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The y-conditions for vector fields on Riemannian manifolds are introduced. The y-theory and the
a-theory for Newton’s method on Riemannian manifolds are established under the y-conditions.
Applications to analytic vector fields are provided and the results due to Dedieu et al. (2003, IMA J.
Numer. Anal., 23, 395-419) are improved.
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1. Introduction

Newton’s method and its variants are among the most efficient methods known for solving systems of
non-linear equations when the functions involved are continuously differentiable. Besides its practical
applications, Newton’s method is also a powerful theoretical tool. Therefore, it has been studied and used
extensively. One of the famous results on Newton’s method is the well-known Kantorovich theorem (cf.
Kantorovich & Akilov, 1982) which guarantees convergence of Newton’s sequence to a solution under
very mild conditions. Another important result concerning Newton’s method is Smale’s point estimate
theory (cf. Blum et al., 1997, Smale, 1981, 1986 and 1997).

Newton’s method has been extended to finding numerically zeros of vector fields on Riemannian
manifolds, see, e.g. Edelman et al., 1998; Gabay, 1982; Smith, 1993, 1994; Udriste, 1994. Recent re-
search has focused on extensions of the Kantorovich theorem and Smale’s point estimate theory, see
Ferreira & Svaiter, 2002; Dedieu et al., 2003. Here we are particularly interested in the work due to
Dedieu et al. (2003). Let X be an analytic vector field on an analytic Riemannian manifold M. Let
p € M be such that DX (p)~? exists, and define

DkX(p) [T
1

DX ()~

7 (X, p) = sup
k=2

p

Write

B(X, p) = IDX(P)IX(p)Il and (X, p) = (X, p)y (X, p).

TEmail: cli@zju.edu.cn
*Email: wjh@zjut.edu.cn

(© The author 2005. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.



NEWTON’S METHOD ON RIEMANNIAN MANIFOLDS 229

Let ao = 0.130716944 . . . denote the unique root of the equation 2u = y (u)? in the interval (0, 1— 4),
where y(u) = 1 — 4u + 2u? foreachu € (0,1 — */TE). Set

1 2k—1
— = — 1.632843018 . ..
’ Z(z)

and

S = a > =0.103621842... ..
—0 0 D
o+ z//(a(xg) (1 + 1_t(77a0)
Then the main results in Dedieu et al. (2003) are as follows. For the definition of the geometrical constant
K p+ and of other undefined notations in the sequel, we refer to Dedieu et al. (2003), see also Sections 3
and 6.

THEOREM 1.1 Suppose that X(p*) = 0and let pp € M. If

2+ Kpe — /K2 +4Kp +2

2y (X, p*) ’

d(po, p*) < min ‘rp*,

then Newton’s method with the initial point pg is well-defined for all n > 0, and

2
THEOREM 1.2 Let pp € M be such that
B(X, po) < sorp, and  a(X, po) < ao. (1.1

Then Newton’s method with the initial point pg is well-defined for all n > 0 and converges to a zero p*
of X. Moreover,

-1
d(pn, p*) < (—) d(po, p*), n=0,1,2,....

1 2n—1
d(pn+1, Pn) < (E) B (X, po).

THEOREM 1.3 Suppose that X(p*) = 0, and let pg € M. If

R o
d(po, p*) < min [sor = —] , 1.2)
Py (X pY)
where (g = 0.069778332... is the smallest positive root of the equation ﬁ = qaoand § =
Sf_ao = 0.075262346. . ., then Newton’s method with the initial point pg is well-defined for all
ot
n >WO,0and

2

The y-conditions for non-linear operators in Banach spaces were first introduced and explored by
Wang & Han (1997) for the study of Smale’s point estimate theory. The purpose of the present paper is to
extend the notion of y-conditions to the case of vector fields on Riemannian manifolds and to establish
the y-theory and the a-theory of Newton’s method on Riemannian manifolds under the y-conditions.
In particular, when the results obtained in the present paper are applied to the special case when the

2n—1
d(pn, p*) <o (—) d(p1, po).
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vector field X is analytic, Theorem 1.1 becomes a direct consequence, while Theorems 1.2 and 1.3
are improved in such a way that the criteria (1.1) and (1.2) in Theorems 1.2 and 1.3 are, respectively,
replaced by the weaker conditions (1.3) and (1.4) below:

13 — 3417
B<@—VDry and a=py < = ~ 0157671 (1.3)
and
d(po, p*) < min {tor o (1.4)
pO,p 0 pay(x’ p*) s .
where g = 0.0776121 .. . is the smallest positive root of the equation —2— = 13=3V1T \yhile t; =
0.305332 v *

2. Notions and preliminaries

We begin with some basic notions and notations. Most of them are standard, see, e.g. Boothby, 1986;
DoCarmo, 1992; Lang, 1995. Let M be a real complete m-dimensional Riemannian manifold. Let p €
M and let ToM denote the tangent space at p to M. Let (-, -) be the scalar product on TpM with
the associated norm ||-|| o, where the subscript p is sometimes omitted. For any two distinct elements
p,q € M, letc: [0,1] — M be a piecewise smooth curve connecting p and g. Then the arc-length of
c is defined by I (c) := fol |Ic/(t)]| dt, and the Riemannian distance from p to q by d(p, q) := infcI(c),
where the infimum is taken over all piecewise smooth curves c: [0, 1] — M connecting p and g. Thus,
(M, d) is a complete metric space by the Hopf—Rinow theorem (cf. Boothby, 1986; DoCarmo, 1992;
Lang, 1995).

For a finite-dimensional space or a Riemannian manifold Z, let Bz(p,r) and Bz(p,r) denote,
respectively, the open metric ball and the closed metric ball at p with radiusr, i.e.

Bz(p,r)={qe Z:d(p,q) <r},
Bz(p.r)={qe Z:d(p,q) <r}.

In particular, we write, respectively, B(p, r) and B(p, r) for Bm(p, r) and Bym(p, r) in the case when
M is a Riemannian manifold.

Noting that M is complete, the exponential map at p, i.e. exp,: TpM — M, is well-defined on
TpM. Furthermore, the radius of injectivity of the exponential map at p is denoted by rp,. Thus, exp,, is
a one-to-one mapping from Br,m (0, rp) to B(p, rp). The following proposition gives the relationship
of the radii rp and rq, see Dedieu et al., 2003, Lemma 4.4.

PROPOSITION 2.1 Let p,q € M. Then

rp—d(p,q) <rq.

Recall that a geodesic in M connecting p and q is called a minimizing geodesic if its arc-length
equals its Riemannian distance between p and g. Note that there is at least one minimizing geodesic
connecting p and g. In particular, the curve c: [0, 1] — M is a minimizing geodesic connecting p and g
if, and only if, there exists a vector v € TpM such that [lv]| = d(p, q), g = exp,(v) and c(t) = exp,(tv)
foreacht € [0, 1].

Let V denote the Levi—Civita connection on M. For any two vector fields X and Y on M,
the covariant derivative of X with respect to Y is denoted by VyX. Define the linear map
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DX(p): TpM — TpM by
DX(p)(w) = VyX(p) Yw e TpM,

where Y is a vector field satisfying Y (p) = w. Then the value DX (p)(w) of DX (p) at w depends only
on the tangent vector w = Y(p) € TpM since V is tensorial in Y. Let c: R — M be a C* curve and
let P;,... denote the parallel transport along ¢, which is defined by

Pcac(b),c(a) (l)) = V(C(b)) Va, b (S R and NS Tc(a)M,

where V is the unique C* vector field satisfying V)V = 0and V(c(a)) = ». Then, forany a, b € R,
Pe,c(b),c(a) is an isometry from Te@) M to Tepy M. Note that, for any a, b, by, b, € R,

Pe.c(by) (o) © Peotbr).o@ = Peotby)o@  and  Piop o = Pe.cta).c)-

In particular, we write Py p for P g, p in the case when c is a minimizing geodesic connecting p and g.

Let X be a C! vector field on M and let pp € M. Following Ferreira & Svaiter (2002), Newton’s
method with the initial point po for X is defined as follows.

Prt1 = eXp, (—DX(pn) "' X(pn)). n=0,1,2,.... (2.1)

The y-conditions for operators in Banach spaces were first presented by Wang & Han (1997) for
the study of Smale’s point estimate theory. In the following, we extend this notion to the case of vector
fields on a Riemannian manifold M. Let k be a positive integer. We first define the notion of kth covariant
derivatives.

DEFINITION 2.1 Let {Y1,..., Yk} be a finite sequence of vector fields on M. Then, the kth covariant

derivative of X with respect to {Y1, ..., Yk} is denoted by V;‘Y_ Jk X and is defined inductively by
Hi=1

{YikiZ1
DEFINITION2.2 Letp e M and (v, ...,0k) € (TpM)k. Let {VY1,..., Yk} be afinite sequence of vector
fields on M such that i (p) = v; foreachi = 1, ..., k. Then, the value of the kth covariant derivative

of X with respect to {Y1, ..., Yk} at p is denoted by
DEX(p)o1vz - -vk = VE, « X(p).
{Yiti_q

Note that DkX(p)vlvz -+ vk only depends on the k-tuple of vectors (v1, ..., vk) since the covariant
derivative is tensorial in each ;.

Clearly, by Definition 2.2, the kth covariant derivative D¥X (p) at a point p is a k-multilinear map
from (TpM)X to T, M. We define the norm of DK X (p) by

IDKX ()1l p = sup ID*X(p)v1vz - - - vkl ps 2.2)

where the supremum is taken over all k-tuples of vectors (v1, ..., vk) € (TpM)k each with Jloj || = 1.
Letr > 0and y > Obesuchthat yr < 1. Also let k be a positive integer. Throughout the paper, we
always assume that X is a C2 vector field on M.
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DEFINITION 2.3 Let gg € M be such that DX (go) ~ exists. X is said to satisfy the k-piece y-condition
atqo in B(do, ), if

HDX(QO)_l Poo.q1 © Pav.a © +++ © P10 D X (@) H s k . 3 ®9)
(1 ~y > d@i-1, Qi))
holds for any k points o, 0, .. ., Ok € B(qp, r) satisfying z!;l d(@i-1,q) <Tr.
REMARK 2.1
(i) The (k 4 1)-piece y-condition at g implies the k-piece y-condition at gg in B(qp, I ).
(i) Let b denote the bound of ||DX(do) " Pgy.q © Pap,gs © -+ © Poes,qD?X(@)]| on B(gp,r).

Then it is easy to see that X satisfies the k-piece l5’—condition at go in B(qp, r). It follows that

70 < % if yo is the minimum of y > 0 such that X satisfies the k-piece y-condition at qg in

B(do, ).

The following two lemmas will be used later. The first one is stated in Ferreira & Svaiter (2002,
p. 308) while the second one is its consequence.

LEMMA 2.1 Letc: [0,1] — M be a geodesic and Z a C! vector field on M. Then

t
Pe.c0).c0 Z(c(t)) = Z(c(0)) + /0 P06 (DZ(C(8)C(S)) ds.

LEMMA 2.2 Letc: [0,1] — M be a geodesic and Y a C* vector field on M. Then

t
Pe.c(0).ctyDX(c(t)) Y (c(t)) = DX(c(0))Y(c(0)) + /0 Pe.c(0).c(5) (D?X(C(9) Y (C(9))C'(5)) ds.  (2.4)

In particular,

t
Pe.c(0),cty DX (c(t))c’(t) = DX(c(0))c'(0) + /0 Pe.c(0).c(s) (D2 X (c(9))(C'(5))?) ds. (2.5)

Proof. Clearly, (2.5) is a direct consequence of (2.4). Thus, we only need to show (2.4). Let Z = Vy X.
Then Z is a C! vector field on M and Lemma 2.1 is applicable. Hence,

t
Poc).c) Z(C(1)) = Z(c(0)) + /0 Po.c(0).c(9 (DZ(C(S))C(9)) ds.
Since
DZ(c(s))C(s) = D(DX(c(S)) Y (c(8)))C'(S) = D*X(c(3)) Y (c(S))C (),
(2.4) follows and the proof is complete. O

Finally, we state a lemma, which will play a key role in this paper. This lemma is true for the general
case although it is stated and proved for the special case when k < 2. For simplicity, we use the function
v defined by

yU):=1—4u+2u%, ue [o, 1-— “/TE) (2.6)

Note that y is strictly monotonic decreasing on [0, 1 — 4).
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_\2
LEMMA 2.3 Letr < : yz and let k < 2. Let go € M be such that DX (go) ! exists. Suppose that X

satisfies the k-piece y-condition at go in B(qo, r). Then, for each point q € B(qo, r), DX(q)~? exists,
and for any k — 1 points g1, gg, . . ., Ok—1 in B(Qp, r) satisfying Z!‘:—& d(@,gi+1) <,

k-1 2
(1 -7, d(qi,qi+1))
y (V Z::; d(ai, Qi+1))

) 2.7

HDX(Q)_l Pa,am-1 © " © Pap,a1 © Pay,q0DX (o) H <

where gk = Q.

Proof. We only prove the lemma for the case when k = 2 because the proof for the case when k = 1
(and for the general case) is similar. By the Banach lemma, to complete the proof, it is sufficient to
show that

”DX(qO)_l Poo.ar © Pay,qDX(@)Pg,q; © Pgy,q0 — IquM ”
1
5 < 1
1 —y(d(qo, q1) + d(a1, @)

because Pyy,q, and Py, q are isometries, where I, v is the identity on Tg, M. To verify (2.8), letv €
TeeM. Let 01 € TgyM and v2 € Ty, M be such that the curve ci(t) = equo(tvl),t e [0,1], is
a minimizing geodesic connecting o and g; and that the curve c(t) = expy, (tv2),t € [0,1], is
a minimizing geodesic connecting g; and g. Note that there exist vector fields Y7 and Y, such that
Y1(€1(0)) = v, D¢ 1y Ya(c1(t)) = O, Y2(c2(0)) = Pey,qy.q00 and Dc’z(t)YZ(CZ(t)) = 0. Then we apply
Lemma 2.2 to conclude that

< -1+ i (2.8)

DX (00) ™" (Pe;,q0,00 DX (G) Y2 (C1(1)) — DX (o) Y1 (c1(0)))
1
— DX(go) " /0 Pay.o.00(51D2X (€1 () Y1(C1(8))C (5) ds (2.9)

and

DX(QO)_l Pet,q0.q1 (Pcz,ql,qDX(Q)YZ(CZ(l)) - Dx(p)YZ(CZ(O)))
1
= DX(00) " Pey.qo.n /0 Pey.q1.c2(9D? X (C2(9)) Ya(C2(8))Ch(S) ds. (2.10)
Hence, in view of (2.3) (with k = 1, 2, respectively), we have that

DX (@) (Pey0.0:DX (@) Ya(€1(1)) — DX (G0)Ya (c1(0)) |

1
< DX (q0) ™" Pey.ap.cy(9yD? X (C1(9)) | I Ya(Ca(s) Il cy(S) Il ds
0

/ B i ds 2.11)
— —_— || D .
o @—ysfoan3
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and
DX (@)™ P g0 (Pean aDX (@Y (C2(1) = DX (PIVa(c2(0) |
1
- /o HDX(qO)_lp"l’M © Peo.a1.c2(9 DX (©2(9)) H IY2(c2(9) 15 (9) | ds
1 2)/
) ds. 2.12
/o @7 (ol + slozye V2l ds 2.12)
Since

(DX(QO)_l Pgo,az © Pay,aDX(A) Py, © Poy,a0 — ITqOM) v

= DX(G0) " Pey. 0.1 [ Por.1.aDX (@) Y2(C2(1)) — DX (1) Y2(C2(0))]
+ DX (00) ™ [ Per,qo,c DX (@) Ya (€1 (1)) — DX (do) Y1 (c1(0))], (2.13)
it follows from (2.12) and (2.11) that

H (DX(QO)_lpqo,ql © Pay.qDX(Q)Pa.q © Poy.qo — IquM) UH

</1 2 ol ||ols+/1 27 olioslds
< oo — v |lllv
o L=y (vall + sl " o @—ysford Mt
1
=(-1+ )nun,
( (1 -y (d(go, q1) + d(qu, 9)))?

where the last equality holds because [lo1]| = d(qp, g1) and |jvz]l = d(ds, q). As v € T, M is arbitrary,
(2.8) follows. O

(2.14)

3. Generalized y-theory

Recall that X is a C? vector field on M. Let p* € M be such that DX (p*)~! exists. The approach
for the generalized y-theory in this section depends on the geometrical number K - while the approach
independent of Ky« will be considered in Section 5. The K- is related to the sectional curvature at
p* € M and is defined by

d(expq(w), expy(v))

llw—="0llq

Kp+ = sup (3.1)

where the supremum is taken over all g € B(p*, rp), and v, w — v € By,m (0, rp+) with w # v, see
Dedieu €t al., 2003.
REMARK 3.1

(1) Kp- measures how fast the geodesics spread apart in M. In particular, if w = 0 or more generally
if w and o are on the same line through 0, then
d(expg(w), expy(v)) = llw — vllg.
This means that Kp: > 1.
(2) In the case when M has non-negative sectional curvature, the geodesics spread apart less than
the rays (cf. Dedieu et al., 2003) so that

d(expg(w), expg(v)) < [lw — vllq
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and consequently K+ = 1. Examples of manifolds with non-negative sectional curvature are
given in Dedieu et al. (2003).

The main theorem of this section gives an estimate of the radius of the convergence ball around
the zero of X for Newton’s method. Recall that v is defined by y(u) = 1 — 4u + 2u? for each u €

[0,1 - ¥2).
THEOREM 3.1 Let

Kpr +4 — /K5 +8Kp +38

fc= 2 and r =min{rp,re}. (3.2)

Suppose that X (p*) = 0 and that X satisfies the one-piece y-condition at p* in B(p*, r). If d(po, p*) <
r, then Newton’s method (2.1) with the initial point pg is well-defined , and

d(pn, p*) < 22" 1d(po, P), (3.3)

forn=0,1,2,..., where
_ Kpryd(po, p*)

_ < 3.4
w (yd(po, P*)) .
Proof. By (3.2),
K pr +4—\/m Ko +4 — (Kps
yre= P K td-Kp+y V2 (3.5)

4 4 2

Then yd(po, p*) < yrc < 1—4. Since the function y is strictly monotonic decreasing on [0, 1—4),
it follows that
_ Kp+yd(po, p*) - Kpyre _
w(yd(po, p¥))  w(yre)

Below we will show that (3.3) holds for each n = 0,1, ... by induction. Clearly, it is trivial in the
case when n = 0. Now assume that (3.3) holds for n. Note that, for each n = 0,1, ..., (3.3) implies
pn € B(p*, r). Then, by (3.5), we have

(3.6)

V2
2

d(pn: p*) <rlc¢ < y

Hence, Lemma 2.3 is applicable (with k = 1). It follows that DX (pn)~* exists and

_ *1\2
< (1 —yd(pn, p*)) . 3.7

w (yd(pn, P*))

Thus, pny1 is well-defined. Consequently, to complete the proof, it remains to verify that (3.3) holds for
n + 1. To do this, letv € Tp+M be such that pn, = expy. (v) and [[o]| = d(pn, p*). We claim that

|DX(Pr) ™ Py, p DX (")

yd(pn, p*)?

S LA 3.8
w(yd(pn, p*)) (38)

H_Dx(pn)_1X(pn) — (=Ppn.pr0)
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In fact, since the curve c(t) := exp.(tv), t € [0, 1], is the minimizing geodesic connecting p* and pp,

by Lemma 2.1, we have that

1
Pe.pr.p X (Pn) — X(p*) = /0 Po.pr.o(r) DX (c(1))C(¢) dr.

Also, by Lemma 2.2,

1
DX (pn) Po.po.pr0 — Po.pr.o(ey DX (C(£))C (r) = / Pe.pr.c(6) D2 X (C(8) (€ (5))2 d.

Hence, the two equalities above imply that

— DX (pn) "X (pn) = (=Ppn,p0)

= —DX(Pn) ™" Pe,pn, p* (Pe.pr, pn X(Pn) = X(P")) + Pe,py, po
1
— DX(pn)t /0 (DX(P) Pe. 0 — Pe.pr.cte) DX (€(2))€ (1)) dr
1 1
— DX(pn) 1P gy /0 | e DX (e(9) (¢ 9 ds
Consequently, by (3.11), (3.7) and (2.3) (with k = 1), we obtain that
|-DX(P) X (o) = (~Ppn, )|

< |DX (o)™ e, pr DX (PY)

(1 —yd(pn, p*))? /1 /1 2y ,
< d ’ * der
l//(}’d(pn, p*)) 0 Jr (1 — ysd(pn’ p*))3 (pn p )
yd(pn, p*)z

~ w(Gd(pn, P
This shows that (3.8) holds and hence

| =DX ()™ X (pr) = (=Ppy prv) | < 2d(pn, p) < -

On the other hand, since

”—Pc,pn,p*v | = [lo|l = d(pn, P*) < Ips,

in view of the definition of K5« and (3.8), one gets that

i Kpeyd(pn, p*)?
( Ppn ( (Pn) (Pn)), €Xpy, ( €. Pn. P v)) w(yd(pn, p*))

1 1
/0 / IDX(p") 1P .o DX (¢(9)) (€ (82 ds e

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)



NEWTON’S METHOD ON RIEMANNIAN MANIFOLDS 237

As pni1 = exp, (DX (pn) "t X(pn)) and p* = exp,,. (— Pe,p,.p0), (3.15) means that

n_1\2 "
Kpeyd(pn. p)? _ Kpy (2% =17 d(po, p*)?

< = 22" =1d(pg, p*).
v d(pns P)) v (7 d(po, ) (Po. P*)

Therefore, (3.3) holds for n + 1. O

4. Generalized a-theory

The majorizing function h, which is due to Wang (1999) and Wang & Han (1990), will play a key role
in this section. Let # > O and y > 0. Define

yt2 1
hit)y=p—t+-—-———, foreach0 <t < —. (4.1)
l—}/t Y

Let {t,} denote the sequence generated by Newton’s method with the initial value tg = 0 for h, i.e.
ther = th — W (t) "th(ty), foreachn=0,1,.... (4.2)

Then we have the following proposition which was proved in Wang (1999) and Wang & Han (1990).
PROPOSITION 4.1 Suppose that « = y 8 < 3 — 2+/2. Then the zeros of h are

14+a—+(1+0a)—8a : 1+a+ V(1 +a)?—8a
= s 2:

r 4.3
1 1 " (4.3)
and they satisfy
1 1\1 1
pens (1)< (1- )T <<y (4.4)
V2 V2 /]y 2y
Moreover,
1— 'u2n—l
th=-——5+—T"1 (4.5)
"1y
and
(1-u?") VA +a)?—8a 1
t —th = , n=0,1,..., 4.6
n+1 n 20 (1 — ﬂﬂzn_l) (1 — ’7/12n+l_1) nu B (4.6)
where
1—a—V(10+a)—8a
"= ) (4.7)
1—a++v(1+a)?—8a
and
_1+a—\/(1+a)2—8(x .9)

n= .
1+a++/(1+a)?—8a

Lemma 4.1 was shown in Wang (1999) and Wang & Han (1990). However, here we give a direct
and simpler proof of this lemma.
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LEMMA 4.1 Suppose that a < 3 — 2+/2. Then

(1- ,uzn) V@ +a)?—8a

<1, n=0,1,.... 4.9
20[ (1 _ 17/42"_1) (1 _ nﬂ2n+1_1) ’7 ( )

Proof. Let
1-u?") VA +a)?—8a

T 20 (L= qu? ) (L= guy) "

> 1, one has that

Since 0 < 5 < 1and yu~1t

an  1—u” 1 (uhHe® P e w L
an_1 - 1— n#2n+1_1 1— luzn—l ~ 1— #2n+1_1 1— qun—l N~
Hence, ot
8 <an-1<---<a= 1; 0=1
and (4.9) follows. O

Recall that X is a C? vector field. In the remainder of this section, let py € M be such that DX (pp)~*
exists, and define

B = IDX(po) *X(po)ll, o =ypp.

THEOREM 4.1 Let
B<@2=V2)ry and a=pfy <3-2V2.

Suppose that X satisfies the two-piece y-condition at pg in B(po, r1). Then Newton’s method (2.1) with
the initial point pg is well-defined and the generated sequence {pn} converges to a zero p* of X in
B(po, r1). Moreover,

(1- yzn) V@ +a)?—8a
a (1 _ 77/12”_1) (1 _ nﬂ2n+1_l)
foralln=0,1,2,..., where u and 5 are given by (4.7) and (4.8), respectively.
Proof. Recall from (2.1) that

nu?"=d(pr, po), (4.10)

d(pn+t1, pn) < >

Pni1 = expy (=DX(pn) " X(pn)), n=0,1,.... (4.12)

Let
on = —DX(pn) "t X(pn). (4.12)

We will use induction to prove that
d(Pn+1, Pn) = llonll < thp1 —tn (4.13)
holds foreachn =0,1,....Sincety =0,t; = S, [logll = f < rp, and py = eXpp, (00),

d(p1, po) = llvoll < t1 —to.
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Therefore, the result is clear for the case when n = 0. Assume that

d(pns1, Pn) = llonll <thg1—th, n=0,1,..., k=1 (4.14)
Then, we have
k-1 k-1 12
d(p, po) < Zd(pn+l, Pn) < (tht1—th) =t < < y (4.15)
n=0 n=0

Hence, DX (pk) ™! exists by Lemma 2.3 and py41 is well-defined. Furthermore, by (2.7) (with k = 2),
we have that

1— 7 @(Pe1, Po) + d(Pe Pe1))’

_ (
[PX (P07 Pocpcs o Pocsn@X(Po)| < =G, S o peyy 19
e mw? 1
Since = = h/(%’),ltfollowsthat
|DX(PO™ Papis © P DX (P0)| < = (d(pi1, po) +d(Pr, i) ™
< —h(t~ (4.17)

Y
c(t) :=expp,_, (tok-1), te][0,1].

By (4.14), d(pk, Pk=1) = llok—1]l; hence, c is the minimizing geodesic connecting pk—1 and pk. Using
Lemma 2.1, we obtain that

Pe, pee1, e X (k) = Pe, pe_, pe X(Pk) — X(Pr—1) — DX(pk—1)vk-1

1
Z/o (Pe, pi1.c(r) DX (€(2))€ (7) — DX(pr—1)vk-1) dz. (4.18)

because h’(t) is monotonic increasing on [0,

). Define the curve

By Lemma 2.2, it follows that
P, pk,l,c(r)DX(C(T))C/(T) — DX(pk-1)vk—1 = /O P, pk,l,c(s)DZX(C(S))(C/(S))2 ds. (4.19)
Note that h”(u) = (Z—V hence by (4.18), (4.19) and (2.3) (with k = 2), we get that

1—yu)3’

”DX(pO)_l Ppo. k-1 © Pe, it pe X (Pk) ”
1 T
</
0 Jo

1 T
< / / 0 (et + Slloks D lokr |2 ds dz
0 0

DX (o)™ Ppy,pes © Pe.pe1.09D2X (€(9) | 1€/ (9) I ds e

1 T
< / / W (et + S(t — k1)) (t — te_)? dsde
0 0

=h(tx) — h(tk—1) — h'(tk—1) (tx — tk—1)
— h(ty), (4.20)
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where the last equality holds because —h(tk—1) — h'(tk—1)(tk — tk—1) = 0 by (4.2) (with n = k).
Therefore, (4.17) and (4.20) imply that

IPX(PO™ X (P < |DX(PO™ Po.picpcs © Py, ;DX (po)|

x | DX (o) ™ Py, pcs © et p X (PO
< =N ()" h(t)
= tkt1 — .
Hence, in view of (4.12),
lloll = IDX (PO~ X (PO < b1 = tic (4.21)
Asp < (2— ﬁ)rpo, it follows from (4.4) that ry < rp,. Thus, (4.15) and (4.21) yield that

lokll +d(pPk, Po) < tk1 <1 < rpg.

This, together with Proposition 2.1, implies that

”Uk” < Mpy — d(pk: pO) < Moy

Since pky1 = eXP (vk), it follows from the definition of rp, that d(pk+1, Px) = llokll. Hence, itis seen
that (4.13) holds for n = k thanks to (4.21). Combining (4.13) and (4.6), we get (4.10) and complete the
proof. O

By (4.9), we arrive at the following corollary.
COROLLARY 4.1 Let
B<Q2—=v2rp and a <3-2V2.

Suppose that X satisfies the two-piece y-condition at pg in B(po, r1). Then Newton’s method (2.1) with
the initial point pg is well-defined and the generated sequence {pn} converges to a zero p* of X in
B(po, r1). Moreover,

d(pl’H—ls pn) < #Zn_ld(pla po)a n= Os 19 ey
where x is defined by (4.7).

5. Alternative formulation of the generalized y-theorem

This section will provide an alternative formulation of the generalized y-theorem, which is independent
of the geometric number K p-. Recall that X is a C? vector field on M and that p* € M is such that
DX (p*)~1 exists. Recall from (2.6) that the function y is defined by

2
yU=1—-4u+20°, ue [0,1—“/7—).

The following lemma estimates the value of the quantity [|DX(pg) ™1 X (po)|l, which will be used in
the proof of the main theorem of this section.
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_\2
LEMMAS5.1 Letr < * yz and let pp € B(p*, r). Suppose that X satisfies the one-piece y-condition at

p* in B(p*,r). Then DX (o)~ exists and

1—
IDX (po) "X (po) | < Wl)’d(po, p*). (5.1)

where u = y d(po, p*).
Proof. By Lemma 2.3, DX(pg)~?! exists and

-1 * (1 - u)Z
|DX (PP p DX (1) | < = (5:2)
Below, we will show that
-1 d(po, p*)
[DX(p") 2Py, X (po)| < e (5.3)

Granting this, by (5.2), we have that

1—-u
wxy—1 *
DX ()P g X (po)| < o dltpo, )
and so (5.1) is seen to hold. To verify (5.3), let c: [0, 1] — M be a minimizing geodesic connecting
p* and po. Then there exists v € Tp+M such that |jo]| = d(po, p*) and c(t) = expp.(tv) for each
t € [0, 1]. Observe that

IDX(p) ™ X(Po)ll < |DX(po) ™ Py, DX (P")

Pe, p*, po X(P0) = Pe,p*, po X(Po) — X(p*) — DX(p*)o + DX(p*)o

1
=/ Pe, p*.c(r)DX(c(7))C (z) dr — DX (p*)o + DX(p*)o
0

1 T
= / / Pe. p.c(5)D? X (c(8))C (s)? dsdz + DX (p*)o, (5.4)
0 0

where the second equality holds because of Lemma 2.1 while the third equality is valid because of
Lemma 2.2. Thus, by (2.3) (with k = 1),

1 rt
DX (0 PeprmX(po)] < [ [ IDX(P) P DX (e(E)E (97 dsdl + o]

Loe 2y 2
< —————|lv[|“dsdz + [|o||
/0 /o 1L —sylol)?

_ d(po, p*)
- (1-u

and hence (5.3) holds. O
Let ugp = 0.080851. .. be the smallest positive root of the equation

_W(‘j; Z=3- 24/2. (5.5)
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Also, let
2—4/2
to = ﬁ =0.305332..... (5.6)
2= V2+ )
Then
1—up tp
=2-V2. 5.7
w(Uo) 1 —to &7
Recall that u = y d(po, p*) and g = DX (po) "X (po)|l. Furthermore, set
! and a = f7y.

7= W=

THEOREM 5.1 Let

2—ﬁ]

r = min ‘t r uo} and 7 =minir
= O *’ —_— prm *’
Py 2y

Suppose that X(p*) = 0 and that X satisfies the three-piece y-condition at p* in B(p*, 7). If
d(po, p*) < r, then Newton’s method (2.1) with the initial point po is well-defined and

d(pn, P*) < o ()% ~*d(p1, o),

where
. l-a—-y(1Q+a)?-8a
i=——C 1) - 5 (5.8)
l—a++v/A+a)?-8a

and
o= (W™ (5.9)
n=>0
Proof. By Lemma 5.1, DX (po)~* exists and
§ = IDX(po) X (po)ll < (o, pry = LY (5.10)
(7 R pu) y '
Then y U
_ _ 0
G=B7 < —— < ——=3-22 5.11
Prs S = Yoy G

- . . - . 2
is strictly monotonic increasing on [0, 1 — %) Let

1+a —‘/(1+&)2—85¢. (5.12)

r =
1 47

because the function u —» —*—
w(u)

Then, by (4.4),
ﬁ<r‘1<(l+%)ﬁ<(l—%)% (5.13)
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thanks to (5.11). Since d(po, p*) < torp- and the function u — 1(J‘) is strictly monotonic increasing
on[0,1— */75), by (5.10), we have that
p izt ! oA = 2= V2 A~ tor (5.14)
Syl 1- e v '
thanks to (5.7). Hence, by (5.13),
f1 < (1—to)rp:. (5.15)
By Proposition 2.1,
Mo < rpg +d(po, P*) < rpy +torps. (5.16)
Therefore,
Mo
P 5.17
T S T4 (5.17)
Thus, (5.14) implies that
B<@2=V2)rp,. (5.18)

Then, in order to ensure that Corollary 4.1 is applicable, we have to show the following assertion: there
exists f > 1 such that X satisfies the two-piece y -condition at pg in B(po, ).
For this purpose, let

o . . 2—2 .
f =r—d(po,p)=mm[rp*,—]—d(po,p )- (5.19)
We claim that f is the number desired. First, we have that
f>r. (5.20)

In fact, if 7 = rp+, then
f=rp—d(po, p*) = (1 —to)rp- >y;

iff = 2 fthen

_ V2 _
1 2_22(1_£)M=(1_£)E .
Y

y 2 Y 2 )y

WV

Therefore, (5.20) is proved. Next, we have that X satisfies the two-piece 7 -condition at pp in B(po, ).
Indeed, for any two points p, g € B(pp, ') with

d(po, p) +d(p,q) <f (5.21)

since X satisfies the three-piece y-condition at p* in B(p*, ) and d(p*, po) + d(po, p) +d(p,q) < T,
we obtain that

2y
(1 — y(d(p*, po) +d(po, p) + d(p,)))*"

|DX(P) ™ Py, © Ppo,p 0 PpgD?X (@) < (5.22)
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Consequently, using Lemma 2.3 (with k = 1) and (5.22), we conclude that
HDX(pO)-lleO,p o Pp.qD?X(p) H

= | DX (P0) Py, p DX (p)
(1 —u)? 2y
y(u) (1—y(d(p*, po) +d(po, p) +d(p,q)))3
2y (1—u
y(U(L—u) (1 —u—y(d(po, p)+d(p,q))?3
2y
) 3

(1= 5 (d(po, p) +d(p, 0)))

2y

) 3

(1 - ywis ©@(po, P) + d(p, 0)))
_ 2y

(1 = 7(d(po, p) +d(p,)))?
because 0 < w(u) <1l forallu € (0,1 — %E). Therefore, X satisfies the two-piece y -condition at
Po in B(po, ) and the assertion holds. Thus, we apply Corollary 4.1 to conclude that the sequence

{pn} generated by Newton’s method (2.1) with the initial point py converges to a zero q* of X in
B(po, 1) and

[DX(P") Py, © Pa.p @ PpgD?X(@ |

<

d(pn+la pn) g (ﬁ)zn_ld(pl’ po)a n= 09 l’ 2) e (523)

To complete the proof, it remains to verify that p* = g*. To this end, let v € Tp-M be such that
q* = exp,.(v) and [o]| = d(p*, g*). Then the curve c defined by c(t) = expp.(tv),t € [0,1], isa
minimizing geodesic connecting p* and g*. As ¢'(t) = P ¢(t), p+, it follows from Lemma 2.1 that

1
(/O DX(p*)~* Pe, p*.cty DX (c(t)) Pe c(t), pr dt)l) = DX(p*)_l[Pc’ pr.q* X(Q%) — X(p“)]
=0. (5.24)
We claim that fol DX(p*)~1 Pe, p*,ctH DX (C(t)) Pe c(t), p+ dt is invertible. Granting this, (5.24) implies

that o = O and so p* = g*. Leto € Tp-M and let Y be the unique vector field such that Y(c(0)) = o
and D¢ )Y (c(t)) = 0. By Lemma 2.2, one has that

1
/O DX(p*) X [Pe.pr.otty DX (€(t)) Ps.ot. 5+ — DX (p")] dt

1 gt
=/ / DX(p*)‘lPC,p*,C(S)DzX(c(s))Y(c(s))c/(s)dsdt. (5.25)

0o Jo

Note that, by (5.19) and (5.20),
d(@*, p*) < d@*, po) +d(po, p*) < 1+ d(po, p*) < F +d(po, p*) =T. (5.26)
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This implies that d(c(s), p*) < f for each s € (0, 1). It follows that, for each s € (0, 1),

2y )
d(p*.q" 5.27
(1—ysd(p*’q*))3 o]l (p ,q ) ( )

since X satisfies the three-piece y-condition (and therefore the one-piece y-condition) at p* in B(p*, ).
Consequently, by (5.25) and (5.27),

IDX(p*) ™ P, p.c(5)D? X (c(9)) Y (c(9))C'(9) | <

1
”/ DX(p*) ™ [Pe.pr.cty DX (C()) Pe oty pr — DX(p*)]o dit

—_ 1 5
((1— yd(p*, g*))? ) ol
< lofl, (5.28)

where the last inequality follows from (5.26) and the fact that I < z;f Hence,

< 1.

1
H/O DX(p*) " [Pe, pr.cty DX(C(t)) Pe ey, pr — X(p™)] dt
By the Banach lemma, the claim holds and the proof is complete. O

6. Application to analytic vector fields

Throughout this section, we shall always assume that M is an analytic complete m-dimensional
Riemannian manifold. Let p € M. Recall from Boothby (1986) and DoCarmo (1992) that a vector
field X is said to be analytic at p if there exists a local coordinate system (U, {x'}) of p and m analytic
functions X': U — R,i =1,2,..., m, such that

m ) a
I
Xlu=> X Pk
i=1

Then the vector field X is analytic on M if it is analytic at each point of M.
In the remainder of this section, we assume that X is analytic on M. Let p € M be such that
DX (p)~! exists. Following Dedieu et al. (2003), we define
1
DKX(p) [
k!

DX(p)~* (6.1)

7 (X, p) = sup

k>2 p
Also we adopt the convention that y (X, p) = oo if DX(p) is not invertible. Note that this definition
is justified and in the case when DX (p) is invertible, by analyticity, y (X, p) is finite. The following
Taylor formula for vector fields can be found in Dedieu et al. (2003).
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LEMMA 6.1 Letr = min {rp, ﬁ} Letq € B(p,r)and v € TyM be such that g = expp(v). Then

1
X(q) = Pq,p(zﬁokx(p)vk).

k=0
Taking the Ith covariant derivative in Lemma 6.1 gives the following corollary.

COROLLARY 6.1 Under the same hypotheses as in Lemma 6.1, for any | > 0, we have

— 1
D'X(q) = Pq,p(ZEDk'HX(p)vk P
k=0
where P}, , stands for the map from (TqM)' to (T,M)' defined by

Pbq®1, ..., 0) = (Ppq1,..., Ppqu) ¥ (v1,...,0) € (TyM)'.

The following two lemmas were given in Dedieu et al. (2003). Let o € M be such that DX (qo) !
exists.

LEMMA 6.2 Let|r| < 1and let k be a positive integer. Then

- K+D! 1
KT (1 —r)k+l”

1=0
LEMMA 6.3 Letu = y (X, go)d(p, Go). If d(p, go) < min {rg,, ZVZ(_T“/EO)} then

y (X, o)
A-wyw’
The following lemma shows that an analytic vector field satisfies the three-piece y-condition at o
in B(qo, r), where y = y (X, o) and r = min {rg,, zyz(‘T‘/qzo)}

7 (X, p) < (6.2)

LEMMA 6.4 Let0 < r < min{rg, Zf(‘T@O)} Then X satisfies the three-piece y-condition at qo in
B(do, ).
Proof. Let pg, p, q € B(o, r) be such that

d(do, Po) + d(po, p) +d(p,q) <r. (6.3)
Set
f1 = min [rp, —] , f>=min [rpo, #] , fz3=min {rqo, ;] . (6.4)
7 (X, p) 7 (X, Po) 7 (X, o)
Below, we claim that
qeB(p,f1), PpeB(po,f2), poeB(do,r3). (6.5)

We only show that g € B(p, 1) since the proofs for p € B(po, f2) and pog € B(qp, f3) are similar. As
d(qo, po) + d(po, p) +d(p,q) <r < rq, it follows from Proposition 2.1 that

d(p,q) < rg, —d(qo, p) < rp. (6.6)
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Write u = y (X, go)d(p, 0o). Since p € B(qp, r), Lemma 6.3 is applicable. It follows that

y (X, 0o)
7 (X, p) < A-ur@) (6.7)
By a simple calculation, we see that
A-wy@ _ 1-%
yXaw © K P ®
Then, by (6.7) and (6.3),
d(p,q) < X D) (6.8)

This, together with (6.6), implies that q € B(p, f1); hence, our claim holds. Thus, by (6.5), Corollary
6.1 is applicable to conclude that

DX (qo) " Pgy.p © Ppo.p © Pp.qD?X(Q)

= DX(q0) " Py, py © P pz ||D'+2X(p) 5
1=0

11 .
ZDX(QO)_quo, _IZ_ID|+J+2x(pO)DJP|+2 |P2

2" po,p”3

|M8

| 2
DX (qo) D' IHK2 X (o)X Pet b ‘P'pjzp LPg- (6.9)

==

zﬁzﬁz
1=0 ]:0 k=0
where v1 € TgM, v2 € TpM and vz € TpM satisfy that pp = expg,(v1), p = expy, (v2) and
0 = exp,(v3), respectively. Since
IDX (qo)~*D'*IH+2X () |

< I+]+k+1
I+]+k+2)! 7 (X, %) .

one has from (6.9) that

HDX(qo)—lpqo 50 © Ppo.p © quDZX(q)H

- | + +2| | +j+k+2)! ! -
<ZOH_Z(‘;( 1+2) Z(k,(|’+j+2)!) y (X, 90) T oMozl sl (6.20)
= j=

Using Lemma 6.2 to calculate the quantity on the right-hand side of the inequality (6.10), we get that
2y (X, do)
(L =y (X, qo) (o]l + llv2ll + llvsl))?
Since [Jo1]| = d(do, Po), llv2]l = d(po, p) and Jlvz|l = d(p, q), it follows from (6.11) that
2y (X, go)
(1 =y (X, do)(d(qo, Po) + d(po, P) +d(p,q)))*
Hence, X satisfies the three-piece y-condition at qg in B(qp, r) and the proof is complete. O

| DX (@)™ Pgs,p © Po.p © PpaD?X(@)] < (6.11)

| DX (@)™ Py, © P, © PpaD?X (@) <
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Then, by Theorem 3.1, we have the following corollary which was obtained in Dedieu et al. (2003)
with a different technique.

COROLLARY 6.2 Let p* € M be such that DX (p*)~! exists. Suppose X (p*) = 0and let pg € M. If

2+ Kp = \/KE +4Kp +2

2y (X, p*)

d(po, p*) < min |rp*,

then Newton’s method (2.1) with the initial point pg is well-defined, and

N1
d(pn, p*) < (5) d(po, p*), n=0,1,2,.... (6.12)
Proof. Write
2+ Kpe — /KZ. +4Kp +2

2
Let y = y (X, p*). Then pp € B(p*, rc) because g < ¢, where r¢ is defined by (3.2). Asre <

%, it follows from Lemma 6.4 that X satisfies the one-piece y-condition at p* in B(p*,r) with

r = min{rp, rc}. Hence, Theorem 3.1 is applicable to conclude that Newton’s method (2.1) is well-
defined for pp, and (3.3) holds for 4 defined by (3.4). As

P Kp+7 d(po. P*) __ Kps 1
1—4yd(po, p*) +2(yd(po, p*)? ~ 1—46+262 2’
(6.12) holds by (3.3). The proof is complete. O

Similarly, by Corollary 4.1 and Theorem 5.1, we also have the following two corollaries, which im-
prove the corresponding results due to Dedieu et al. (2003). Recall that pg € M is such that DX (pg) !
exists and also that # = |[DX(po) "2 X (po)|l and a« = By, where y = y (X, po). Let

B 1+a—+(1+a)?—8a

r =
1 4]/

Let 0o = 0.0776121 . .. be the smallest positive root of the equation

Uo 13 - 3J17

= 6.13
y (Uo)? 4 613

COROLLARY 6.3 If

B<Q2—=V2)rp and a<

13 — 3417
# ~ 0.157671,

then Newton’s method (2.1) with the initial point pg is well-defined and the generated sequence {pn}
converges to a zero p* of X in B(pp, r1). Moreover,

2N—-1
d(pnt1, pn) < (E) d(p1, po)-
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Proof. As f < (2— «/_)rpo, it follows from (4.4) that r1 < mln{rpo, 2 (X po) x } Thus, by Lemma 6.4,
X satisfies the two-piece y-condition at pg in B(po, r1) with y =y (X, po Ri)ote also that

13 — 3J/17
agT*/_ <3-22.

Corollary 4.1 is applicable to conclude that

d(pn+la pn) < luzn_ld(pls po)a

where

l-a-vV(+a)?-8a
C1l-a+JA+a)?—8a

Therefore, we have that 1 < % because u increases as « does on [O, M] and the value of x at
13-3V17 js 1 0
z 2

o =

COROLLARY 6.4 Let p* € M be such that DX (p*)~! exists. Suppose X(p*) = 0. Let pp € M and to
be given by (5.6). If

. Up
d(po, p*) < min ltor . —]
"7y (X, )
then Newton’s method (2.1) with the initial point pg is well-defined and

1 2n—1
d(pna p*) g o (z) d(pla po)a

1\ 21
where ¢ = Z (5) .

n>0
Proof. Let
-
y )1 —u
where u = yd(po, p*). By Lemma 6.4, X satisfies the three-piece y-condition at p* in B(p*, F) with

F = min{rp:, %ﬁ}. Since Ug determined by (6.13) is less than ug given by (5.5), Theorem 5.1 is
applicable. Thus, we have that Newton’s method (2.1) with the initial point pg is well-defined and

y=yX,p", 7= and a =y,

d(Pr+1, Pn) < 22 1d(p1, po),

where

. l-a—-JA+a)?-8a
u= -
1—a+v(1+a)—8a

By Lemma 5.1, we have that

1-—
B = IIDX(po) X (po)ll < T)d(po, p).
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It follows that

u__ o 13 — 317

a < —— = (6.14)

y(u)? = y(lo)? 4
because the function u — ﬁ is strictly monotonic increasing on [0, 1 — 4). Hence, we have that
fi < % and the proof is complete. O

7. Conclusion

We have established the y-theory and the a-theory under the y-conditions. In particular, when these
results are applied to analytic vector fields, some results due to Dedieu et al. (2003) are improved. In
addition, we should remark that the issue on mappings from manifolds to m-dimensional spaces can be
addressed in almost the same way, so we do not elaborate further on this here.
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