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CONSTRAINT QUALIFICATION, THE STRONG CHIP, AND
BEST APPROXIMATION WITH CONVEX CONSTRAINTS
IN BANACH SPACES*
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Abstract. Several fundamental concepts such as the basic constraint qualification (BCQ),
the strong conical hull intersection property (CHIP), and the perturbations for convex systems of
inequalities in Banach spaces (over R or C) are extended and studied; here the systems are not
necessarily finite. Their relationships with each other in connection with the best approximations
are investigated. As applications, we establish results on the unconstrained reformulation of best ap-
proximations with infinitely many constraints in Hilbert spaces; also we give several characterizations
of best restricted range approximations in C(Q) under quite general constraints.
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1. Introduction. For the study of best approximation problems with a finite
system of inequality constraints in RY (or in Hilbert spaces), the strong CHIP (the
strong conical hull intersection property) and other constraint qualification concepts
have played important roles in dual reformulation of the best approximation problems.
See, e.g., [6, 7, 13, 14, 15, 22, 23, 26, 27]. In this paper these concepts are extended and
studied in connection with more general systems. The system (of convex inequalities)
that we will focus on is

(CIS) gi(z) <0, i€l

where I is an index set (finite or otherwise), x € X, each g; is a real continuous convex
function on X, and X is a Banach space (say, over the real field R, but later we will
also consider the case when X is over the complex field C).

In what follows we always assume that the solution set S of the system (CIS) is
nonempty, i.e.,

(1.1) S={zeX: g(x)<0 foraliel}#0.
Let G(-) denote the sup-function [18] of {g;}:

G(z) :==supgi(z) forallze X.
iel

Then S is also the solution set of the convex inequality

(SCIS) G(z) < 0.
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In this paper we assume throughout that
(1.2) G(r) <400 forallze X

and that G is continuous on X. These blanket assumptions are automatically sat-
isfied if {g; : @ € I} is locally uniformly bounded. Moreover, the continuity of G
automatically follows from (1.2) if X is of finite dimension.

Let C be a closed convex subset of X and let K consist of all z € C satisfying
the system (CIS). For a subset Z of X, we use Pz to denote the projection operator
defined by

Pz(z) ={y € Z: |z -yl = dz(2)},

where dz(z) denotes the distance from z to Z.

Recently, studies have been done on establishing the dual formulation of the
best approximation problem in the setting of real Hilbert spaces; see [6, 7, 13, 14,
15, 26, 27] for finite systems of linear inequalities and [22, 23] for finite systems of
nonlinear inequalities. However, there are many problems in Banach spaces (over
R or C) that have infinitely many convex constraints. One typical example is the
problem of best restricted range approximations in C(Q), the space of all continuous
complex-valued functions defined on a compact metric space Q; see [21, 33, 34, 35, 36,
37]; this problem can be reformulated as an approximation problem with constraints
defined by an infinite system of convex inequalities. This motivates us to consider the
following question: Can the results on the dual formulation of the best constrained
approximation in Hilbert spaces for finite systems be extended to infinite systems in
general Banach spaces? We shall study the relationships between the basic constraint
qualification (BCQ) and the CHIP in Banach spaces (over R or C) in section 3. As
applications, we establish some results on the unconstrained reformulation of best
approximations with infinitely many constraints in Hilbert spaces. This is done in
section 4, where we begin with a general result (applicable to both real and complex
Hilbert spaces) relating the BCQ and the dual formulation of the best approximation
problem. Our result, on the complex Hilbert space X, is in a very general setting:
{2 : i €I} is a family of closed convex subsets of C, {h; : i1 € I} C X\ {0}, Cisa
closed convex subset of X, and C; := {z € X : (h;,z) € Q;}. Theorem 4.2 shows that
the family {C, Ci:ie I} has the strong CHIP if and only if a dual formulation in
terms of the projections Pz and P(ma énne holds. It is worth noting in particular that
{€;} is not necessarily explicitly given by (CIS) at the outset. Another application
of our results is given in section 5, where several characterizations of best restricted
range approximations in C(Q) are given for a class of quite general constraints.

To end this section, we describe some basic notation, most of which is standard
(cf. [8, 18]). In particular, for a set Z in X (or in R™), the interior (resp., closure,
convex hull, convex cone hull, linear hull, negative polar, boundary) of Z is defined
by int Z (resp., Z, conv Z, cone Z, span Z, Z°, bd Z); the normal cone of Z at zy
is denoted by Nz(z9) and defined by Nz(z9) = (Z — 20)°. Let ext Z denote the
set of all extreme points of Z and let R_ denote the subset of R consisting of all
nonpositive real numbers. For a proper extended real-valued convex function on X,
the subdifferential of f at x € X is denoted by df(z) and defined by

Of(x) ={z" e X*: [f(z)+ (", y—x) < fly) forallye X},

where (z*, z) denotes the value of a functional z* in X* at x € Z, i.e., (z*,2) = z*(z).
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Remark 1.1. (a) Let f be a continuous convex function f on X and x € X with
f(xz) = 0. It is easy to see that cone(df(x)) C Ny-1g_)(x) and that the equality
holds if f is an affine function or if x is not a minimizer of f; see [8, Corollary 1,
p. 56).

(b) The directional derivative of the function f at z in the direction d is denoted
by fL(x.d):

/ iy d(@Ftd) — f(2)
(1.3) iz, d) = t1_1)r51+ ; .

We recall [8, Proposition 2.2.7] (see also [28]) that

(1.4) Of (x) ={z" € X*: (2",d) < fi(x,d) forallde X}
and
(1.5) fi(z,d) = max{(z*,d) : z* € df(x)}.

2. Preliminaries. Let {A; : i € J} be a family of subsets of X. The set
> ey Ai is defined by

o {Eie] a; - a; € A;,  Jop C J being ﬁnite} if J # 0,
(2.1) ZAZ N { {0} ’ if J=0.
i€J
Consider (CIS) as before with the solution set denoted by S. For x € X, let I(x)
denote the set of all active indices i : I(z) ={i € I : g;(z) = G(x) = 0}. Following
[17, 24], we define

(2.2) N'(z) := Z cone(dgi(z)), =€ X.

i€l(x)

Note that, by (2.1), N'(z) = cone (U;cs(,) 99i(2)) if I(z) # 0 and N'(z) = {0} if
I(z) = 0.

In the remainder of this paper, we let K := C'N .S, where S denotes the solution
set of (CIS). The following concepts are well known in the case when I is finite or X
is of finite dimension; see, e.g., [24, 22, 23].

DEFINITION 2.1. Let x € K. The system (CIS) is said to satisfy the BCQ relative
to C' at x if

(2.3) Nk (z) = Ne(z) + N'(z).

Remark 2.1. (CIS) satisfies the BCQ at each x € C' Nint S because (2.3) holds
trivially in this case.

The following concept of the strong CHIP is due to [13, 14] in the case when I is
finite and plays an important role in optimization theory; see, e.g., [1, 2, 9, 12, 32].

DEFINITION 2.2. Let {C; : i € I} be a collection of closed conver subsets of X
and x € ();¢; Ci. The collection is said to have the strong CHIP at x if

(2.4) N (@) = 3" Ney (@)

el
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Remark 2.2. (a) If g;(z) < 0, then = € int (g; '(R_)) and N1z y(x) = {0}
Hence

Z Ngfl(Rf)(x) = ZNgjl(R,)(l‘)-
)

i€l(x i€l
(b) Let z € CNbd S. Then

The system (CIS) satisfies BCQ relative to C at
= {C,g; "(R_) : i € I'} has the strong CHIP at z.

(¢c) Let z € CNbd S and suppose that, for each i € I(x), either g; is affine or
there exists z; € C' such that g;(z;) < 0 (so cone (9g;(z)) = Ny-1z_)(x) by Remark
1.1). Then '

The system (CIS) satisfies BCQ relative to C at
<= {C,g; "(R_) : i € I} has the strong CHIP at x.

(This assertion is of course trivial when z € C'Nint S.)

(d) When each g; is affine, {g; *(R_) : i € I} has the strong CHIP at = auto-
matically if T is finite. However, this is not necessarily true if I is infinite; see [24,
Example 1].

DEFINITION 2.3. We say that the system (CIS) satisfies the Slater condition on
C' if there exists a point T € C such that G(Z) < 0. In this case, T is called a Slater
point of (CIS) on C.

The following theorem, which is known (cf. [18, 24]) in the special case when X
is of finite dimension, will play a key role in section 5.

THEOREM 2.1. Assume that I is a compact metric space and that the function
1 — g;(x) is upper semicontinuous on I at each x € X. Let C be a nonempty closed
convex subset of X such that span C is of finite dimension. Suppose that there exists
a Slater point T of (CIS) on C. Then the system (CIS) satisfies the BCQ relative to
C at every point x € K.

Proof. As the result is trivial if z € C'Nint S, we may assume that x € Cnbd S.
We divide the proof into two steps. First we show that

(2.5) Ne(z) +0G(z) € Ne(z) + N'(z)  forallz € Cnbd S.

Let G and §;, respectively, denote the restrictions of G and g; on span C, where i € I.
Then

(2.6) G(z) =supgi(z) for all z € spanC.
iel

By assumptions and [18, Theorem 4.4.2, p. 267] (see also [24, Theorem 3.1}), for any
x € CNbd S, we have that

(2.7) dG(z) = conv U 0gi(x)
i€l (x)

For any y* € dG(z), y* can be viewed as an element of dG(z). Thus, by (2.7), there
exist g5 € 9g;;(x), Aj > 0, i; € I(x), j = 1,2,...,m, such that 3372} \; = 1 and

(2.8) (y*,z) = <Z )\jg];-‘,z> for all z € spanC.
j=1
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Noting
(2.9) (U5,2) < gi,4(x,2) = g, (x,2)  forall 2 € spanC,

and making use of the Hahn-Banach extension theorem, there exists y; € X™ satis-
fying

(2.10) (y;,2z) =(y;,2) forall z€spanC

and such that (y7, z) < g§j+(x, z) holds for all z in X. This implies that y; € Jg;, (z).
Let y = y* — Zznzl Ajyj. Then, by (2.8) and (2.10), one has

m
(Y5, 2) = <y* - Zx\jy;‘,z> =0 forall zeC —ux,
j=1

in particular, y§ € N¢(z). This implies that y* = y§ + Z;”Zl Ajy; € Ne(z) +
cone (U;er(,) 99i(2)); hence (2.5) is established.

Next, by the assumed Slater condition, it follows from [14, Proposition 2.3] (the
proof given there is valid for an arbitrary Banach space although it was stated for
Hilbert spaces) that {C, S} has the strong CHIP at every point € C'Nbd S:

(2.11) Ng(x) = No(z) + Ng(z) forall z € CnbdS.
Since G(Z) < 0, Remark 1.1(a) implies
Ng(z) = cone (0G(x)) for all z € CNbdS.
Then, by (2.11) and (2.5),
Nk (z) = N¢(x) + cone (0G(x)) = Ne(z) + N' ().

Thus Theorem 2.1 is proved. O

In the remainder of this paper, we will assume that X is a Banach space over
the complex field C or the real field R. When X is a Banach space over the complex
field C, let Xi denote the corresponding real Banach space by restricting the scalar
multiplication to the reals. In this case, for any subset Z of X and zy € X, one has
two different versions for normal cones:

(2.12) Nz(z0) ={z"€ X5 : (z",x —20) <0 forallz € X},

(2.13) Nz(z0) ={z"€ X" : Re(z",x —2) <0 foralze X}
Likewise, if f is a proper convex function on X and x € X, then one can define

(2.14) Of (@) ={z" € X}, : flx)+ (z*,y—x) < fly) forallye X},

(2.15) Of(x)={z"eX": f(z)+Re(z"y—z) < f(y) forallye X}

Finally in addition to (2.2), one can define N’(z) in the above manner. In view of the
Bohnenblust-Sobczyk theorem (z* +— Rex* is a real-isometry from X* onto Xj; cf.
[39, p. 192]), such distinctions are immaterial; for example, regarding Definition 2.1,
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the system (CIS) in X satisfies the BCQ relative to C' at x in the sense of (2.3) if and
only if it does in X . Thus, the results in this section, such as Theorem 2.1, can be
applied to spaces over C.

We now introduce some new concepts. Recall that K := C'N .S, where S denotes
the solution set of (CIS). The index set I is not assumed to have any topological
structure.

DEFINITION 2.4. Let x € K. An element d € X is called

(a) a linearized feasible direction of (CIS) at x if

(2.16) Re(z*,d) <0 forall z* € U ext dg;(x);

i€l(x)

(b) a sequentially feasible direction of K at x if there exist a sequence d, — d and
a sequence of positive real numbers 8, — 0 such that {x + 6pdr} C K.

Remark 2.3. When [ is finite and each g; is differentiable at x, the definition
of a linearized feasible direction of (CIS) at x in a real space X coincides with the
corresponding definition introduced in [25, 38]; see also [22].

Let LFD(z) (resp., SFD(z)) denote the set of all d satisfying (a) (resp., (b))
in Definition 2.4. Note that LFD(z) is a closed convex cone (so it contains the
origin) while SFD(z) is a closed cone (but not necessarily convex). Note also that
LFD(z) = X if I(z) = 0.

DEFINITION 2.5. Let x € K. Let Kg(x) and Kr(x) be defined, respectively, by

(2.17) Ks(x) = (x + conv(SFD(x ) ﬂ C
and
(2.18) Kp(z) = (z+LFD(x)) () C.

Note that the two sets are closed convex sets. We have the following well-known
inclusion relationship.
PROPOSITION 2.1. Let x € CNS. Then SFD(z) C LFD(x) and

(2.19) K C Ks(z) € K1 (x).

Let zp € K and suppose that I(zg) # 0. In the study of the system (CIS), it
would be useful to consider the following associated (linearized) system on X:

(2.20) Re(z*,x —x9) <0, z"€ U ext 0g;(xo).
i€l(zo)

Let

S.-(z0) == {z € X : Re(z*, & —x) <0} forall 2" e U ext dg; (xo)
i€l(zo)

and

(2.21) S(zo) := ﬂ S.(xg): 2% € U ext 0g;(xo)

1€1(xo)
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Moreover, we define S(z¢) = X if I(zo) = (. Then

(2.22) xo + LDF(z0) = S(x) and Ky (zo) = S(xo)NC,

whether or not I(zg) # (. For our convenience we state the following elementary
lemma. We omit its proof as it is straightforward.
LEMMA 2.1. Let z* € X*, zg € X, and let p : X — R be defined by

o(x) =Re(z",x —x9) forallz € X.

Then Op(xg) = z*. Consequently, N'(xq) defined by (2.2) with respect to the system
(CIS) coincides with the corresponding one with respect to the system (2.20).
Recall that the duality map J from X to 2% is defined by

(2.23) J() = {2 € X*: (a*,2) = ||z|]?, [|lz"|| = ]}.

In fact, J(x) = O¢(x), where ¢(z) := |z|*>. Thus a Banach space X is smooth if
and only if for each x € X the duality map is single-valued.

The following proposition will be useful later. This result was established in-
dependently by Deutsch [10] and Rubenstein [29] (see also [3]). We thank the two
anonymous referees for their helpful comments. One of the referees kindly suggested
the above references as well as the formulation of Corollary 4.3.

PROPOSITION 2.2. Let Z be a closed convex set in X. Then for any x € X, 2o €
Pz (z) if and only if zo € Z and there exists x* € J(x—zg) such that Re (x*, z—zp) <0
for any z € Z; that is, J(x — 29) N Nz(z0) # 0. In particular, when X is smooth,
z0 € Pz(x) if and only if zo € Z and J(x — z9) € Nz(20).

3. Best constrained approximations in Banach spaces. Before proving the
main theorem of this section we recall two lemmas. These two lemmas were stated
in the Hilbert space setting in [22, 23]. The proof given in [22, Theorem 3.1] for the
first lemma is valid for Banach spaces, while the proof of the second lemma given in
[23, Lemma 3.1] for Hilbert space will need to be modified to suit our purpose here.

LEMMA 3.1. Let K be a nonempty closed convezr subset of X, and let zo € K.
Then, for any x € X, we have

(31) xTo € PK(lL') <~ I € PKS(xO)(SU).

LEMMA 3.2. Suppose that X is reflexive and smooth. Let C' be a closed convez set,
let xg € C, and let T, Ty be closed convex cones in X. Then the following statements
are equivalent:

(i) cn (370 +T1) can (a',‘o +T2>.

(ii) o € Pon(zot)(7) whenever x € X and 2o € Pon(zo412) (7).

Proof. We modify the proof that is given in [23] for the special case when X is
a Hilbert space. Since X is assumed smooth, the map = — J(z) is a (single-valued)
weak*-continuous map from X to X*.

Suppose that (i) does not hold; take Z € C'N (xo + T1) such that T ¢ xo+T». Let
xo+e € Pyyy1, (Z), where e € Ty. Denote h = Z — (xg +¢€). Then, by Proposition 2.2,

(J(h),(xo+2)— (xg+e€)) <0 forall z €T
Therefore,

(3.2) (J(h),e) =0,
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and Py, 41, (x¢) = o for each ¢t > 0, where x; := ¢ + th. By (ii), it follows that
(33) PCQ(IO+T1)(It) = Xo-

Let Ty = (x4 — %)/t for t > 0. Then Z; = (1 —1/t)h — e/t and lim;_, o, T+ = h; hence,

(3.4) lim (J(z;) — J(h),h+e) = 0.

t——+oo

Consequently, by (3.2) and (3.4),

[Z¢[* = (J(Z1), )
= (J(@1), h) — (J(Z¢) = J(h), (h+e)/t) — (J(h), (h+e)/t)
< HftH : HZH + [(J(Z¢) — J(h), (h+e))|/t — ||n]]*/t
< ||Zt]| - )

and so ||z —Z|| < t||h|| for t > 1 large enough. Since Z € C'N(xo+T1), this contradicts
(3.3). The proof is complete. |

Remark 3.1. The result of Lemma 3.2 characterizes the smoothness of X (among
reflexive Banach spaces). Indeed, suppose that there exists a unit vector xg € X such
that J(x) contains two distinct elements z7, z5. Write 2§ = wI;x; , o = 2a}+ 33,
and define

Ty ={zeX: (z52) >0}, Th={zxeX: (z5,z) >0}

Then zo+T1 € zo+T% although, for each z € X, xg € Pyyy1, () = 29 € Pyyt1, ().
In fact, if 9 € P41, (), then, by Proposition 2.2, there exists z* € J(z — x0)
such that (z*,z) < 0for all z € T. This implies that «* = —||x — zo||xy; hence
(xg,xg — ) = ||z — mo]|. Consequently, (xF,xo — z) = ||z — xo|| for i = 1,2,3. Thus,
for each z € Ty,
[ = (2o + 2)|| = (23,20 + 2 — ) = (23,20 — @) = |lz = zo];

hence zg € Pyy41, (), as claimed.

Let Z* be a subset of X* and Z C X. Let z*|z denote the restriction of z* on Z;
i.e., z*|z is viewed as a functional defined on Z instead of X. Set

(3.5) ZM 7z ={z"z: 2" € Z*}.

Recall that K := C'N S, where S denotes the solution set of (CIS). Let zg € K,
and let S(zp) and S,» be defined as in (2.21). By Remark 2.2(c) (applied to the
system (2.20) in place of (CIS)), we have the following equivalence:

The system (2.20) satisfies the BCQ relative to C at zg if and only if

(3.6) the family {C, gz*(xo) A= UieI(IU) ext 0g;(xo)} has the strong CHIP at z.
Thus one has (ii)<=(ii*) in the following theorem.
THEOREM 3.1. Let xg € K. Consider the following statements:
(i) the system (CIS) satisfies the BCQ relative to C' at xo;
(ii) Ks(zo) = Kr(xo), and the family {C, S.-(xo) : 2" € U,er(sy) €xt 9gi(20)}
has the strong CHIP at xg;
(ii*) Ks(xo) = Kr(x0), and the system (2.20) satisfies the BCQ relative to C at
Zo;
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(iii) for each x € X, xg € Pk (x) if and only if
(3.7) J(z — 20) N (Ne(zo) + N'(z0)) # 0;
(iv) for each x € X, xy € Px(x) if and only if

(3-8) J(z = z0)|c—2o N (No(z0)lc—ao + N'(20)|0—a0 ) # 0-

Then the following implications hold:

(1) ()= (iil)=(iv); (i)<=(ii*)=(iil)=(iv);

(2) (i)<=(ii)=(iil))==(iv) if X is reflexive;

(3) (i)« (ii)<=(ili))==(iv) if X is both reflexive and smooth.

Proof. The results are trivial when zq € C'Nint S since each of (i)—(iv) in Theorem
3.1 holds automatically. Hence we assume that zo € C' Nbd S.

(1) Suppose that (i) holds. Then (3.7) can be rewritten as J(x—x9) NNk (zo) # 0;
hence (iii) holds by Proposition 2.2. Therefore (i)=>(iii). Thus assuming that (ii*)
holds, and applying this implication to the system (2.20) in place of (CIS), one has,
for each x € X,

(3.9) 20 € Pongiun (@) <= J(@ — 20) () (No (o) + N'(20)) # 0

(see Lemma 2.1). Consequently, by (2.22),

(3.10) 29 € Pr, (zg)(7) &= J(z — 70) ﬂ (Nc(wo) + N'(x0)) # 0.

Further, by (3.1) and the assumption Kg(z¢) = K1 (xo) in (ii), we have that, for each
re X,

(3.11) To € Pi(x) <= 20 € Pg (20)(2).

Therefore, combining (3.10) and (3.11), we have established that (ii)<=-(ii*)=(iii).

Since (3.7) implies (3.8), to prove that (iii) implies (iv), it suffices to show
that if (3.8) holds, then zy € Px(z). By (3.8) and Ne(xo)|c—zy + N'(z0)|c—zo C
Nk (2o)|c—z,, Wwe obtain that there exists z* € J(z — o) such that

(3.12) Re(z*, 2" —x9) <0 forall 2’ € K.
Hence, for any 2’ € K, we have that
[z - |z — zoll = Re (2", & — z9) < Re (2", 2 — ') < [lz*[| - ]z — 2|

This shows that zg € Pk (x), as required. Therefore (iii)=-(iv).

(2) Suppose that (3) is valid, and that X is reflexive. Then, by a known result in
Banach space theory (cf. [16, p. 186]), there exists an equivalent norm on X such that
X is smooth under the new norm. Then (3) implies that (i) and (ii) are equivalent.
Other implications in (2) have already been proved in (1).

(3) By statement (1), we only need to show that (iii) implies (i) and (ii*). Suppose
that (iii) holds. Let z* € Ng(x). By the reflexivity of X, there exists & € X such that
(z*,z) = ||z*|||z]| = ||z*||*. Let * = Z + xg. Then 2* = J(z — z) by the smoothness,
and z¢ € Pg(z) by Proposition 2.2. It follows from (iii) that z* € Ng(zg) + N'(x0).
This shows that Nk (z9) € Neo(zo) + N'(zo) and so (i) holds. Therefore (iii)==(i).
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To prove (iii)==(ii*), noting from (2.19) that K C Kg(z¢) C K1(xo), we have,
for each x € X,

(3.13) To € P, (20)(2) = 20 € Prg(z,) () = 20 € Pr(2).

Conversely, let xg € Px(z). Then, by (iii), J(x — x0) € Ne(zg) + N'(z9). By
(2.22) and (2.16), one has N'(x) € Nk, (z0)(w0). Since Kp(x9) C C, it follows that
J(x —0) € Nk, (20)(®0). Consequently, by Proposition 2.2, xg € Pk, (5,)(z). Hence,
we have proved that, for each = € X,

(3.14) 2o € Pry(a0)(T) <= %0 € Pg, (2)(2) <= 20 € Pr ().

It follows from Lemma 3.2 that Kg(xo) = K1(zo). Furthermore, by (3.14) and (iii),
we obtain that 2¢ € P () (z) <= J( —20) € Nc¢(w0) + N'(z0). Applying the just
proved implication (iii)==-(i), we see that the system (2.20) satisfies the BCQ relative
to C at zg. This completes the proof of (iii)==(ii*). ad

Remark 3.2. The proof given for Theorem 3.1 is valid even if I(xq) = 0.

Remark 3.3. Example 3.1 (a) and (b) below show that neither the condition that
X is smooth nor the condition that X is reflexive can be dropped for the implication
(iii)==-(i) in Theorem 3.1.

Ezample 3.1 (cf. [24, Example 1]). (a) Let X be the Banach space R? endowed
with the [; norm defined as follows:

(3.15) |zl = [t:] + [t2]  for all z = (1, 2) € R2.

Let C =X, I ={1,2,...}, and define
1 .,
gi(x)ztl—i—gtg for all x = (t1,t2) e R*, i€ 1.

Then, for any x = (t1,t2) € R?,

G(z) :=supgi(z) =

{ t if t, <0,
iel

ti4ty  ifty >0;

in particular, G is continuous. Furthermore,
K:=CnNS=8={z=(t1,ts) € X: t; <0, t; + 15 < 0}.

Take o = (0,0). Then

N (z0) = {(t1,t2) €R?: 0 <ty <1},

N'(z0) = {(t1,t2) € R?: 0 <ty <t} U{(0,0)}.

Hence, the system (CIS) does not satisfy the BCQ relative to C' at 9. On the other
hand, for any z = (t1,¢2) € X, from (3.15), zy € Pk (z) if and only if z lies in the
first quadrant W of R2. Moreover, one has

[—1,1] x sgnte if x = (0,t3) #0,
J(x —xg) =< sgnty x [-1,1] if x = (¢1,0) #0,
(sgntl,sgntg) if x = (tl,tg), t1 7& 0,19 75 0,
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where sgnt¢ denotes the sign of ¢. Hence (3.7) holds if and only if © € W. Thus, (iii)
of Theorem 3.1 holds.

(b) Let X be any nonreflexive Banach space. By the well-known James theorem
(cf. [19]; see also [31, Corollary 2.4, p. 99]), there exists a nonzero functional 2 € X*
such that it does not attain its norm on the unit ball of X. Set C = {x € X :
(x,x§) <2}, I=4{0,1,...}. Define

go($)=—<l‘,$3>, zeX,
and
- :
gi<x):<xa$0>_f7 xEX,ZZI,Q,....
i
Then
K=CnS={zxeX: (x,z25) =0}.

Taking xo = 0, we have that I(z¢) = {0} and that

Ni(zg) ={z* € X*: (z,2*) =0 for all z € K} = span {z;},

(3.16) Ne(zo) =0, N'(zo) = cone (0go(z0)) = {—Azg : A > 0}.
In particular,

Ne(wo) + N'(x0) # N (w0),
and hence the system

gi(z) <0, i=0,1,2,...,

does not satisfy the BCQ relative to C' at xy. Moreover, by our choice of z{ and
(3.16), it is easy to see that (3.7) holds if and only if © — 29 = 0. Recalling from [31,
p. 100] that Pk (z) # 0 implies z € K, it follows that (iii) holds. 0

Remark 3.4. When [ is finite and g; is both convex and differentiable for each
i € I, the equivalence of (i) and (ii) in Theorem 3.1 was established in [22] for Hilbert
spaces. Theorem 3.1 is new even in the case when C' = X = R™. Two new features
here are worth noting: I is not necessarily finite and g; is not necessarily smooth.
Moreover, our treatments are in the general Banach space setting.

4. Best constrained approximation in Hilbert spaces. Throughout this
section, let X denote a Hilbert space (over R or C). Let C be a closed convex subset
of X and let K be the set of z € C that satisfies (CIS). Since X is a Hilbert space,
X* = X. In particular, (2.15) can be redefined as

Of(x)={z€X: f(z)+Re(z,y —z) < f(y) forallye X}.

Similarly, Nz(z0) ={y € X : Re(y,2—20) <0 forall z € Z}.

Dual formulation of the constrained best approximation problem in Hilbert spaces
has been extensively investigated for finite systems of linear inequality constraints,
e.g., [6, 7, 13, 14, 15, 26, 27], and for that of nonlinear inequalities, e.g., [22, 23]. In
this section, we will establish similar results for infinite systems of convex inequalities.
The first main result is as follows. Notation is as in the preceding sections (see (2.17),
(2.18), and (2.21) in particular).
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THEOREM 4.1. Let xg € K. Then the following statements are equivalent:

(i) the system (CIS) satisfies the BCQ relative to C' at xo;

(i) Ks(zo) = Kir(zo) and the family {C, S« (x0) + 2" € U,cr(sy) €xt 99i(20)}

has the strong CHIP at xg;

(iii) for any x € X, Pg(x) = x¢ if and only if there exists a finite (possibly
empty) set Iy C I(xg) such that Po(x — Y, Aihi) = xo for some A; > 0
and h; € 0g;(xg) with each i € Iy.

Proof. By Theorem 3.1, it suffices to show that (3.7) holds if and only if there
exists a finite set Iy C I(xg) such that Po(x — Zielo Aihi) = xo for some \; > 0
and h; € 0g;(xo) with each ¢ € Iy. In view of the definition of N'(zy) and since
J(x —x9) = x — x in a Hilbert space, J(z — o) € Ne(zo) + N'(x0) if and only if
there exist a finite set Iy C I(xg), A; > 0, and h; € dg;(zo) such that

i€l

(4.1) z =Y Aihi — z0 € No(o).

i€l

By Proposition 2.2, (4.1) holds if and only if Po(x — )
result is clear. a

COROLLARY 4.1. Consider the system (CIS) as before but suppose that, for each
1 €1, g; is an affine function defined by

Aih;) = xo. Thus the

i€ly

(4.2) gi(z) =Re(hj,x) —b;  for allxz € X,
where {h; : i€ I} C X\ {0} and {b;} CR. Let C; C X be defined by
(4.3) C;={z e X: Re(h;,z) <b}.

Let C be a closed convex set in X and let xg € C(((;e; Ci). Then the following
statements are equivalent:
(i) the family {C, C; : i € I} has the strong CHIP at xo;
(ii) for any x € X, Pk (x) = x¢ if and only if there exists a finite (possibly empty)
set Iy C I(xg) such that Po(x — Aihi) = xo for some \; > 0 with each
i€ .
More generally, let C' be a closed convex set in X, {h;: i € I} C X\ {0}, and let
{€; : ¢ € I} be a family of nonempty closed convex subsets of the scalar field. Define

i€l

(4.4) Ci={zeX: (h,z)eQ}, iel,
and
(4.5) KE=c <ﬂ C)

Let x¢ € K, and define

I(SL‘()) = {Z el: <hi,$0> S bdQl}

For convenience, we shall write h;(-) for the function (h;,-) on X, and h? for the scalar
(hi, xo). Then we have the following perturbation theorem.

THEOREM 4.2. Let X be a Hilbert space (over C or R), and let o € K. Then
the following statements are equivalent:

(i) the collection of convex sets {C, C; : i € I} has the strong CHIP at x;
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(ii) for anyx € X, Py (x) = xo if and only if there exists a finite (possibly empty)
set Iy C I(xq) such that Po(x — Y icr, @ihi) = xo for some a; € Ngq, (h?)
with each i € I.
Proof. We may assume that X is over C (the case when X is over R is similar).
For each i € I, let F;(-) be any (real-valued) convex function on C such that

(4.6) Q={xeC: Fi(z) <0}
(see (4.9) below, for example). Then we have that
(4.7) A(F; o hy)(wo) = {ah; : o € dF;(hY)}.

In fact, it is easy to verify that the set on the right-hand side of (4.7) is contained
in the set on the left-hand side. Conversely, let z* € O(F; o hi)(z0) : Re(z*, 2 —
xo) < (Fjohy)(x) — (Fj o hi)(zo) for all z € X. Treating the corresponding real
space Xg as in section 2, it follows that the real part Rexz* € 9(F; o h;)(xo), where
Rez* : x — Re (z*,z). Thus, by [23, Proposition 2.3], there exists o € dF;(hY) such
that

(4.8) Re (z*,z) = Re a(h;,xz) forallz e X.
This implies that «* = @h;; hence (4.7) is proved.

Define
(4.9) gi(x) =dq,((hiyx)) forallz e X, iel,

where dg, (-) denotes the distance function from the set ;. Note that g; '(R_) = C;.
Also, by (4.7) and [18, Example 3.3, p. 259], we get

(4.10) 9Gi(z0) = {@hi : a € Ng,(hY), |a| < 1}.
Consequently, by Theorem 4.1, (ii) holds if and only if the following system on X,

satisfies the BCQ relative to C at xg, that is,

cn(mier &) (x0) = Ne(xo)+ Z cone (0g;(zo)) = Nc(xo)—i—z cone (9g; (o)),
' i€l (zo) iel

where the last equality holds because, for each i € I'\ I(x), one has Ng, (h?) = 0 (and
hence, by (4.10), that 9g;(z¢) = 0). Note also that Ng (z9) = 0 for each i € I'\ (o).
Thus, to complete the proof, it suffices, by (4.10), to prove that

(4.12) Neg, (z0) = {@h; : a € Ng, (A} for all i € I(x).

Let i € I(zo) and divide the case in two: intQ; #  and int€; = §. In the first
case, take a convex function F; on C such that Q; = {z € C: F;(z) < 0} and
intQ; = {2z € C: Fi(z) <0} (eg., Fi(:) = ¢(- — 2;) — 1, where §; denotes the
Minkowski functional (cf. [30, p. 24]) of the set ©; — 2; for some 2; € int ;). Then,
by Remark 1.1(a),

(4.13) N, (h)) = cone (OF;(hY)).

i
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Similarly, note that C; = {freX: (Fo hi)(z) < 0} and that g is not a minimizer
of the convex function F; o h; on X; again, by Remark 1.1, we have that

(4.14) Ng, (z0) = cone (O(F; o BZ)(xO))

Hence, by (4.7), (4.13), and (4.14), (4.12) holds. It remains to consider the second
case: (); is of empty interior. Then the convex set £2; in C must be of one dimension
and hence can be expressed as the intersection of at most four real half-spaces in
C (e.g., a bounded closed line-segment in R? is the intersection of four half-spaces).
Thus there are affine functionals, say Fj, j=1,...,m with m < 4, such that Q; =
ﬂjm:1 Fj_l(R_). Write f; for the function Fj o h; (j = 1,...,m) and denote Jy :=
{j: fj(xo) =0,j=1,....m}={j: ﬁ’j(hg) =0, j=1,...,m}. Then by Remark
1.1(a) we have that, for each j € Jp,

(4.15) NFj—l(Ri)(h?) = cone (aﬁj (h)))
and
(4.16) Nf;1(R_)((E0) = cone (afj (20)).

In addition, it is clear that C; = Nz, f;l(R,). It follows from Remark 2.2(d) and
(4.16) that

(4.17) Ne. (o) = Zij_l(Rf)(zo) =Y cone (3f;(x)).
Jj=1 j€Jo
Similarly, we also have that
(4.18) No, (h?) =) cone (OF;(h?)).
j€Jo

Thus, by (4.7), (4.17), and (4.18), we get
(4.19) Ne, (z0) = Z{@hi : « € cone (8ﬁj(h?))} = {@h;: a € Ng,(h{)},
J€Jo
and so (4.12) holds. The proof is complete. 0
Let g; be defined by
(4.20) gi(x) = (hy,z) —b; forall z € X,
where {h; : i € I} € X\ {0} and {b;} C C, and let S = (ics Si, where

Applying Theorem 4.2 to the case when Q; = {b;} for each i, we have the following
corollary.

COROLLARY 4.2. Let X be a Hilbert space over R (resp., C) and let zo € C'N S.
Then the following statements are equivalent:

(i) {C, S;: i € I} has the strong CHIP at xo;
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(ii) for each x € X, Ppng(x) = x0 if and only if there exists a finite (possibly
empty) set Iy C I(xg) such that Po(x — > ..; Aih;) = o for some A\; € R
(resp., C) with each i € Iy.
Remark 4.1. In the case when [ is finite, each of (i) and (ii) of Corollary 4.2 is
equivalent to the condition (cf. [11, 13, 14]) that
(i*) {C,N;erS;} has the strong CHIP at xg.
This is no longer true if I is infinite, as shown by the following example.
Ezample 4.1. Let X be the (real or complex) Hilbert space [? consisting of all
infinite (real or complex) sequences (z;) satisfying Y o, |z;|> < co. Let C be the
closed unit ball of X. Let I = {2,3,...}, and define

i€lg

gi(x) =x; forallx = (x1,29,...) € X, i€l

Then S = {(21,0,...) : x; € R}. Let zp = 0. Since int C NS # @, {C, S} has the
strong CHIP at x¢. However, since Ng,(z¢) = {z = (z1,22,...) € X : 2; =0,7 # i}
for each i € I, ) ;.; Ns,(z0) is not closed, and hence {C, S; : i € I} does not have
the strong CHIP at xy. By Corollary 4.2, (ii) of Corollary 4.2 does not hold. d

Remark 4.2. Note that int C N (N;erS;) # 0 in Example 4.1. Thus Proposition
2.3(2) of [14] is not longer true if the index set I is infinite. Moreover, it is easy to
verify that C itself is the only extremal subset of C' containing CNS. Consequently the
extremal subset Cy, of C introduced in [15, Definition 4.1] is equal to C. Therefore the
perturbation results in [15, Theorem 4.5] cannot be extended directly to the infinite
case.

Remark 4.3. Results in this section have been presented as local ones; namely,
we characterize conditions that hold at a single point zy of the set C' N (N;erS;). It
is simple but sometimes desirable to describe the global analogue of the local results.
For example, corresponding to Corollary 4.2, we have the following.

COROLLARY 4.3. Let X be a Hilbert space. We write S for NMicrS;. Then the
following statements are equivalent:

(i) {C, S;: i€ I} has the strong CHIP at each point of the intersection C'N S;

(ii) for each x € X, there exist a finite (possibly empty) set I, of I and scalars

N; such that

PCﬁS'(I) = PC (x — Z >\th> .

icly

Remark 4.4. By considering the whole space X in place of the unit ball in
Example 4.1, we have a family {S; : ¢ € I} of polyhedra (in fact, maximal subspaces)
which does not have the strong CHIP. In Example 4.2, we exhibit an infinite collection
of polyhedra that has the strong CHIP.

Ezample 4.2. Let X be the real Hilbert space [? and let I = {1,2,...}. Define,
for each i € I,

Ci={z=(rn)€eX: z; <1}

Let C' = NierC;. Then {C; : i € I} has the strong CHIP at each point = of C.
Indeed, since z = (x,,) € [?, there exists an N € N such that |z,,| < 1/2 for alln > N.
Let U denote the ball with center z and radius 1/2. Then U C N;>nC;. This shows
that z € int (N;>nC;) and hence that Nn,. ¢, (z) = 0. Since

NC<$) = NﬁigNCi (1‘) + NﬂizNCi ((,C)
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and {C4,Cs,...,Cn} has the strong CHIP, we have

Ne(z) = ZNci (z) = Z Ne, ().

5. Best constrained approximation in C(Q). Let C(Q) denote the Banach
space of all complex-valued continuous functions on a compact metric space @) en-
dowed with the uniform norm:

17l = max|f(t)]  forall f € C(Q).

Let P be a finite-dimensional subspace of C'(Q), and let {Q; : ¢ € Q} be a family of
nonempty closed convex sets in the complex plane C. For brevity, we write {€;} for

{Q: teQ}. Set
(5.1) Pa={peP: pt) e foralte@}.

The problem considered here is that of finding an element p* € Pq for f € C(Q) such
that

(5.2) If ="l = pggn If —pl

(such p* is called a best restricted range approximation to f from P with respect to
{%}). This problem was first presented and formulated by Smirnov and Smirnov
in [33, 34]; their approach followed the standard path for the corresponding issue in
the real-valued continuous function space theory (see, for example, [5, 20] and the
relevant references therein). In [34], while it was pointed out that this problem for
the general class of restrictions was quite difficult, they took up the special case when
each €, is a disk in C. Later, in [35, 36, 37], a more general case was considered in
that the family {;} was assumed to have the following properties:

(i) there exists an element py € P satisfying po(t) € int 2, for each ¢ € @ (such

an element py of P will be called an interior point with respect to P and
{});

(ii) @ is a strictly convex set with “smooth” boundary for each t € Q;

(iii) the set-valued map t — € is continuous with respect to the Hausdorff metric.

It was pointed out in [21] that (i) and (iii) imply that there exists a function F
on the product space C x @ with the following properties:

(C1) F(-,t) is convex on C for each ¢ € Q;

(C2) bdQy ={2z€C: F(z,t) =0} for all t € Q;

(C3)int Y ={z€C: F(zt) <0} forallte;

(C4) F is continuous on C x Q.

This observation led the first author of the present paper to study, in [21], a more
general setting in that a function with properties (C1)—(C4) is given, Q; := {2 € C:
F(z,t) <0}, and an interior point (in the above sense) exists. Thus (ii) and (iii) need
not be satisfied.

For the remainder of this section, let P be a finite-dimensional subspace of C(Q),
let @ be a compact metric space, and let {; : t € @} be a family of nonempty
closed convex subsets of C satisfying the following;:

(D1) the set-valued function ¢ — € is lower semicontinuous on Q;



600 CHONG LI AND K. F. NG

(D2) there exists pg € P such that

(5.3) Oeint | () (Q—po(t)
teQ

(such an element pgy of P will be called a strong interior point with respect to P and
).

The following remarks show in particular that the present setting is more general
than that of [21] (and [33, 34, 35, 36, 37]).

Remark 5.1. (a) In the case when (C1)—(C4) are satisfied, the map ¢ — € is
both upper (in the sense of Kuratowski; see [24, p. 37]) and lower semicontinuous on
Q. In fact, the upper semicontinuity is trivial while the lower semicontinuity holds
because for any to € @ and xp € int {)y, there exists an open neighborhood V(o) of
to such that zo € int Q; for all ¢t € V(¢o).

(b) One can prove that properties (C1)—(C4) imply that py € P is a strong interior
point if and only if sup,cq F(po(t),t) < 0. Hence, in this case, py € P is an interior
point if and only if it is a strong interior point.

(c) For a family {€;} satisfying (D1) and (D2), there exist many functions F'(-,-)
on C x @ with properties (C1)—(C3). One such function which is given below has
additional properties that will be useful for us. Let ¢t € Q and py € P be such that
(5.3) holds. Define F': C x Q — R by

(5-4) F(z,t) = @:(z = po(t)) — 1,

where G, denotes the Minkowski functional (cf. [30, p. 24]) of the closed convex set €
in C defined by

(5.5) Q= Q — po(t);

thus §;(z) =inf{A >0: 2z € )\Qt}. It is easy to verify that F does have the properties
(C1)—(C3) stated for F. On the other hand, there are many examples for which
(C1)—(C3) are satisfied but without any associated function F' with the properties
(C1)—(C4).
Before giving the main theorem of this section, we need some preliminary results.
LEMMA 5.1. For eacht € Q, let q; be defined by

(5.6) 4(2) = @:(z —po(t)) ~ forall z € C;
that is, q;(-) = F(-,t) + 1. Then
(i) there ewxists a constant v > 0 such that
(5.7) lgt(z) — (2| < ~vlz = 2| forallt €Q, z, 2" €C;

(ii) for each z € C, the function t — q:(z) is upper semicontinuous.
Proof. (i) By (D2), there exists a ball B(0,6) in C with center 0 and radius § > 0
such that

(5.8) B(0,6) €, forallte Q.
By the definition of Minkowski functionals (cf. [30, p. 24]), it follows that

1
(5.9) Ge(z) < 5||z|| forallt € @, z € C.

Hence, by the subadditivity of ¢, and (5.6), (5.7) holds with v := .
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(ii) Let z € C and ty € Q. We have to show that limsup, ; G:(2) < g, (2). Take
a sequence (t,) — to such that lim; . g, (z) = I for some [ € R. It suffices to
show that | < §,(%). To this end, let € > 0. Then, by the definition of Minkowski
functionals, z € (G, (2) +¢) Q. Let A = Gy, (2) + . Then fe Oy, By the lower
semicontinuity, considering subsequences if necessary, we may assume that there exists
(zn) — % with 2, € Qtn for each n; we may assume further that |z, — 5| < /\5—7 for

each n. Then it follows from (i) that

(5:10) e, (5) =t (5) = e (20) + s (20) S 7|5 — 20

9
1<1+=
+1<1+ 7,

and so G, (2) < € 4 G1,(2) + €. Since € > 0 is arbitrary, letting e — 0, we have
I < g, (2), as required. |

Let P, po, and {2 : t € @} be given with the properties (D1) and (D2). A key
step to establishing our main result in this section is to apply Theorem 2.1 to (CIS)
with I = Q, X = C(Q), and ¢, where g; : C(Q) — R defined by

(5.11) gr(u) = q(u(t)) —1 forallu e C(Q), teq.
Note, by (5.4) and (5.6), that
(5.12) ge(u) = Ge(u(t) — po(t)) —1 = F(u(t),t) forallteQ, ueC(Q).

Thus, each g; is a continuous convex function on C(Q). Let S denote the solution set
of the following system of inequalities:

(5.13) @() <0, teq.

Then S is nonempty, since po is a Slater point for (5.13) as gi(po) = —1 for each
t € Q. Note also that, by definition,

(5.14) S={ueC(@Q): ut)eQ, foralteQ}.

Let G denote the sup-function of {g; : t € Q}:

(5.15) G(u) = sup g¢(u).
teqQ

In a lemma below, we will show that G is continuous and that, for each u € C (@),
the function ¢t — g:(u) is upper semicontinuous on Q. Granting these and applying
Theorem 2.1, we immediately obtain the following proposition.

PROPOSITION 5.1. Let P be a finite-dimensional subspace of C(Q), po € P, and
let {4 : t € Q} be a family of closed convex subsets of C such that (D1) and (D2)
are satisfied. Then the system (5.13) satisfies the BCQ relative to P at any point p
of PN S,

For each t € Q, e; denotes the point-valued functional on C(Q) defined by

(5.16) (et,u) = u(t) for all u € C(Q).

LEMMA 5.2. The function G and the set {g; : t € Q} defined above have the
following properties:

(i) for each u € C(Q), the function t — g:(u) is upper semicontinuous;

(i) the sup-function G(-) = SUp;eq 9¢(+) is continuous;
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(iii) for each u € C(Q), t € Q,
(5.17) Ogi(u) ={ae € C(Q)" : « € dq(u(t))}.
Proof. (i) Let v € C(Q) and let ¢ty € Q. By (5.7),

ge(u) = lgi(u()) = ge(u(to))] + g: (u(to)) = 1 < ~lu(t) — ulto)| + g:(u(to)) — 1.

Then, by Lemma 5.1(ii), we have that

(5.18) lim sup g (u) < limsup|gq(u(to)) — 1] = gz, (u(to)) = 1 = gr, (w)-

t—to t—to

Thus (i) is proved.
(ii) This follows from the inequalities

(5.19)  |G(u) —G(v)| < sup |9¢(u) — g:(v)] < sup |g¢(u(t)) = gr(v(®)] <Aflu =

for any u,v € C(Q), where the last inequality holds because of (5.7).

(iii) Tt is easy to check that Og:(u) contains the set on the right-hand side of
(5.17). To show the reverse inclusion, let u* € dg;(u). Then u* € C(Q)* and there
exists a complex Radon measure p with bounded variation on Q such that

(5.20) (u*,v) = / vdp  for allv e C(Q)
Q

(cf. [39, p. 350]). Write Q; = Q\ {t} and p = pg +ipr, where pg, ps are real Radon
measures on Q. Let E; C Q;, i = 1,2, be such that By UFEy = Q;, E1NEy =0, pg is
nonnegative on Fy, and up is nonpositive on Fy. Then |ug|(Q:) = pr(E1) — pr(Es).
For any € > 0, let F; C E;, i = 1,2, be closed and satisfy |ugr|(E; \ F;) < 5, i =1,2.
By Urysohn’s lemma, there exists a real continuous function w on @ satisfying ||w| <1
and

17 s € F17
w(s) = —]_7 CES FQ,
0, s=t.

Define v = w + u. Since w = 0 at ¢, g¢(w + u) = g¢(u), and hence

0=g:(v) — gi(u) > Re{u*,v —u) =Re /

v—u)dy = v—u)dup.
(= an /Q< ) dur

This implies that

(5.21) HR(F) = nr(Fy) < 5.
Consequently,
(5.22) (1r|(Qr) = pr(E1) — pr(E2) < pr(F1) — pr(F2) + g <e.

Hence, |pg|(Q:) = 0. Similarly, we have |pr|(Q:) = 0. Therefore 1 must be a point-
measure and hence u* = @e; with some a € C. Since u* € dgi(u), a € g (u(t)) and
(5.17) is proved. 0
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Let F(-,-) be any fixed function on Cx Q satisfying (C1)—(C3). Let f € C(Q), p* €
Pq. Following [21, 33, 34|, define

(6.23)  M(f)={teQ: [fOI=IfI}, B@)={teQ: p(t) € bd},

(5.24) o(t)=f(t) —p*(t) forallteqQ,

and, for each t € B(p*), let —7(t) denote the subdifferential of the convex function
F(-,t) at p*(t), that is,

(5.25) T(t) = —0F(-,t)|p=r) forallte B(p").

Thus o(t) € C and 7(¢) C C. Note that

(5.26) B(p*) ={t€Q: g:(p*) = G(p*) = 0};
that is, B(p*) is exactly the active index set for p* with respect to the system (5.13).
Furthermore, assume that P has dimension n and is spanned by, say, ¢1, ¢2, ..., 0n.

For each t € @, by abuse of notation, let c(t) C C™ be defined by

more precisely,

c(t) = {(nd1(t), .., ndn(t)) : n € 7(t)}.
Similarly, we define d(¢) € C™ by

Define
U= Jts,
where

Uy =A{d(t): te M(f—p)} and U= []J c(t)
teB(p*)

Note that, by continuity and compactness, i/; is compact. Furthermore, we have the
following lemma. We assume that F in (5.25) is the function F' given in (5.4).
LEMMA 5.3. U is compact in C™.
Proof. Note first that ¢t € B(p*) if and only if ¢ (p*(t)) = 1, where ¢; is given by
(5.6). Let {tx} C B(p*) be a convergent sequence with limit ¢9. By Lemma 5.2(i), we
have that

(5.27) qt, (" (t0)) > limksup q,, (p" (t)) = 1.

Since p*(ty) € (L, it follows that g, (p*(t0)) = 1. Hence ty € B(p*) and B(p*) is
closed. By assumption,

(5.28) Fz,t)=q(2)—1 forallzeC, teQ.
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Then, by Lemma 5.1(i), one can show (as in [21, Theorem 3.1]) that Us is compact
and so is U. O

Now we are ready to give the main theorem of this section, which gives char-
acterizations of the best restricted range approximation in C(Q). The properties
stated in (ii)—(iv) are standard and well known in approximation theory; see, e.g.,
[4, 5, 20]. Note that, by Remark 1.1, for any function F(-,-) on C x @ satisfying
(C1)—(C3), we have that

(5.29) cone OF (-, t)|p= 1) = No,(p*(t)) forallt € B(p*).

THEOREM 5.1. Let f € C(Q), p* € Pq. Then the following four statements are
equivalent:
(i) p* is a best restricted range approximation to [ from P with respect to {Q4};

(i)
(5.30)

max max Re (p(t)o(t)), max max Re (p(t)7) >0 or all p € P;
{tGM(fP*) (p( Jot )) teB(p*) TET(1) (p( ) )} f p

(iii) the origin of the space C™ belongs to the convex hull of the set U;

(iv) there exist sets {t1,...,tx} C M(f—p*), {t1,...,t;,} € B(p*), 7; € 7(t}), i =
1,...,m (14m < k+m < 2n+1), and positive constants A1, ..., Ag, Np, ..., A\,
such that the following condition holds:

)

m

k
(5.31) S o hip(ti)o(t:) + > Nip(;)7; =0 for allp € P.
i=1 j=1

Proof. Since the result is trivial in the case when f € Pg, we assume that f # p*.
By (5.29), we may assume, without loss of generality, that F' in (5.25) is simply the
function given by (5.28). Let ¢t € B(p*) and n € 7(¢). Then q,(p*(¢)) = 1; hence

(5.32)  —n € 9qu(p*(t) and —Re (po(t) — p"(1))7 < qe(po(t)) — a:(p"(t)) = —1.

Therefore, the case when k = 0 will not occur in (5.31) because otherwise (5.31) would
entail that

m

(5.33) > Xi(po —p*)(E))7; =0

Jj=1

(with p replaced by po — p* as P is a vector subspace) and (5.33) contradicts (5.32)
(applied to t = t; and i = 7}) as each A} > 0. Thus (iii)<=(iv) by Carathéodory’s
theorem (cf. [4] and [30, p. 73]). Also, since P is spanned by ¢1, ..., ¢,, it is easy to
verify that (ii) does not hold if and only if there exists z = (y1,...,7n) € C™ such that
Re (u, z) < 0 for all uw € Y. Thus, as U is compact by Lemma 5.3, (ii)<=>(iii) by the
linear inequality theorem (see [4]). To show that (i)<=>(iv), note that Py = P N S,
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where S denotes the solution set of the convex inequality system in C(Q) defined
by (5.13). By Proposition 5.1, this system satisfies the BCQ relative to P at p*.
By the implication (i)==(iv) in Theorem 3.1 and the fact that P is a vector subspace
containing p* (so Np(p*)|p = 0), the following statements are equivalent:

(i*) p* is a best approximation to f from PN S:

(v*) J(f — p*)p (N (5"l # 0.

Since (i) and (i*) are the same, it remains to show (iv)<=(iv*).

(iv)==(iv*). Suppose that (iv) holds. Without loss of generality, assume that
Zle A; =11in (5.31). Then Zle Xio(ti)er, € J(f —p*). By (5.17) and (5.32), each
—?jet;_ € 8gt; (p*) and so, by (5.26), Z;n:l /\;( - Fjet/j) € N'(p*). Therefore (5.31)
implies (iv*).

(iv¥)==(iv). Suppose that (iv*) holds. Then there exist v* € J(f —p*), w} €
8gt; (p*), and X; >0, j = 1,2,...,m, with each t; € B(p*) such that

(5.34) (v*,p) = Z Nj(wj,p)  for all p € P.
j=1

Set u* = v*/||v*||. Applying [31, Lemma 1.3, p. 169] to the real linear span of PU{ [},
there exist a positive integer [ (with 1 <1 < 2n + 2), [ extreme points uj, ..., u; of
the unit ball ©* of C(Q)*, and positive constants 3;, i = 1,2,...,1, with 22:1 B;i=1
such that

l
(5.35) (w,p) =Y Bi(uf,p) forallpePU{f}.
i=1

By a well-known representation of the extreme points of ¥* (cf. [31, p. 69]), there
exist some «; € C with |a;| =1 and ¢; € @ such that

(5.36) ul = ey, 1=1,2,...,1

By the definition of u*, ||u*|| = 1 and (u*, f — p*) = ||f — p*||; hence, by (5.35),
ti € M(f —p*) and o; = (f —p*)(t:)/|lf — p*||. Furthermore, by (5.17), for each j,

there exists o) € 6qt3 (p*(t;)) such that w} = o' jeyr. Therefore, (5.34) becomes

l m

(5.37) Zﬁga(tiﬂeti,p} = Z Niaj(ey,p)  forall p € P,
i=1 j=1
where 3] = ||v*||8:/||f — p*|| for each ¢ = 1,...,l. This implies that (iii) holds and so
(iv) holds by (iii)<=>(iv). The proof is complete. 0
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