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Abstract Let G be a non-empty closed (resp. bounded closed) boundedly relatively weakly compact
subset in a strictly convex Kadec Banach space X. Let K(X) denote the space of all non-empty compact
convex subsets of X endowed with the Hausdorff distance. Moreover, let e (X) denote the closure of
the set {4 € K(X): ANG = 0}. We prove that the set of all A € K (X) (resp. A € K(X)), such that
the minimization (resp. maximization) problem min(A4, G) (resp. max(A,G)) is well posed, contains
a dense Gs-subset of Kg(X) (resp. K(X)), thus extending the recent results due to Blasi, Myjak and
Papini and Li.
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1 Introduction

Let X be a real Banach space. We denote by B(X) the space of all non-empty closed bounded
subsets of X. For a closed subset G of X and A € B(X), we consider the minimization problem

g :=inf{||z—z|:z € A,z € G},
and the maximization problem
pac =sup{||z —z| : x € A4,z € G},

it G € B(X). They are denoted, respectively, by min(4, G) and max(A, G).
Let G be a non-empty closed subset (resp. closed bounded subset) of X. A pair (zo, 29) with

2o € A, 20 € G is called a solution of the minimization problem min(A, G) (resp. maximization
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problem max(A4, Q)), if ||zo — 20|l = Aag (vesp. |0 — 20]| = pag). Moreover, any sequence
{(Zn,2n)},2n € A,z € G, such that lim, . |2y, — 20| = Aag (resp. lim, oo |20 — 2n|| =
1ag), is called a minimizing (resp. maximizing) sequence. A minimization (resp. maximiza-
tion) problem is said to be well posed if it has a unique solution (zg, 29), and every minimizing
(resp. maximizing) sequence converges strongly to (zo, 2o).
Let
C(X)={AeB(X): Ais convex},
and let C(X) be endowed with the Hausdorff distance, h, defined as follows:

h(A,B) = maux{(sztelgblgjfB la — b||,§gg ;22 lla — b||}, VA, B € C(X).

As is well known, under such metric, C(X) is complete.
Furthermore, let
K(X)={AeC(X): Ais compact}
and Kg(X) be the closure of the set {4 € K(X): ANG = 0}. Clearly, X can be embedded as
a subset of £(X) in a natural way that, for any x € X, A, € K(X) is defined by A, = {z}.

The well-posedness of the minimization and maximization problems was first considered
in uniformly convex spaces by De Blasi, Myjak and Papini [1]. Recently, one of the authors
investigated this problem in the strongly convex Banach spaces. He proved that if X is a
strongly convex Banach space, then the set of all A € Kg(X) (resp. A € K(X)), such that the
minimization (resp. maximization) problem min(A, G) (resp. max(A,G)) is well posed, is a
dense Gs-subset of K (X) (resp. K£(X)). Thus one question arises quite naturally: Whether the
generic results on the well-posedness problems remain true without the reflexivity assumption?
It should be pointed out that the reflexivity plays a key role in the study. In the present paper we
will relax the reflexivity assumption but make a further restriction on the set G. More precisely,
we will prove that if G is a non-empty closed (bounded closed) boundedly relatively weakly
compact subset in a strictly convex Kadec Banach space X, then the set of all A € Kg(X)
(resp. A € K(X)), such that the minimization problem min(A, G) (resp. maximization problem
max (A4, G)) is well posed, contains a dense Gg-subset of g (X) (resp. K(X)), which extends
some results due to De Blasi, Myjak and Papini [1] and Li [2].

The problems considered here are in the spirit of Stechkin [3]. Some further developments
of Stechkin’s ideas and some generic results in spaces of convex sets can be found in [4-20] and
[4, 5, 21, 19, 22, 23], respectively.

The notation we employ is, for the most part, standard; however, a partial list is provided
for the readers’ convenience. Let X* denote the dual of X. We use B(z, ) to denote the closed
ball with center at 2 and radius r. As usual, if A C X, by A and diamA we mean the closure

and the diameter of A, respectively, while ¢oA stands for the closed convex hull of A.

Definition 1.1  Let D be an open subset of X. A real-valued function f on D is said to be
Frechet differentiable at x € D if there exists an x* € X* such that
o F) = @) @ty — )

v ly — |

=0.
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x* is called the Frechet differential at x which is denoted by Df(x).

The following proposition on the Frechet differentiability of Lipschitz functions due to [24]

is useful.

Proposition 1.1  Let f be a locally Lipschitz continuous function on an open set D of a
Banach space with an equivalent Frechet differentiable norm (in particular, X reflexive will do).
Then f is Frechet differentiable on a dense subset of D.

Definition 1.2 A Banach space X is said to be (sequentially) Kadec provided that, for
each sequence {x,} C X which converges weakly to x with lim, ., ||zn]| = [|z||, we have

lim, o0 ||z — 2| = 0.

2 Minimization Problems
Let x € X, A € K(X) and G be a closed subset of X. We set
dg(z) = inf [|lz — 2],

dg(A) = ;Ielg dg(l') = )\Ag,
and
PA(G) = {I cA: dc;(a'}) = d(;(A>}
Then
|dg(A) —dg(B)| < h(A,B), VA, BeK(X).
Let
inf{(z*, 2 — 2) : 2 € GN B(x,dg(x) + §),z € PA(G)}
L,(G)=qAecKa(X): >(1-2"")dg(A), forsomed >0, z* € X*
with ||z*|| = 1.
Also let
L(G) =N, L,(G).

Lemma 2.1  Suppose that G is a closed, boundedly relatively weakly compact non-empty subset
of X. Then L(QG) is a dense Gs-subset of K (X).

Proof Exactly as in the proof of Lemma 2.3 of [2], we have that L(G) is a Gg-subset of K (X).
In order to prove the density of L(G) in Kg(X), let

there is * € X* with ||z*|| = 1 such that

for each € > 0 there is § > 0 so that

inf{(z*,z — 2) : 2 € GN B(x,dg(x) + 9),z € Pa(G)}

> (1 —¢€)da(A).
Clearly, Q(G) C L(G). Tt suffices to prove that Q(G) is dense in Kg(X). To this end, let
Ao € Kg(X), and suppose dg(Ag) > € > 0. Now fix N > sup,¢ 4, [la|| + da(Ao) + 2¢ and

QG) = A€ Ka(X):
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let K denote the weak closure of the set (B(0,N) N G)U Ag. Then K is weakly compact in
Y = spanK. From the factorization theorem of Davis, Figiel, Johnson and Pelczynski [10],

there exist a reflexive Banach space R and a one-to-one continuous linear mapping 7': R — Y
such that T'(B(0,1)) 2 K. Define

fa(u) =dg(Ay +Tu), Yu€ R.

It follows from Proposition 1.1 that fg is Frechet differentiable on a dense subset of R so that
there exists a point of differentiability v € R with y = Tv € B(0,€). Let v* = Dfg(v). Then

da(Ag+T(v+h)) —da(Ag + Tv) — (v*, h)

lim =0,
h—0 [|A]]
and hence
. da(Ao+y+Th)) —da(Ao +y) — (v*,h)
ke T -

For each w € R, substituting tu for h in the above expression as ¢t — 0, and using the non-
expansiveness of fg, we have
(w*u) < ||Tu|l, Yu€ R.

Then the Hahn—Banach theorem implies that there is y* € Y* satisfying v* = T*y*. Note that
(" Tu) =(T"y" u) < ||Tul, VueR,

and T has dense range. We have that [|y*|| < 1 and y* can be extended to z* € X* with
[|*]] < 1. Set A = Ag+y and take € P4(G). Then x € K +Tv C TR. Now let {z,} be any
minimizing sequence in G for z, i.e., lim, . || — 2, || = dg(z). Clearly, z, € K for n large
enough so that z, —x € K —x C TR. Thus, for each t € (0,1),

dag(A+t(zn — ) —da(A)
<z +t(zn — @) = 2] —da(A) = (1 = t)llz — 2] — da(A)
= —tllz =zl + [llz = 2l = da(A)]-
Let t, = 27" + [||& — z,|| — dg(A)]2. Observe that for each r > 0,

i d6(A+tTh) — da(4) — ta*, Th)

=0
t—0 t
holds uniformly for all h € R with ||| < r. This implies that
AL+t — — A
i |deAt G —2) —da(d) . ] g
n—oo tn
so that
liminf[— ||z — z,|| + (2™, 2 — 2,)] > 0
and

dg(A) = lim ||z — z,| < liminf(z", 2 — 2z,),
n—oo n—oo
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which shows that ||z*|| > 1 and consequently, ||z*|| = 1. Furthermore we also have that

n—oo

lim ||z — z,| > lim ||z*|||lz — 2zn] = limsup(z*, x — 2,).
n—oo n— 00
Comparison of the last two inequalities shows that

dg(A) = lim (¢, 2 — z,).

n—oo

Thus for each € > 0, there is § > 0 such that, whenever z € GN B(xz,dg(x) + 0), it follows that
(z% 2 —2) > (1 - €)da(4),

so that A € Q(G) as © € P4(G) is arbitrary and Pa(G) is compact. We establish the density
since h(A, Ag) < ¢, thus proving the lemma.
We still need the following two lemmas, the proofs of which are similar to those of Lemma

2.4 and Lemma 2.5 of [2] and so they are omitted.

Lemma 2.2  Suppose X is a Kadec Banach space. Let G be a closed, boundedly relatively
weakly compact non-empty subset of X. Let A € L(G). Then any minimizing sequence
{(xn,2n)} with x, € A,z, € G has a subsequence which converges strongly to a solution of

the minimization problem min(A, G).

Let
On(G) = {A € Ko (X) : diamPa(G) < 1},

and let

Lemma 2.3 Let X and G be as in Lemma 2.2. Then Q(G) is a dense G-subset of K (X).
Now we are ready to give the main theorem of this section.

Theorem 2.1  Suppose that X is a strictly convexr Kadec Banach space. Let G be a closed,
boundedly relatively weakly compact non-empty subset of X. Then the set of all A € Kg(X),
such that the minimization problem min(A,G) is well posed, contains a dense Gs-subset of
Ka(X).
Proof It suffices to prove that min(A4, G) is well posed if A € Q(G) N L(G), as Q(G) N L(G) is
a dense Gs-subset of K¢ (X) from Lemmas 2.1 and 2.3.

We first show that min(A,G) has a unique solution. Suppose there is A € Q(G) N L(G)
such that min(A,G) has two solutions (zg, 20), (z1,21). Clearly z; = zy because A € Q(G).
On the other hand, since A € L(G), for each n, there exists 2} € X, ||z} | = 1 satisfying

(Th, o — 2z1) > (1 =27")de(4), i=0,1,
so that

lxo — 20 + xo — 21|| > limsup(z}, o — 20 + xo — 21) > 2dg(A).
n—oo
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Thus, using the strict convexity of X, we have zy = z1, thus proving the uniqueness.
Now let (xy,,2,) with z,, € A, z,, € G be any minimizing sequence. Then from the unique-
ness and Lemma 2.2 it follows that (z,,2,) converges strongly to the unique solution of the

minimization problem min(A, G). The proof is complete.

3 Maximization Problems
Let z € X, A € K(X) and G be a bounded closed subset of X. Define

Fg(z) =sup ||l —z[|, VzekFE,
z€G

Fg(A) = sugFg(x) = paAG,
xc

and
Ra(A) ={z € G: Fa(z) = Fa(G)}.

Then
|Fa(A) — Fo(B)| < h(A,B), VA,BeK(X).

Lemma 3.1  The set-valued map Ra(G) with respect to A is upper semi-continuous in the
sense that, for each Ay € K(X) and any open set U with Ra,(G) C U, there exists § > 0 such
that for any A € K(X) with h(A, Ag) < J, Ra(G) C U.

Proof Suppose to the contrary that there exist {4,} C K(X) and A € K(X) with lim, .o
h(An, A) = 0, such that R4, (G) ¢ U for some open subset U with R4(G) C U and each n.
Let z,, € Ra, (G)\ U for any n. Note that U, A, is relatively compact and {z,} C U,A4,. It
follows that there exists a subsequence, denoted by itself, such that lim,, . ||z, — o] = 0 for
some xg € X. Clearly, o ¢ U. However, by lim,_,o h(A,, A) = 0, there exists {a,} C A such
that lim,_,c ||Tn — anl| = 0, so that

limsup ||a, — zo|| < lm |z, —ay|| + lIm |z, — 2] =0
n—oo n—oo n—oo

and zy € A. Furthermore, for each n,

sup [|z — zol| = sup [z — zpl| — [lzn — 2ol
zeG z€G

> Fg(A) - h(AmA) - H'Tn - xOH?
which shows that zg € R4(G), contradicting that xg ¢ U. The proof is completed.

Let

inf{(z*,x —2): 2€ G\ B(z,Fg(z) — §),z € Ra(G)}
H,(G)={AeK(X): > (1-2"")Fg(A), forsomed >0, z* € X*
with ||Jz*|| =1

Also let
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Lemma 3.2  Suppose that G is a closed, relatively weakly compact non-empty bounded subset
of X. Then H(G) is a dense Gs-subset of K(X).

Proof To show that H(G) is a Gg-subset of I(X), we need to prove only that H,(G) is open
for each n. Let A € H,(G). Then there exist * € X* with ||2*|| = 1 and ¢ > 0 such that

B =inf{(a*,x —z) 1z € Ra(G),z € G\ Blw, Fa(z) — 8)} — (1 — 27" Fg(A) > 0.

Let A > 0 be such that A\ < min{$, g} It follows from Lemma 3.1 that there exists 0 < e < A

such that, for any F € K(X) with h(E, A) < € and each y € Rg(G), there exists © € Ra(G)
satisfying ||y — z|| < A. For 6* = § — 2\ we have

I =G\ B(y, Foly) - 6") C G\ B(z, Fo(x) - 9).

Thus if z € I, we get
(¥, —2) > B+ (1 —2"")Fg(A).

Hence,

(", y—2)> P+ (1 —-2"")Fg(E) -2\

Since z € I and y € Rg(G) are arbitrary,
inf{(z*,y—2):z€l,ye Re(G)} > (1 —27")Fg(E)

and E € H,(G) for all E € K(X) with h(E, A) < €, which implies that H, (G) is open in K(X).
In order to prove the density of H(G) in K(X), let

there is z* € X* with ||z*|| = 1 such that

for each € > 0 there is § > 0 so that

inf{(z*,z —2): 2 € G\ B(z, Fg(z) — §),x € Ra(G)}
> (1—¢€)Fg(A)

M(G)={ AeK(X):

From M(G) C H(G), it suffices to prove that M(G) is dense in K(X). Take Ay € K(X) and
let K denote the weak closure of the set G U Ag. Then K is weakly compact in Y = spank.
From the factorization theorem of Davis, Figiel, Johnson and Pelczynski [10], there exist a
reflexive Banach space R and a one-to-one continuous linear mapping 7' : R — Y such that
T(B(0,-)) 2 K. Define

fa(u) = Fg(Ag+ Tu), Yu € R.

Then exactly as in the proof of Lemma 2.1, there exist y € TR with ||y|| < € and z* € X* with
[l=*|l <1 such that for each r > 0,

L Fa(A+(Th) - Fo(4) — t(a*, Th)
t—0 t

=0

holds uniformly for all h € R with ||h|| < r, where A = Ay +y.
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Clearly, R4(G) C TR. Thus if x € Ra(G) and {z,} is any maximizing sequence in G for
x, ie., lim, o0 ||z — 20| = Fa(z), 2o, — 2 € K — 2 C TR for n large enough. Hence for each
te(—1,0),
Fg(A + t(Zn - l‘)) - Fg(A)

> o+ 8 — ) — 2all — Fa(4) = (1= )]z — 2| — Fa(A)

= —tllz =zl + [lle = znll = Fa(A)]-
Take t,, € (—1,0), t, — 0 with t2 > Fg(A) — ||# — 2,||. Then we have
Fo(A+tn(z, —x)) — Fg(A

lim —(z*, 2 —x)| =0,
n—oo tn
so that
liminf[— ||z — z,|| + (2™, 2 — 2,)] > 0
n—o0
and
Fo(A) = lim ||z — 2| < iminf(z*, 2z — 2,),
n—oo n—oo
which shows that ||z*|| > 1 and consequently, ||z*|| = 1. Furthermore we also have that

lim ||z — z,| > lim ||z"||lz — 2zn]| > limsup(z*, x — z,).
n—00 n—00 n—oo
Comparison of the last two inequalities shows that

Fe(A) = lim (z*, 2 — z,).

n—oo

Thus for each € > 0, there is § > 0 such that whenever z € G \ B(z, Fg(x) — ¢) it follows that
(", —2) > (1 —e€)Fg(A).

Since R4(G) is compact and x € R4(G) is arbitrary, A € M(G). Note that h(A, Ag) < e. We
establish the density, thus proving the lemma.

Lemma 3.3 Suppose X is a Kadec Banach space and G is a closed, relatively weakly compact
bounded subset of X. Let A € H(G). Then any mazimizing sequence {(xy,zn)} with x, €
A, z, € G has a subsequence which converges strongly to a solution of the maximization problem
max (4, G).

Proof Let A € H(G). Then A € H,,(G) for any m = 1,2,.... By the definition of H,,(G),
there exist 0,, > 0,2, € X*,||z%,]| = 1 such that

inf{{x),x —z2):2€ G\ B(z, F(x) — 0m),z € Ra(G)} > (1 —27™)Fg(A).

Let {(xn,2,)} with z, € A, 2, € G be any maximizing sequence. Without loss of generality,
we assume that z, — xg strongly and z,, — zo weakly as n — oo for some zg € R4s(G), 20 € X,

since A is compact and G is relatively weakly compact. Then we have that

o — zoll < liminf o — 2 = Fo(A).
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We also assume that 6, <, if m <n and z, € G\ B(xo, Fg(x9) — d) for all n > m. Thus,

(xr, 20— 2n) > (1 —2""™)Fg(A), Yn>m
and
(xr,, w0 — 20) > (1 —27")Fg(A), Vm.

Hence we have

lzo = 2ol > limsup(x},, zo — 20) > Fa(A).
m—00

This shows that ||zo — 20]| = Fg(A). Now the fact that X is Kadec implies that lim, oo ||2n —
20|l = 0 and zp € G. Clearly, (z,2) is a solution of the maximization problem max(4,G),
which completes the proof.
Let
Vo = {A € K(X) : diamR4(G) < %},

and let

Lemma 3.4 Let X and G be as in Lemma 3.3. Then V(QG) is a dense Gs-subset of K(X).

Proof The proof is similar to that of Lemma 3.6 of [2].

The main theorem of this section is stated as follows:

Theorem 3.1  Suppose that X is a strictly convexr Kadec Banach space. Let G € B(X) be
relatively weakly compact. Then the set of all A € K(X) such that the mazimization problem
max (A, G) is well posed contains a dense Gs-subset of KK(X).

Proof Tt suffices to prove that max(A,G) is well posed if A € V(G)NH(G), as V(G) N H(G)
is a dense Gs-subset of K(X) from Lemmas 3.2 and 3.4.

We first show that max(A,G) has a unique solution. Suppose there is A € V(G) N H(G)
such that max(A,G) has two solutions (xg, 29), (1, 21). Clearly 1 = x¢ because A € V(G).
On the other hand, since A € H(G), for each n, there exists z} € X, ||z} || = 1 satisfying

(xy,x0—2z;) > (1 —2"")Fg(A), i=0,1,

so that
|zo — 20 + zo — 21]| = limsup(zy,, 2o — 20 + 0 — 21) = 2F(A).

n—oo
Thus, using the strict convexity of X, we have zy = z1, thus proving the uniqueness.
Now let (zy,, z,) with z,, € A, z, € G be any maximizing sequence. Then from the unique-
ness and Lemma 3.3 it follows that (x,,z,) converges strongly to the unique solution of the

maximization problem max(A, G). The proof is complete.
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