3.7)
Ifi € I'and||Vi(i) — Vo(2)|]1 # O, define
U;={keN: Ly(i, k) = Vy(i,k)}.
Then U; # N due to the fact that ||e; o (Lo — Vo)|| = || Lo — Vo|| > 0. Set
F;={k eN\U;: z, =sgn(Vi(i, k) — Vo(i,k))},
where z = (z3) € Z;. By (3.4) F; is well-defined. In addition, F; # &. In fact, let
E; =N\ (U; U F;) and define
D k e F; U E;,
e { —sen(Vi(i, k) — Vo(i, k), k€ UL
Theny = (yx) € extB,~ and ((e;, y), Lo — Vo) = ||Lo — Vo||. From (3.1), we have
((esy ), Vo — V1) <0,
so that
> il k) = VoG k) = > Va3, k) = Vo(i, k)| = ((es,9), Vi = Vo) > 0.

kEF; keU;UE;
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This implies that F; # @ since ||V1(2) — Vi (4)||; # 0. Now define

L(l) = (L(ia 1)5""L(i7k)7"')a (3'8)
where
LK) = { BV ) = Voli, )+ Va(is k), k€ iy 59
Vo(i, k), k € N\ F;.
Finally, if ; € N\ I, define
L(3) = Lo(7). (3.10)

Clearly, when L(%) is defined by (3.7),
((es,2), L = Vo) = Bil(es @), Lo = Vo) = Bill Lo = Voll = IL(3) = Vo(@) 1 (3.11)
and, when L(%) is defined by (3.8),
(e, ), L— Vo) = B; Y [Va(i, k) — Vo (i, k)| = I|L(z) — Vo (4)llx (3.12)
keF;
forany: € Iandx € Z,.
From the Schur Theorem, it follows that there exists 2, such that
M = |le; o (Lo — Vo)|| < [|Lo — Voll/2, Vi > do.
so I is finite and

sup |le; o (Lo — Vo)l < [|Lo — Val|- (3.13)
1€N\T

By (3.11) and (3.12), for any ¢ € I, we can take suitable 3; > 1 such that
I1L(2) — Vo(i)|lr = a > [|Lo — Vo, (3.14)

where a is a fixed constant. It follows that
|IL(7) — Vo(3)|ls = a > sup |le;o (L —Vp)||, i€l.
1€N\T

Hence, (3.6) holds. To show (3.5), note that (3.5) is trivial if L(7) is defined by (3.7). If
L(4) is defined by (3.8), then, using (3.9), we have

IL(@) = Va(@)ll = Y (B = D)IVi(is k) = Voli, k)| + D [Vi(i, k) — Vo (i, k)

kEF; k¢ F;

=" BilVi(i k) = Voli, k)| = Y [Va(i, k) — Vo (i, k)|

kEF; kEF;

k¢F;

<3 BIVili, k) - VoG, B)|

kEF;
=[L(@) = Vo(@)]lx-
So (3.5) holds.
Since G isasunand V € Pg(Ly), we have
max{(u", Vo —V): v € Er,_v,} >0, VVe€g.
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This, together with (3.3) and (3.6), implies that V,, € Pg(L). Let L' = Vi + t(L — V).
Then V, € Pg(L*) forall t > 0. Take oy > 0 satisfying M + o < ||Lo — Vo||. Then,
from (3.10) and (3.13) , we get

sup I1L(2) = Vo()|l1 + a0 < [|L = Va- (3.15)
Now selecting ¢ > max{"=%ll 1} we obtain
sup IL(@) = Vi)l < L = Vol = tao + Vi = Vol < [IZ* = Vo[l (3.16)
i¢l

Forany: € I,
IL5(E) = Vi(@)lle <IZF() = L(@)lx + [1L(E) = V(@)
<IILA(E) = L@+ 1L(5) = Vo(i)ls
=[|L*(&) = Vo)1l
It follows from (3.16) that | L*— V|| < || L*—V4||; hence Vi € Pg(L*), which contradicts
the fact that V;, is a uniqueness element of G. The proof is complete.

From Theorems 1.1 and 3.1, we immediately have the following corollaries.

Corollary 3.1.  Let G be a polyhedron in K(cy, ¢o) with finite dimension. Let L €
K(co,co), Vo € Pg(L). If Vj is a uniqueness element of G, V;, is strongly unique.

Corollary 3.2.  Let G be a polyhedron in KC(co, ¢o) with finite dimension. If G
is a Chebyshev subset, then any L € K(cy, ¢o) has a strong unique best approximation
operator from gG.

Remark 3.1.  Corollary 3.2 extends the same result in ref. [3] under the assumption
that G is a finite dimensional subspace in K(co, co).
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