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HILBERT SPACES*

CHONG LIT AND K. F. NG#

Abstract. By virtue of convexification techniques, we study best approximations to a closed
set C in a Hilbert space as well as perturbation conditions relative to C' and a nonlinear inequality
system. Some results on equivalence of the best approximation and the basic constraint qualification
are established.
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1. Introduction. Let X, Y be Hilbert spaces over the real field R (unless specif-
ically stated otherwise), and let C' be a closed convex subset of X. Let K consist of
all z € C satisfying the nonconvex inequality system

(NIS) Ai(x) <0 Vi=1,2,...,m,

where each A; is a composite function of the form H;oF; with H; : Y - R, F; : X - Y
for each ¢. We assume throughout that, for each i, H; is continuous convex and Fj is
Fréchet differentiable on X with continuous Fréchet derivative denoted by F/(-). In
general, A; is nondifferentiable and nonlinear. For each x € X, let 9A;(x) denote the
subdifferential of A; at x. Let 2* € K and I(xz*) denote the set of all active indices i :
I(z*) ={i: A;j(x*) = 0}. Let Po and Pk denote the projection operators from X to
C and K, respectively. Because it is generally easier to compute Po than Pk (noting,
in particular, that K is not necessarily convex), we stipulate the following definition:
x* is said to have the perturbation property with respect to C' and the above (NIS)
if for each x € X,

(1.1) 2* = Pg(z) <= 2" = P¢ I*Z)\ihi
1

for some h; € 0A;(x*) and \; > 0, with A; = 0 for all ¢ ¢ I(z*). Here and throughout,
x* = Pk (x) is read as x* € Pk (x) if the operator is multivalued. For the special case
in which Y = R and each A; is affine, this property has been studied by many authors
(see, for example, [2, 4, 5, 9, 11, 17, 18]) and has been shown by Deutsch, Li, and
Ward (in [10]) to be equivalent to the strong CHIP (strong conical hull intersection
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property) of {C,G1,Gs,... ,Gy}, where each G; denotes a half-space defined by A;.
Their result has been extended by Li and Jin in [14] to the cases (a) X =Y and each
F; is the identity mapping and (b) ¥ = R and each H; is the identity mapping. In
this paper, we consider the case in which each F; is a general Fréchet differentiable
function and each H; is a general continuous convex function. For each i, let A;
denote the “convexification” of A; at z*. (For a definition, see section 2.) Under a
regularity condition (which is automatic in the above case (a)), we show in Theorem
3.7 that z* has the above perturbation property if and only if the convex inequality

system

satisfies the basic constraint qualification (BCQ) relative to C' at *(which is equiv-
alent to the strong CHIP of the family {C; ;1;1(]1%_),1' =1,2,...,m} in the case in
which each A; is affine). This generalizes a main result of [10] and that of [14]. More-
over, in the case of Y = R", the regularity condition mentioned above is shown to be
implied by a constraint qualification of Mangasarian—Fromowitz type (see Theorem
3.13). In section 4, some applications are made to study the inequality system with
respect to an abstract convex cone in a (real or complex) Hilbert space.

2. Notations and preparatory results. The notation used in this paper is
standard (see [1, 6, 13, 20]). In particular, for a set Z in X (or in Y or R™), the
interior (resp., relative interior, closure, convex hull, convex cone hull, affine space,
linear space, negative polar) of Z is defined by intZ (resp., 1iZ, Z, convZ, coneZ,
affZ, spanZ, Z°), and the normal cone of Z at z is denoted by Nz(Z) and defined
by Nz(z) = (Z — z)°. R_ denotes the subset of R consisting of all nonpositive real
numbers. For a proper extended real-valued function f on X, the subdifferential of f
at © € X is denoted by df(x) and defined by

Of(x) ={ze€ X: f(x)+ {2y —2) < fly) Vy € X}.

In particular, Nz(z) = 0I2(Zz). Here and throughout, I; denotes the indicator func-
tionof Z: Iz(x)=0ifzx € Z,and Iz(z) =40 ifz € X\ Z.

Let m,C, K, H;, F;, and A; be as in the preceding section. Let z* € K and
I(z*) = {i: Aj(z*) = 0}. For each i, let A; denote the “convexification” of A; at z*
defined by

(2.1) Ai(x) = Hy(F;(2*) + Fl(z*)(z — 2*)) Vze X.

Note that A; is continuous and convex (because H; is, and because x — Fj(z*) +
F/(x*)(z — x*) is affine). Note also that

(2.2) Ai(z*) = Ai(z*), i=1,2,...,m.

DEFINITION 2.1. An element d € X is called
(a) a convezification feasible direction of (NIS) at x* if

Aj(z* +d) <0, iel(x"),

(b) a sequentially feasible direction of K at x* if there exist sequences {dx} — d
and a sequence of positive real numbers {6} — 0 such that {z* + 6rdi} C K.

Let CFD(z*) (resp., SFD(2*)) denote the set of all d satisfying (a) (resp., (b)).
Note that CFD(a*) = [ﬂiel(x*)fl;l (R_)]—=z* and is a closed convex set containing the
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origin (but not necessary a cone), while SFD(z*) is a closed cone (but not necessarily
convex).
DEFINITION 2.2. Let Kg(x*), Ko(x*), and Ky (x*) be, respectively, defined by

(2.3) Kg(z) = (¢ + conv(SFD(z*)) [ C,
(2.4) Kc(z*) = (2" + CFD(z"))[)C
and
(2.5) Kp(2*) = (z* + cone(CFD(z*))) [ | C.
Note that the three sets are closed convex and that
(2.6) Ko@) = () A7'RO)(C.
iel(z*)

Note also that
(2.7) Kc(z*) C Kp(z%),

and that Kc(z*) = Kp(z*) when the level set H; '(R_) is a cone with the vertex
F;(xz*) for all i € I(z*). Furthermore, we have the following claim.

PROPOSITION 2.3. Suppose that the level set H[l(R_) is a cone with the vertex
Fi(z*) for all i € I(z*). Then SFD(z*) CCFD(x*), and hence Kg(z*) C Ko (x*) =
KL (LU*)

Proof. The second assertion follows from the first and the fact that CFD(z*) is
closed convex. (It is straightforward to verify that Ko (2*) = K (2*) under the stated
assumption.) To prove the first assertion, let d € SFD(z*), and let {dy}, {6k} be as
in Definition 2.1(b). In particular, for each ¢ € I(z*), one has H;(F;(x* + 6xdy)) <0
and hence that F;(z* + 6dy) € V;, where V; := H;l(R,). Therefore

61 F (2*)dy + o(||6xdi ) € Vi — Fi(z™).
By the assumption, V; — F;(z*) is a cone. It follows that
Fi(z")di + o([|di|]) € Vi = Fy(a");

passing to the limits, one has that F/(x*)d € V; — F;(«*). This implies that d €
CFD(z*), and the proof is complete. |

PROPOSITION 2.4. Suppose that int(cone(CFD(z*))) # 0 and that, for each i €
I(z*), F/(z*) is surjective. Then SFD(z*) C cone(CFD(x*)), and hence Kg(z*) C
KL (LU*)

Proof. We need only to prove the first assertion. As in the proof of Proposition
2.3, let d € SFD(x*), with {dx}, {ér} as in Definition 2.1(b). Then

Fi(2")dk + o(|ldk|)) € Vi = Fi(2") € cone(V; — Fi(z7));

passing to the limits, one has that F/(z*)d € cone(V; — F;(z*)) for each i € I(z*).
This shows that

(2.8) SFD(@*) € (1] F/(z*)"! (cone(Vi — Fy(a"))).
i€l(x*)
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We claim that

(2.9) cone(CFD(z ﬂ F!(z*)" (cone(V; — Fi(z*))).
i€l (z*)

Indeed, it is clear that the set on the left-hand side of (2.9) is contained in the set on
the right-hand side. Conversely, let d belong to the bet of the right-hand side in (2.9).
Then for each i € I(z*) there exists ¢; > 0 such that - € F/(z*)” YV; — Fi(z*)); that
is,

F{(m*)? €V, — F(z*) Viel(z").

i

Set t := max; t;. Then, since V; — F;(z*) is a cone,

F!
( t

K2

eVi— Fi(a"), iel(a").

This implies that ¢ € CFD(z*), and so d € cone(CFD(z*)). Therefore, (2.9) holds.
In addition, by (2.9) and the assumption int(cone(CFD(z*))) # 0,

int () (F/(z*)"(cone(V; — Fi(x*))) # 0.

i€l(x*)

This implies that

cone(CFD(a%)) = () F/(2*)}(cone(V; — Fi(a*)))

i€l (x*)
= ﬂ F/(x*)~1(cone(V; — F;(z*)))
i€l (xz*)
= (] Fl(z*)'(come(V; — Fi(z*))).
i€l(x*)

Here the last equality holds by the open mapping theorem and by the assumption
that F}(z*) is surjective. Thus, by (2.8), we have the desired result. |
PROPOSITION 2.5. Let A; be defined by (2.1). Then it holds that

(2.10) DA (z*) = 0A;(z*) = OH;(F;(z*)) o Fl(z*),

where, by definition, z € OH;(F;(z*)) o F!(z*) if and only if there is ¢ € OH;(F;(z*))
such that

(z,v) = (¢, F{(z")v) YveX.

Proof. Recalling that H; is regular at F;(«*) and F; is strictly differentiable (see
[6, Proposition 2.3.6 and section 2.2]), it follows from the chain rule (Theorem 2.3.10
of [6]) that

Similarly, we also have
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We shall need the following well-known characterization theorem for the best
approximation from a closed convex set G in X; see [3, 9, 10].

PROPOSITION 2.6. Let G be a closed convexr set in X. Then for any x € X,
Pg(x) = go if and only if go € G, and for any g € G, {(x — go, 90 — g) = 0, that is,
x —go € Na(go)-

DEFINITION 2.7. (a) Let {Cy,...,Cn} be a collection of closed convex sets and
z €y Cj. The collection is said to have the strong CHIP at x if

Nm;n Cj (x) = Z ch (x)
j=0

(b) Let {¢; : i =1,2,...,m} be a collection of continuous convexr functions on
X, and let C be a closed conver set in X. The system of convex inequalities

(2.11) 6i(2) <0, i=1,2,....m,
is said to satisfy the BCQ relative to C' at x if (2.11) holds for Z = x and

Nenm o7 ®_y) (£) = No(z) + cone(Uier @) {09 (2)}),
where I(x) = {i: ¢;(x) = 0}.

Remark 2.1. (a) It is known (see [14]) and easy to see that if system (2.11)
satisfies the BCQ relative to C' at x, then {C, 7 (R_), ..., ¢, '(R_)} has the strong
CHIP. For further discussions relating to the strong CHIP, see also [7, 8, 19].

(b) If ¢; is affine, it is well known that

cone(0¢;(x)) = N¢;1(R_)(m), 1€ 1I(x),

and hence that

cone U 0pi(x) | = Z cone (0¢;(x Z N 6 (R (@ ZN

iel(x) i€l (x) i€l(x)

Thus system (2.11) satisfies the BCQ relative to C at z if and only if {C,¢; ' (R_),
3 H(R_), ..., ¢} (R_)} has the strong CHIP at .

(¢c) When C = X, the definition of the BCQ relative to C at x is the same as the
BCQ at z considered in [12, 13]. Note that if z € ﬂjel(m)¢;1(R,) and ¢;(z) = 0, then
cone(d¢;(z)) C Ny (r_ y(z). In addition, some further properties were investigated
n [14].

3. Reformulation of the best approximation. We begin with a key lemma
that provides a unified tool for the study of best approximation from nonconvex sets.
LEMMA 3.1. Let K be a closed set, C' a closed convex set in X, and let x* € X
be such that 2* € K C C. Let T be a closed convex cone in X. Then the following
statements are equivalent:
(i) K C (x* +T)NC;
(i*) K Ca*+T;
(i) Pg(z) = x* whenever x € X with P+ p)nc(r) = 2%
(ili) Pg(x) = 2" whenever x € X with Py r(x) = x*
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Note: By abuse of notations, Py (x) = x* is read as v* € Py (x) when Py (x) is
multivalued.

Proof. Since K C C, (i) « (i*). Tt is trivial that (i) = (ii) = (iii). It remains
to show that (iii) = (i*). Suppose that (i*) does not hold; take z € K such that
Z¢ax*+T. Let ©* + e € Pp-y7(T), where e € T. Write h for Z — (z* 4+ €). Then, by
Proposition 2.6,

(T—(z"4e),(x"+2)—(z"+e€) <0 VzeT;
that is, (h,z —e) < 0 for each z € T. Letting z = 2e, e/2 separately, it follows that

(h,e) = 0, and hence that (h,z) < 0 for each z € T. Consequently, Py« yr(xs) = x*
for each t > 0, where x; := z* 4 th; this is because of Proposition 2.6 and

(T —x", (" +2)—2%)=(th,z) <0 VzeT.
By (iii), it follows that
(3.1) Pp(xy) = o™,
On the other hand, for ¢t > 1 large enough,
lze — 2|* = [lz* + th — (h +2* + ¢)||?
= (t = D?||Al* + [le]®
[

Since & € K, this contradicts (3.1). The proof is complete. |

The following corollary is evident.

COROLLARY 3.2. Let C be a closed convex set, and let Ty, T be closed convex
cones in X ; let x* € C'. Then the following statements are equivalent:

(i) CN(z*+Ty) =CnN(x*+T);

(ii) for any v € X, Pore4+1) (%) = 2" if and only if Porw41y)(7) = 2* .

Theorem 3.7 of [14] follows immediately from Lemma 3.1 by applying to K = K
defined in section 1 and T' = ¢onv(SFD(z*)). Similarly, by letting T' = cone(CFD(x*))
in Lemma 3.1, we have the following result.

PROPOSITION 3.3. Let * € K. Then the following statements are equivalent:

(i) K CKp(z");

(ii) for any v € X, P, (2+)(2) = 2* = Pk(z) = x*.

DEFINITION 3.4. Let x* € K. Then

(a) z* is called a regular point of K (more precisely, a reqular point of K with
respect to C' and the system (NIS)) if

(3.2) K C Ke(z*) C Kg(x¥);

(b) z* is called a weakly regular point of K (with respect to C and the system
(NIS)) if
(3.3) K CKp(z*) and Ke(z¥) C Kg(x™).

Remark 3.1. (a) Obviously, a regular point of K must be a weakly regular point
of K; the converse is true if the assumption of Proposition 2.3 is satisfied.

(b) If F; is affine for each ¢ € I(z*), then z* is a regular point of K.

THEOREM 3.5. Let x* € K. If * is a regular point of K in the above sense,
then for any x € X,

(3.4) P (r) = 2" <= Pg o) (x) =27
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Furthermore, if K C Kg(z*) and H; '(R_) is a cone with the vertex F;(x*) for each
1 € I(x*), then x* is regular if and only if (3.4) holds.
Proof. Suppose that (3.2) holds. Then

(35) PK(x) =" = PKs(x*)(x) =z = PKc(x*)(x) =z = PK('I) = 1‘*,

where the first implication holds by [14] (see also Lemma 3.8 below). Hence (3.4)
holds. Conversely, suppose that K C Kg(z*) and that H; '(R_) is a cone with the
vertex Fj(x*) (thus Ko(z*) = K (2*)) for each ¢ € I(z*). Then it follows from the
first implication of (3.5) that, for any z € X, Px (,+)(7) = 2* <= Pg(x) = z*.
Thus, from (3.4), we have

By Corollary 3.2 and noting that K¢ (z*) = Kr(2*) and Kg(z*) are cones with the
vertex z*, this implies that Ko (2*) = Kg(z*), and so K C K¢(z*), i.e., (3.2) holds.
The proof is complete. ]

If K is convex, then K C Kg(xz*). We therefore have the following result.

COROLLARY 3.6. Let z* € K. Suppose that K is conver and that H; '(R_) is a
cone with the vertex F;(xz*) for each i € I(x*). Then x* is reqular if and only if (3.4)
holds.

We are now ready to present one of our main results. Recall that A; is defined
by (2.1).

THEOREM 3.7. Let x* € K. Then the following statements are equivalent:

(i) The system of convex inequalities

(3.6) Ai(2) <0, iel(z),

satisfies the BCQ relative to C at z*.
(ii) The system of convex inequalities

(3.7) Ai(2) <0, i=1,2,...,m,

satisfies the BCQ relative to C at z*.

(i*) x* has the perturbation property with respect to C' and the system (3.6).

(ii*) z* has the perturbation property with respect to C and the system (3.7).
Moreover, if x* € K is a regular point of K with respect to C' and the system (NIS),
then each of the above statements is also equivalent to the following:

(iii) x* has the perturbation property with respect to C' and the system (NIS).

Proof. The equivalence of (i) <=(i*) and (ii) <=-(ii*) are given in [14, The-
orem 5.1]. By (2.1), A;j(z*) = A;(z*); hence i € I(z*) if and only if A;(z*) = 0.
We may assume that I(xz*) is a proper subset of {1,2,...,m} and note that z* €
int(ﬂiéz](x*);l;l(R,)). Writing C; for A;I(R,), it follows from [1, Corollary 2.4,
p. 113] that

8(ICﬁ(ﬂiEI(I*)Ci)(x*) + Iﬁi&l(m*)ci (x*)) = aICﬂ(mieI(z*)Ci)(x*) + aIm'iGZI(r*)Ci (x*)’
that is,
Nen@m ,00)(#") = Non(ayern e (@)

Therefore (i) <= (ii). Under the additional assumption that z* is regular (and
thus that Theorem 3.5 is applicable), we will show the equivalence of (i*) <= (iii).
Consider the following statements for x € X:
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(1) Pr(z) = x7;

(2) Ponnuern i@y (®) =27

(3) Po(x = 3 c(zm) Aihi) = o™ for some h; € 9A;(z7) and A; 2> 0.
By Theorem 3.5 and the fact that Ko (z*) = C' N (ﬂiej(z*)fli_l(]R_)), (1) <= (2).
Since dA;(z*) = dA;(z*) (see Proposition 2.6), (i*) holds if and only if [(2)<=(3)].
Therefore, (i*) holds if and only if [(1)<=(3)]; namely, (i*) holds if and only if (iii)
holds. 0

Remark 3.2. (a) The statement (ii*) simply means (by definition):

(ii") For any = € X,

Prp(z#)(w) = 2" <= Po |z — Z Aih; | =x*  for some h; € 8Ai(x*), i >0,
i€l(x*)

where dA;(x*) can be replaced by d4;(z*), by Proposition 2.6.

(b) The sufficient part of (ii’) holds in general by Lemma 3.8(ii) below.

(c) The system (3.6) (or (3.7)) may be referred to as a convexification system of
(NIS).

LEMMA 3.8. Let z* € K and x € X. The following statements hold:

(i) If Pi(x) = x*, then P (o (x) = z*.

(i) If

(3.8) PC (.7; — i )\th> =z*

for some h; € 0A;(x*) and \; > 0 with A\; = 0 for alli ¢ I(x*), then Pk (z+)(x) = x*,
and 80 P (z+)(x) = ™.

Proof. For a proof of (i), see [14]. Next suppose that (3.8) holds. Then, by
Proposition 2.6,

xr — Z Azhv -z € Nc(ﬂj*)
i=1

Hence,
x—2a" € No(x*) + Z Aih;
i=1

C Ne(z*) + Z conedA;(z™)

i€l (z*)

- Nc(l'*) + Z NAi_l(R,)(x*)
i€l(x*)

C Ne(2*) + Nmie,(mAjl(R,)(fC*)

iel(z*)
= N¢(2*) + (coneCFD(z*))°
= Nc(z*) + N(g* yeonecrp(a+)) (T7)
C Nen(a+4eomeCFD(2+)) (T7)
= Nk (@) (7).
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This implies that Pg, ,+)(x) = 2* by Proposition 2.6.

The following theorem shows that the regularity condition in Theorem 3.7 can be
replaced by weak regularity if a Slater-type condition is satisfied.

THEOREM 3.9. Let x* € K be a weakly regular point of K, and suppose that

(3.9 ri(z* + coneCFD(z ﬂ C # 0.

Then the following statements are equivalent:
(i) System (3.7) satisfies the BCQ relative to C at x*.
(ii) x* has the perturbation property with respect to C' and the system (NIS).
Proof. Suppose that (i) holds. Then, by Theorem 3.7, (ii’) holds. For each z € X,
the following implications hold:

Pg(z) = 2" = Pgy(z+) = 2* (Lemma 3.8)

= Pio(ze) = T* (Ke(x*) € Kg(z*) by weak regularity)
= (3.8) holds (Theorem 3.7(ii"))

= Pk, (z+) = * (Lemma 3.8(ii))

= Pg =zx". (K C K (x*) by weak regularity)

This proves that (i)==-(ii). ((3.9) is not needed for this implication.)
To prove the opposite implication (ii)==(i), note that, since (3.9) is satisfied,

(3.10) K (z*) = (z* 4+ cone(CFD(z*)) N C.
We will show below that
(3.11) PKC(I*)(QT) =z <:>PKL(a:*)(x) = z*.

Indeed, since K¢ (z*) C K (z*), it is sufficient to show

*

(3.12) PKC(I*)(LL') =z = PKL(z*)(x) =T .
Assume that PKC(I*)(.%‘) = z*. By Proposition 2.6, we have
(3.13) (x—a*,2"—2) 20 Vze Kc(z").

Let z € Kr(z*): z € C and z = z* + t(zZ — z*) for some z € 2* + CFD(2*) and ¢ > 0.
Without loss of generality, assume that ¢ > 1. Thus, z = «* + (1/t)(z — z*), and so
z € C since z € C; consequently, z € Ko (a*). This, with (3.13), implies that

(x —a*,a" —z) =tz —z*, 2" — Z) > 0.

Hence, by (3.10), x — 2* € Ng, (4+)(z*). By Proposition 2.6 again, (3.12) holds and
so does (3.11). For each x € X, the following implications hold:

Pk (z) = z* < (3.8) holds (by (ii))
= Pg,(z)(x) = 2" (Lemma 3.8)
= Pk (z) =z*. (K C Kr(z*) by the weak regularity)

Combining this with (3.11), (ii’) of Remark 3.2(a) is seen to hold. Thus, by Theorem
3.7, (i) holds. O

Remark 3.3. (a) The implication (i)==(ii) of Theorem 3.9 remains true even if
the condition (3.9) is dropped. Example 3.1 below shows that we do require condition
(3.9) for the implication (ii)==-(i).
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(b) In the case in which the condition (3.9) is satisfied, Theorem 3.9 is a genuine
extension of Theorem 3.7 (see Example 3.2 below).
Remark 3.4. If x* is regular, then

(3.14) K CKe(z*) and K C Kg(z™).

In the following corollaries, we consider (3.14) instead of the regularity.

COROLLARY 3.10. Suppose that x* satisfies (3.14). Then the following statements
are equivalent:

(i) The system (3.7) satisfies the BCQ relative to C' at x*, and x* is a regular
point of K.

(ii) z* has the perturbation property with respect to C and the system (NIS).

Proof. By Theorem 3.7, (i)== (ii). Conversely, suppose that (ii) holds. We claim
that, for every x € X,

(3.15) Prs+)(x) = 2% <= Pk () = " <= Pk (z+)(T) = 2"

Indeed, by (3.14), Pg(x) = x* if either Pg (,+)(7) = 2™ or Pk, (+)(z) = 2*. Con-
versely, let 2 € X and o* = Pg(x). Then 2* = Py (z+)(2) by Lemma 3.8(i), and it
follows from (ii) that 2* = Po(z — >} A;h;) for some h; € dA;(z*) and A; > 0, with
Ai = 0foralli ¢ I(x*). By Lemma 3.8(ii), it follows that #* = Pk, (y+)(x). Therefore,
(3.15) holds. By Lemma 3.1, this implies that K¢ (z*) € Kg(z*). Combining this
with (3.14), «* is regular. Now Theorem 3.7 is applicable, and thus (ii)==(i). d

COROLLARY 3.11. Suppose that the system (3.7) satisfies the BCQ relative to C
at x* and that

(3.16) Ko(z*) = Ks(z*).

Then (3.14) holds if and only if =* has the perturbation property with respect to C
and the system (NIS).

Proof. In view of the preceding corollary, the necessity part is clear. Conversely,
suppose that z* has the perturbation property with respect to C' and the system
(NIS). Then we have the following equivalences:

Pg(x) = z* < (3.8) holds
> Proa) () = 2* ((ii)<=(ii*) of Theorem 3.7)
— PKS(z*)(‘T) = x*. (by (3.16))

Thus K C Kg(z*) by Lemma 3.1. Combining this with (3.16), we see that (3.14)
holds. a

A natural question arises from Theorem 3.7: When does the inclusion K¢ (z*) C
Kg(x*) hold? Apart from the obvious sufficient condition that each Fj, i € I(x*),
is affine, we give another sufficient condition below in the case when ¥ = R™. Let
aff(C) denote the linear manifold (i.e., affine subspace) spanned by C. Define

E={i: intH,'(R_) =0}, Ip(z*)=1(z")\E.
Write
Fy:=(Fi,Fy,... ,Fin), i=12... m.
Note that

(3.17) Hi(zx) >0 onX VieE.
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Let

S*={de X : Hy(Fi(z*)+F}(z*)d) =0, i € E; H;(F;(z*)+F/(z")d) <0, i € Iy(z")}.
Thus S* C CFD(z*); moreover, by (3.17),

(3.18) (1-t)dy +tde € S* Vte|0,1), dy € S*, dy € CFD(z").

In particular (by letting do = 0), one has

(3.19) (1—t)dy € S* Vte|0,1), dy € S*.

DEFINITION 3.12. Let * € K, and suppose that Y = R™. We say that (NIS)
satisfies the generalized MFCQ (Mangasarian—Fromowitz constraint qualification) at
x* if the following conditions are satisfied:

(a) The intersection (z* + CFD(x*)) NriC' is nonempty;

(b) {Fj;(z*): i€ E, j=1,2,... ,n} are linearly independent on span(C — z*);

(c) the intersection S* Nspan(C — x*) is nonempty.

Remark 3.5. In the special case in which Y = R, each H; is the identity map-
ping, and C' is a subspace of X, the above (a) is automatic, while (b) and (c) are,
respectively, equivalent to the following:

(b)) {Fj;(=*): i€ E, j =1} are linearly independent on C;

(¢’) the intersection S* N C is nonempty.

That is, the generalized MFCQ condition coincides with the standard MFCQ on C
([16]; see also [15, 21]).

Our next main result is the following.

THEOREM 3.13. Let z* € K and Y = R™. Suppose that (NIS) satisfies the
generalized MFCQ at z* Then

(3.20) Ko(z*) C Ks(x*).
If, in addition, for each i € I(x*),
(3.21) A;(2) < Ai(z)  for each z € C,

then x* 1is reqular.
Proof. 1t is easy to verify that K C K¢ (x*) if (3.21) holds. Thus we need only
to prove (3.20). By Definition 3.12(a), it is not difficult to verify that

(3.22) Ko(z*) = (x* + CFD(z*)) NriC.

Thus, we need only to prove that

(3.23) (z* + CFD(z*)) NriC C Kg(x™).

Let Z belong to the set on the left-hand side of (3.23), and let d = Z — 2*. Then
(3.24) d € CFD(z*) Nspan(C — z*).

By (c), pick dy € S* Nspan(C — z*). Define

_ 1 1-
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Then, by (3.18) and (3.24), one has
(3.26) dy € S* Nspan(C — z*).

By (b), take a family {x;; € span(C' — z*) : ¢ € E;j = 1,2,... ,n} of vectors in
span(C — x*), which is dual to {F];(2*)} in the sense that

o1 i (i) = (h,),
(3.27) Fij(@%)an _{ 0 otherwise.

Let Z; denote the linear subspace of X spanned by dy, and the vectors zp;, with h € E
and | = 1,2,... ,n. We will show that there exist 6, € (0,+) and a continuously
differentiable function 6 — x(6) defined on [0, 0] such that, for each (i,j) € E x
{1,2,...,n} and each 0 € [0, 0],

0)
zk(0)

Il
~ Q.
o

Fij(x(0)) = Fij(z*) + 0F);(«*)dp, (i,j) € Ex{1,2,... ,n}.
Granting this, we show below that xy(6) satisfies (NIS) for sufficiently small 6 > 0:
(3.28) H;(F;(zx(0)) <0, i=1,2,...,m.

Since z1(0) = z* and by considering smaller 6 if necessary, we need only verify the
above (3.28) for i € I(z*). If i € E, then the last equality in (*) gives

H;(F;(x(0))) = H;(F;(z*) + 0F](z*)d) =0 V8 € [0,0;],
thanks to (3.19) and (3.26). If ¢ € Iy(z*), then the Taylor theorem gives
Fi(x1(0)) = F;(z*) + 0F/ (2*)d}. + o(),
and thus it follows from the convexity that

H(Fy(zx(0))) = Hi(Fi(2) + 0(F] (z")dy, + O(6)))
< OH;(Fy(z*) + F!(z%)dy, + O(0)) < 0,

provided that # > 0 is sufficiently small. Here the last inequality holds because
Hy(Fy(2") + Fi(2")dx) < 0

as dp € S* and i € Ip(z*). Therefore, by taking smaller 0 > 0 if necessary, (3.28)
becomes valid for all 6 € [0, 0;]. By (*), take 0 with 0 < 6 < 6 < 1/k such that

:Ck(gk) —x* J

- 1
0, k '

<%

Then, by (3.25),

l’k(gk) — CL'*
Ok

1 _
- dH < 2+ [ld = dol)).
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Thus, setting d = %, we have limg_, o dx, = d. To verify (3.23), it suffices to
show d € SFD(z*). We will establish this by showing that xx(6;) € K. To do this,
note first that, because

d =
Tt o

+ (1 - 1) z* € aff(C),
Ok

it follows from Z € riC and limy_, o (dg +2*) = T that dj +2* € C for k large enough.

This implies that x5 (0;) € C as x(0;) = (1 — 0;)z* + 0x(di, + 2*). Consequently, it

follows from (3.28) that z(0;) € K, as required.

To show that there exists x; with property (*), henceforth we fix k& and consider
only the special case in which dj is linearly independent from {zs5, (1,§) € E x
{1,2,...,n}} (the case in which dj, is linearly dependent on {z;;} can be dealt with
similarly but somewhat more simply); in this case, take a unit vector oy € Zj such
that (xo,z;;) = 0 for each (4,5) € E x {1,2,... ,n}. Then

(329) Jk = <1‘0, (j}c>$0 + Z )\Z‘jxl‘j
ij
for some \;; € R. We consider the equality system for x in Zj, 4+ = near x*:

{ Fij(x) = Fyj(x*) + 0F;(x*)dy, (i,j) € E x{1,2,... ,n},
(xo,x — x*) = 0(x0,d).

For simplicity of notation, we write E for E x {1,2,...,n} and N for the cardinality
|E| of E. Expressing = in the form

T = QoI + Z aijxij —+ 17*,
ij
the above system can be written as for (ap, a;;) € R'™ near the origin:

(330) { Fij(a()w() +le QiiTi5 + {E*) = F”(it*) + HFJJ(‘T*)J]“ (Z,]) € E7
g = 9<x07dk>

The Jacobi matrix J for (3.30) at the origin is nonsingular; in fact, by (3.27),

1 0 F{i(z*)xzo

0 1 0 Fly(z*)zo
J= .. . .

0 0 1 Fl’Eln(x*)xo

0 0 0

By the implicit function theorem, there exist 0y € (0, %) and continuously differen-
tiable functions, still denoted by ag, ov;j, such that the preceding equality system is
satisfied by these functions on [—6.0;] and such that each of these functions vanishes
at 8 = 0. Set

2k(0) = o (O)mo + Y _ cvij(0)aij + 2, 0 € [0k, O]

Then (*) is seen to hold. Indeed, by differentiating each equation in the preceding
system at the origin and making use of the dual property (3.27) of {z;;} relative to
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{F;;(z*)}, one has

a1,(0) Fiy (27)dy
aiE\.n(O) - F‘|/E|n(.l;*)gk
ap(0) (0, dk)

Computing the last row gives

(3.31) ay(0) = (zo,dy),

and computing the other rows gives

(3.32) a};(0) + Fl;(a*)ao - ay(0) = F/;(z*)d  V(ij) € E.

By the dual property of {z;;} relative to {F};(z*)}, it follows from (3.29), (3.31), and
(3.32) that a;;(0) = A;; for each (i,7) € E. Consequently,

3,(0) = ap(0)zo + Z ;i (0)zij
= (z0, dk)To + Z AijTij

:dlm

thanks to (3.29). Therefore (*) holds, and the proof is complete. |

COROLLARY 3.14. Let Y = R™ and x* € K. Suppose that

(a) the intersection (z* 4+ CFD(z*)) NriC is nonempty;

(W) {F;(=*) i€ I(z*); j=1,2,... ,n} is linearly independent on span(C'—x*).
Then Ko (z*) C Kg(z*).

Proof. Tt is sufficient to show that the condition (c) of Definition 3.12 is satisfied
by virtue of the strengthened condition (b’) (comparing with (b)). If Io(z*) = 0, then
0 € S* Nspan(C — z*). Hence, we assume that Io(z*) # (). For any ¢ € Iy(x*), let
a; = (1,42, . . . , ) 7 0 be an element of R™ satisfying H; (F;(z*)+«;) < 0. From
assumption (b'), there exists {zy; : (k,1) € I(x*)x{1,2,... ,n}} in span(C' —x*) such
that F};(z")zp = iy if (i,7) = (k1) € lo(z*) x {1,2,... ,n}, and F;(z")z = 0
otherwise. Then dj, := Y., zy satisfies F/(z*)dy, = o; if i = k € Ip(z*), and
F{(z*)dr = 0 otherwise. Let d := 3 ) ;- di. Then d € S* Nspan(C — z*). The
proof is complete. 0

Ezample 3.1. Let X =Y =R? and C = [-1/2,1] x {0}. Define

Az, 22) = H(Fi (21, 22), Fo(1,22)),
where

Fi(zy1,20) = 21(1 4 22) V(z1,22) € R?,

Fg(l'hl'g) :(L'%-’-ZL'Q V(l’l,l'g) €R2,

and

u?+ (v—1)% -1, u =0,
H(u,v){ —u+(@w—-1)2%2-1, u<O0.
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Then, if (z1,z2) € C,

4 2
r] — 27, r1 =0,

Az, 22) = { z1(2} — 221 — 1), z1 <0.

Since t3 — 2t — 1 < 0 on [—1/2,0], it follows that K = [0,1] x {0}. Let z* = (0,0).
Then

Fi(z*) = Fy(z*) = 0,

Fi(z") = (1,0),  Fy(z") =(0,1),

and so
2 2
A _ .131—1—(332—1) _17 -131207
A(x) - { —x1 + (1‘2 — 1)2 — 1, X1 § 0.
Thus,
(3.33)

z* 4+ CFD(z*) = {(z1,22) € R?: 22 —2xy <21 < /1 — (22 —1)2, 0 < 29 < 2},

which is the set bounded by a parabola I'; and a semicircle I's whose tangents at x*
are of slopes 1/2 and 0, respectively, and hence z* 4+ cone(CFD(z*)) is the polyhedral
cone generated by these two tangents. Consequently,

Ke(z®) ={(0,0)},  Kr(z¥) =10,1] x {0},
so that
Kc(z®) € Ks(2*), K CKp(a");
that is, z* is a weakly regular point of S. Furthermore,
DA(z*) = 0A(x*) = [-1,0] x {—2}.

For any x = (21,x2) € X, Px(x) = 2* if and only if 1 < 0. Taking A = —z1, h = —1,
we get that Po(z — Ah) = z*. This implies that «* has the perturbation property
with respect to C' and the system (NIS). However, note that

NKc(x*)(x*) = Rz’ Nc(z*) = {0} xR,

cone(dA(x*)) = {(z1,z2) € R? : x5 < 221 < 0}.

This implies that the system A(-) < 0 does not satisfy the BCQ relative to C. Thus
(ii) does not imply (i) in Theorem 3.9 if the condition (3.9) is dropped.
Example 3.2. Let H, F,x* be defined as in Example 3.1, but let C' be defined by

C = {(1'1,1'2) : 72%2 < T < ]., XTo € [0, 1]}
By Example 3.1, we obtain that Ky (z*) = C O K. Moreover,
(3.34) ri(z* + cone(CFD(z*))) NriC # 0.

Since {Fy(z*), F5(x*)} is linearly independent, K¢ (2*) C Kg(z*) by Corollary 3.14.
It follows that z* is a weakly regular point of K; hence, by (3.34), the assumptions of
Theorem 3.9 are satisfied, and so (i) and (ii) are equivalent. However, K ¢ K¢ (z*)
because (0, 1] x {0} C K, but (0, 1] x {0} is disjoint from K¢ (z*). Hence, Theorem
3.7 cannot be applied. Therefore, in the case in which (3.9) holds, Theorem 3.9 is a
genuine extension of Theorem 3.7.
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4. Inequality system with respect to cones. In this section, we will apply
the results obtained to study an abstract inequality system. Let X, C be as before.
Let W be a closed convex cone in RV. Then W defines a partial order 3= on R™:

(4.1) arbea—becW.

Let G = (g1,92,--- ,9n) be a Fréchet differentiable function from X to RY, and let
b= (by,bs,...,by) € RY. Let K consist of all # € C satisfying the abstract inequality
system

(ATS) G(z) # b,

namely,

(4.2) K=Cn{zeX: Gx)eb+ W}

Let z* € K. This system can be rephrased as a system of the form (NIS) by the
following device. Define H : RY — R by the Euclidean distance function of W:

(4.3) H(y) = dist(y, W), yeRY.

Then H(-) > 0 on RN, H(G(z*) —b) =0, W = {y € RN : H(y) = 0}, and, by [13,
Example 3.3, p. 259],

(4.4) OH(y) = Nw(y) N B(0,1) VyeW,

where B(0, 1) denotes the unit ball of RY. Note that z satisfies (AIS) if and only if

(4.5) H(G(z)-b) <0.
Clearly (4.5) is of the type (NIS) with m = 1. According to the notation arrangements
in sections 1 and 2, let F, A, A be defined by, for each z € X,
F(z)=G(x)-b
W) A(r) = H(G(x)
' Alx) = H(F(z") + F'(z")(z — 27))
F(z) = F(a*) + F'(z*)(z — z*)

Let J(a*) = {j: g;(a") = by}

THEOREM 4.1. Let x* € K, and suppose that x* is reqular with respect to C' and
the system (4.5). Then the following statements are equivalent:

() Nensos (@) = Ne(@®) + N (G(a*) = b) o G/ (a”);

(ii) for any x € X, Py(x) = 2* <= Po(r — Zf;l yigi(x*)) = x* for some

(y17y27 RN 7’y]\]) e W° with Zz@J(z*) yz(gl(x*) — bz) =0.

Proof. Clearly, A(z*) = A(z*) =0, G'(-) = F'(:), and A=Y (R_) = F~Y(W). By

Proposition 2.5 and (4.4), we have

(4.7) conedA(z*) = Ny (F(z*)) o F'(z*).
Then (i) holds if and only if the convexification system

(4.8) A(z) <0
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corresponding to (4.5) satisfies the BCQ relative to C' at x*.
On the other hand, it is well known and easy to verify that

(4.9)  Nw(F(z")) ={y e W*: (y, F(z7)) = 0}

= {(yl»y%-“ Yn) € W*: Zyi(gi(fﬂ*) —b;) = 0}

i=1

= (ylvaa"' ayN)GWO: Z yl(gl(x*)_bl)zo
i J(z*)

Combining this with (4.7), one has

N
conedA(z*) = $ Y " wigi(x™) + (Y, y2-- o yn) €W D wilgi(a®) —bi) =0
i=1 i¢J(z*)

Thus, (ii) is exactly the perturbation property with respect to C' and system (4.5).
Therefore Theorem 4.1 follows from Theorem 3.7. 0

Remark 4.1. Since W is a closed cone, the regularity assumption is equivalent to
the weak regularity of x* (see Proposition 2.3).

An important special case of (AIS) considered above is the following familiar
inequality-equality system: x € C and

gz(x):b“ 7;:1727"'7m57
(410) { gz(,’]}) < bi, Z = Me + 172a cee M,

where m. € {1,2,... .m}. Writing N for m and letting
(4.11) W ={(y1,y2y--- »ym): ¥i=0Vi=1,... ,me;y; <OVi=m.+1,... ,m},

we see that the system (4.10) is of the type considered in (AIS). Let K consist of all
x € C satisfying (4.10), and let * € K. Let I(z*) consist of all  satisfying g;(z*) = b;,
and let Io(x*) = I(x*)\ {1,2,...,mc}; thus I(z*) := Iy(z*) U{1,2,... ,m.}. We
define

Ci={reX: g(x")z—a")=0}, i€{l,2,...,me},
Ci—f{oeX: ga)w—a") <0}, i€ ).
The following facts are well known (and easy to verify):

Ne,(z*) = span{gi(z*)}, 1€{1,2,...,m.},
(4.12) Ne¢, (z*) = cone{gj(z*)}, i€ Ip(z*),

We ={(A1,A2, . s Am) t i 20Vi=m.+1,... ,m}.

COROLLARY 4.2 (see Theorem 4.1 of [14]). Let * € K be a regular point with
respect to C' and the system (4.10). Let

D={zeX; gi(z*)(x —2*)=0Vie {1,2,... ,m}}.

Then the following statements are equivalent:
(i) {C, D, C;: i€ Io(x*)} has the strong CHIP at x*;
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(ii) for any z € X, Pg(z) = z* <= Po(x — >.|" Nigi(z*)) = z* for some
i, 1 =1,...,m, with

7

A =0 ViEIo(x*),
Ai=0 Vi ¢ I(x*).

Proof. Let G : z — (g1(2),...,gm(x)), and let H, F, A, A, F be defined as in
(4.3), (4.6). Then,

NCOF—l(W) (") = NCﬁ(ﬂielw*)Ci) (7).

Moreover, by (4.12) and (4), one has

Nw (F(z")) = {()\17/\27~-~ s Am) € W* i)\i(gi(x*) —bi) = 0}
A ) ER™: M > 0 S m 4+ 1A = 0¥ & I(a*))
and
Nv (F(z*)) o F'(z) = {f: Mgl@) s N S 0Vizme+ LA =0Vig I(x*)} .
i=1
Thus, by (4.12),
Nw (F(z*)) o F'(z") = Np(z*) + Y Ne,(a*).
i€lo(a)

Hence (i) and (ii) are the same as (i) and (ii), respectively, of Theorem 4.1. Therefore
Corollary 4.2 follows from Theorem 4.1. 0

Finally, we should point out that the results in this paper can be applied to the
case when our Hilbert space X is over the complex field C. For the remainder of the
paper, let X be a complex Hilbert space and F}; be a Fréchet differentiable complex
function defined on X for each j =1,2,... ;m. Let V1, Vs,...,V,, be convex closed
subsets of the complex plane C. Let C be a closed convex subset of X, and let K
consist of all x € C satisfying the complex system

(CS) Fi(x)eV;, j=12,...,m.

As usual, C can be metrically viewed as R?, while X can be regarded as a real Hilbert
space with the inner product defined by

(z,y)r = Re(z,y), =z,yeX.

Consequently, F} is a mapping from X into R?, and V; is a closed convex subset of
R?. Let H; : R* — R denote the distance function to V;. Then H; is a real-valued
convex function on R? such that

Vi={yeC: H;(y) <0},
and hence K consists of all x € C satisfying the real system

(RS) H](Fj(x))éo, ]:1,2,7m
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Thus, Theorems 3.7 and 3.9 can then be applied in a manner similar to what we
have done for Theorem 4.1; details need not be repeated here. However, it is worth
pointing out that the approach of using ReF}; and ImF}; does not work here because,
for general closed convex sets Vj, the constraint F;(x) € V; cannot be described by
ReF; and ImF; separately.

(17]

(18]

W Q

oles!

(6]
0.
C
C

REFERENCES

BARBU AND T. PRECUPANU, Convexity and Optimization in Banach Spaces, Sijthoff &
Noordhoff, Groninger, The Netherlands, 1978.
. DE BOOR, On “best” interpolation, J. Approx. Theory, 16 (1976), pp. 28-48.

. BROsowsk1 AND F. DEUTSCH, On some geometric properties of suns, J. Approx. Theory,

10 (1974), pp. 245-267.

. CHul, F. DEUTSCH, AND J. WARD, Constrained best approzimation in Hilbert space, Constr.
Approx., 6 (1990), pp. 35-64.

. CHul, F. DEUTSCH, AND J. WARD, Constrained best approximation in Hilbert space 11, J.
Approx. Theory, 71 (1992), pp. 231-238.

. CLARKE, Optimization and Nonsmooth Analysis, John Wiley & Sons, New York, 1983.
. DEUTSCH, The role of the strong conical hull intersection property in convexr optimization

and approzimation, in Approximation Theory IX, Vol. I: Theoretical Aspects, C. Chui
and L. Schumaker, eds., Vanderbilt University Press, Nashville, TN, 1998, pp. 105-112.

. DEUTscH, W. L1, AND J. SWETITS, Fenchel duality and the strong conical intersection

property, J. Optim. Theory Appl., 102 (1997), pp. 681-695.

. DEuTscH, W. L1, AND J. WARD, A dual approach to constrained interpolation from a

conver subset of Hilbert space, J. Approx. Theory, 90 (1997), pp. 385-444.

. DEuTscH, W. L1, AND J. D. WARD, Best approxzimation from the intersection of a closed

convex set and a polyhedron in Hilbert space, weak Slater conditions, and the strong
conical hull intersection property, STAM J. Optim., 10 (1999), pp. 252-268.

. DEuUTsCcH, V. UBHAYA, J. WARD, AND Y. Xu, Constrained best approximation in Hilbert

space I11: Application to n-convez functions, Constr. Approx., 12 (1996), pp. 361-384.
BAUSCHKE, J. BORWEIN, AND W. L1, Strong conical hull intersection property, bounded
linear reqularity, Jameson’s property (G), and error bounds in convez optimization, Math.
Program., 86 (1999), pp. 135-160.

. HIRIART-URRUTY AND C. LEMARECHAL, Convex Analysis and Minimization Algorithms 1,

Grundlehren Math. Wiss. 305, Springer, New York, 1993.

. Lt anD X. Q. JIN, Nonlinearly constrained best approximation in Hilbert spaces, the strong
conical hull intersection property and the basic constraints qualification condition, STAM
J. Optim., 13 (2002), pp. 228-239.

. MANGASARIAN, Nonlinear Programming, McGraw—Hill, New York, 1969.

L. MANGASARIAN AND S. FROMOWITZ, The Fritz John necessary optimality conditions in

the presence of equality constraints, J. Math. Anal. Appl., 17 (1967), pp. 37-47.

. MiccHELLI, P. SmITH, J. SWETITS, AND J. WARD, Constrained Ly -approzimation, Constr.

Approx., 1 (1985), pp. 93-102.

. A. MiccHELLI AND F. I. UTRERAS, Smoothing and interpolation in a convexr subset of a
Hilbert space, STAM J. Sci. Statist. Comput., 9 (1988), pp. 728-746.

[19] I. SINGER, Duality for optimization and best approzimation over finite intersection, Numer.

Funct. Anal. Optim., 19 (1998), pp. 903-915.

[20] R. ROCKAFELLAR, Convex Analysis, Princeton University Press, Princeton, NJ, 1970.
[21] Y. YuaN AND W. SUN, Optimization Theory and Methods, Science Press, Beijing, 1997 (in

Chinese).



