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STRONG CHIP FOR INFINITE SYSTEM OF CLOSED CONVEX
SETS IN NORMED LINEAR SPACES*

CHONG LIT AND K. F. NG#

Abstract. For a general (possibly infinite) system of closed convex sets in a normed linear space
we provide several sufficient conditions for ensuring the strong conical hull intersection property. One
set of sufficient conditions is given in terms of the finite subsystems while the other sets are in terms
of the relaxed interior-point conditions together with appropriate continuity of the associated set-
valued function on the (topologized) index set I. In the special case when I is finite and X is finite
dimensional, one of these results reduces to a classical result of Rockafellar.
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1. Introduction. The notion of the strong CHIP (conical hull intersection prop-
erty) was introduced by Deutsch, Li, and Ward in [12, 13] for a finite family of closed
convex sets in a Euclidean space (or a Hilbert space) and has been successfully ap-
plied in the reformulation of some best approximation problems. This notion closely
relates other fundamental concepts such as bounded linear regularity, G-property of
Jameson, error bounds in convex optimization [1, 3], and the BCQ (basic constraint
qualification) as well as the perturbations for finite convex systems of inequalities.
See [5, 6, 8, 12, 13, 14, 18, 19, 24, 25] and references therein, especially in [20], where
the strong CHIP was defined for an arbitrary family of closed convex sets in a Ba-
nach space and utilized in the study of general systems of infinite convex inequalities,
such as the system that naturally arises from the problem of best restricted range ap-
proximation in the space C'(Q) of complex-valued continuous functions on a compact
metric space () under quite general constraints. This problem was first presented and
formulated by Smirnov and Smirnov in [31, 32], where each ; was assumed to be a
disk in C. Later in [33, 34, 35] and also more recently in [17, 20], the constraint sets €,
have been relaxed but still remain to assume the strong interior-point condition (in
particular, int ; # () for each ¢ € Q). This unfortunately excludes the interesting case
when some §); is a line segment or a singleton in C. As demonstrated in an accompa-
nying paper [22], the results obtained in the present paper have enabled us to study
the restricted range approximation problem under much less restrictive assumptions
by allowing the case that int Q; = () for some ¢ € ). The present paper is devoted to
providing sufficient conditions for a (finite or infinite) family {C,C; : i € I} of closed
convex sets in a Banach (or normed linear) space to have the strong CHIP.

In expanding and improving the known results on the sufficient conditions for the
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strong CHIP for {C,C; : i € I} from the case when the index set I is finite to the case
when I may be infinite, this paper presents two types of results. One type is on the
natural approach to answer the question of whether or not the following implication
is valid:

{C,C; : j € J} has the strong CHIP for cach finite subset J of I
= {C,C; : i € I} has the strong CHIP.

While the answer to this question is negative in general (see [13, Example 1]), we
provide some reasonable conditions in section 5 to ensure the validity of the above
implication. Another type of sufficient conditions presented in this paper is given
more directly (in terms of the system itself rather than via its finite subsystems).
In this connection, the starting point of our study is the following theorem. “DLW”
refers to the authors Deutsch, Li, and Ward of [12, 13], where the assertions regarding
the sufficiency for (a) and for (b) were stated and proved in the Hilbert space setting,
but the arguments can be modified to suit the Banach space setting. For the sake
of completeness and also for more convenient applications, we will present a direct
proof for a slightly more general form in the next section (see also [26] for another
approach).

THEOREM DLW. Let I be a finite index set and {C,C; : i € I} be a finite family
of nonempty closed convez sets in a Banach space X. Let xg € C N (Nier C;). Then
the family {C,C; : i € I} has the strong CHIP at x¢ provided that at least one of the
following conditions is satisfied:

(a) C N (int s C2) # 0.

(b) riC N (N;er Ci) # 0 and each C; is a polyhedron (where “ri” means “relative
interior”).

(¢) There exists a subset Iy of I such that C; is a polyhedron for each i € I\ I
and

(1.1) riC () (int N Ci> Nl () G| #0

i€l ieI\I,

The sufficiency of (¢) follows directly from (a) and (b). The condition (a) is
sometimes referred to as the strong interior-point condition (or Slater condition; see,
e.g., [13]) which is equivalent (as I is finite) to the following interior-point condition:

() O (e, int C) # 0.

As shown in [20], when I is infinite, the above (a), (b), and (c) are no longer
sufficient for the strong CHIP. A natural condition that one would like to impose is
the continuity assumption for the set-valued mapping i — Cj; thus it is judicious for
us to assume henceforth that

(1.2) the set I is a compact metric space.

(When I is finite, it will be regarded as a compact metric space under the discrete
metric; needless to say, in this case the continuity assumption is automatically satis-
fied.)

Under an appropriate continuity assumption we show in Theorem 4.1 that (a)
implies the strong CHIP at 2o € C' N (N;er C;) provided that C' is finite dimensional
or the set I*P(zq) of “C-relative boundary indices” for z is finite. We remark that
even in the case when C is finite dimensional, our results are genuinely an extension
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of Theorem DLW as some (or all) sets C; can be infinite dimensional. In a similar
fashion other parts of Theorem DLW are extended in section 4. In fact, we use
the following condition, somewhat weaker than (c), to establish a sufficient condition
result in Theorem 4.3. The family {C,C; : i € I} is said to satisfy the weak-strong
interior-point condition with the pair (11, Is) if there exist disjoint finite subsets I, I
of I satisfying the following two properties:

(1.3) nC() (it () G ﬂ(ﬂﬁ@)ﬂ@#&

i€I\(I,Ul) ich icly
(1.4) C; is a polyhedron for each i € I5.

This condition, in contrast to the interior-point condition, enables us to consider the
case when some C; neither is a polyhedron nor has an interior point. Specializing to
the case when I = I U I (thus int(N;ep\(r,ur,) Ci), to be read as X by convention),
a corollary of Theorem 4.3 is the following infinite dimension extension of a result of
Rockafellar [27, Corollary 23.8.1, p. 223]:

Let I = JU K be finite such that Cy is a polyhedron for each k € K and suppose
that

(1.5) iC ()| ()riC; ﬂ(ﬂc&#@

jeJ keK

Then the system {C,C; : i € I'} has the strong CHIP if at least one of the following
conditions is satisfied.

(a) At least one of {C,C; : j € J} is finite dimensional.

(b) Cj is finite codimensional for each j € J.

2. Notations and preliminary results. The notations used in the present
paper are standard (cf. [7, 16]). In particular, we assume that X is a normed linear
space throughout the whole paper, unless we explicitly state otherwise. We use B(z;, €)
to denote the closed ball with center x and radius e. For a set Z in X (or in R"),
the interior (resp., relative interior, closure, convex hull, convex cone hull, linear hull,
affine hull, boundary, relative boundary) of Z is denoted by int Z (resp., 11 Z, Z,
conv Z, cone Z, span Z, aff Z, bd Z, tb Z), and the negative polar cone Z° is the set

defined by
Z® ={z* e X* : (z%,2) <0 forall z € Z}.

The normal cone of Z at zq is denoted by Nz(zg) and defined by Nz(z9) = (Z — 20)°.
For convenience of printing we sometimes use N(zp; Z) in place of Nz(zp). Let A be
a closed convex nonempty subset of X. The interior and boundary of Z relative to A
are denoted by rint4 Z and bd 4 Z, respectively; they are defined to be, respectively,
the interior and boundary of the set aff AN Z in the metric space aff A. Thus, a point
z € rint 4 Z if and only if there exists € > 0 such that

(2.1) z € (aff A)NB(z,e) C Z,

while z € bd4 Z if and only if z € aff A and, for any € > 0, (aff A) N B(z,¢) intersects
Z and its complement. Let R_ denote the subset of R consisting of all nonpositive real
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numbers. For a proper extended real-valued convex function on X, the subdifferential
of f at z € X is denoted by 9f(x) and defined by

Of(z) ={z"e€ X*: f(z)+Re(z*,y—2) < f(y) foralye X},

where (2*, x) denotes the value of a functional z* in X* at z € X, i.e., (z*,x) = z*(x).

For simplicity of notations, we will usually assume (with the exception of Propo-
sition 2.1 and section 5) that the scalar field of X is R and that Re (z*,x) is to be
replaced by (z*,x).

Remark 2.1. (a) Let f be a continuous convex function on X and z € X with
f(x) = 0. Tt is easy to see that cone(df(x)) € Ny-1g_y(x), and that the equality
holds if f is an affine function or if z is not a minimizer of f; see [7, Corollary 1,
p. 56).

(b) The directional derivative of the function f at x in the direction d is denoted
by fi(z,d):

(2.2) i d) = lim o+ tdt) —J@)

We recall [7, Proposition 2.2.7] that, if = is a continuity point of f,

(2.3) Of (x) ={z" € X*: (2*,d) < fi(x,d) forallde X}
and
(2.4) fi(x,d) = max{(z*,d) : z* € df(x)}.

Let {A; : i € J} be a family of subsets of X. The set ), ; A; is defined by

(2.5) > A=

{ {Zieh a; . a; € A;, JyCJ being ﬁnite} if J#0,
ieJ

{0} if J=0.
The following concept of the strong CHIP plays an important role in optimization
theory (see [1, 3, 8, 10, 11, 30]) and is due to [12, 13] in the case when [ is finite and
to [20] in the case when T is infinite.

DEFINITION 2.1. Let {C; : i € I} be a collection of convexr subsets of X and

x € ();e; Ci- The collection is said to have
(a) the strong CHIP at x if Npy,_, ¢, (x) = 32,1 Ne, (@), that is,

S
(2.6) (ﬂ C; — ;U> =3 (i - )

icl el

(b) the strong CHIP if it has the strong CHIP at each point of Nicr C;.
Consider a convex inequality system (CIS) defined by

where x € X and each g; is a real continuous convex function on X. We always
assume that the solution set S of the system (CIS) is nonempty, i.e.,

(2.8) S:={zreX: g(xr)<0 foralliel}+#0.
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Let G(-) denote the sup-function [16] of {g;}:

G(z) :==supg;(z) forall z € X.
icl

Then S is also the solution set of the convex inequality
(2.9) G(z) <0.
In this paper we assume throughout that

(2.10) G(r) <400 forallz e X

and that G is continuous on X. These blanket assumptions are automatically sat-
isfied if {g; : @ € I} is locally uniformly bounded. Moreover, the continuity of G
automatically follows from (2.10) if X is finite dimensional.

Let I(x) denote the set of all active indices ¢: I(z) = {i € I : g;(x) = G(z)}.
Following [15, 23], we define

(2.11) D'(z) := conv U 0gi(x), ze€X.
i€l(x)

Note that, by (2.5), D'(x) = {0} if I(x) = 0.

The following theorem will play a key role in section 4. It is a known result; see,
for example, [16, 23] for the special case when X is finite dimensional and [21] for the
general case (the proof presented in [21] is valid for normed linear spaces though the
result was stated in the Banach space setting).

THEOREM 2.1. Suppose that I is a compact metric space and that the function
i — gi(z) is upper semicontinuous for each v € X. Let xy € C. Then I(xg) # () and
the following assertions hold.

(i) If spanC is finite dimensional, then

(2.12) Nc () + 0G(x0) = N (o) + D' (w0).

(ii) 0G(zg) = D' (xo) provided that I(xg) is finite.

Theorem 2.2 below is a slight extension (applicable to convex, but not necessarily
closed, sets in a normed space). To prepare for the proof we begin with a simple
lemma.

LEMMA 2.1. Assume that C is a polyhedron in X defined by

k
(2.13) C=(VreX: (hz)<d},
i=1

where h; € X*\ {0} and d; is a real number for each i =1,...,k. Let xg € bdC and
let I(xg) ={i € {l,...,k}: (hi,x0) =d;}. Then

(2.14) Ne(zo) = cone{h; : i € I(zg)}.

Consequently, {C; : i =1,2,...,n} has the strong CHIP if each C; is a polyhedron
of X.

Proof. We need only prove that the set on the left-hand side of (2.14) is con-
tained in that on the right-hand side. To do this, suppose on the contrary that
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y* € Ne(xo) \ cone{h; : i € I(xg)}. Since cone{h; : i € I(x0)} is closed as I is finite,
by the separation theorem, there exists an element z** € X** such that

(2.15) (™, y*) > 0 > sup{(z™,h) : h € cone{h;: i€ l(xo)}}
Moreover, as I(zg) is a finite set, there exists z € X such that
(2.16) (y*,x) = (™, y*) and (h;,z) = (x*, h;) for each i € I(xg).

Hence, by (2.15) and (2.16), we have that tx + 2o € C for some t > 0 small enough.
But (y*, (tz + zo9) — xo) = t{y*,x) > 0, which contradicts that y* € N¢(zo), and the
lemma is proved. 0

Let Y be a subspace of X. We use NY to represent the normal cone operator
taken in Y'; namely, for any subset A of Y, N} () is the set

(2.17) NY(@@)={y"€Y*:(y*,2—x) <0 forall zc A}.

COROLLARY 2.1. Let Z C X be a closed subspace and C C X a polyhedron. Let
9 € CNZ and let N¢.,(z0) denote the normal cone of C N Z at xq taken in Z.
Then, for each xf € N&-,(x0), there exists x* € N¢ (o) such that x* is an extension
of x§ (an extension of xfj obtained from Lemma 2.1 will be referred to as a natural
extension of xf).

THEOREM 2.2. Let I be a finite index set and {C,C; : i € I} be a finite family
of nonempty convex sets in a normed linear space X. Let xg € C' N (Ner Cy). Then
the family {C,C; : i € I} has the strong CHIP at o provided that at least one of
conditions (a), (b), and (c) in Theorem DLW is satisfied.

Proof. In the case (a), if X is a Banach space and {C,C; : i € I} is a family of
nonempty closed convex sets, the proof is the same as that given in [13], except that
here we apply [2, Theorem 2.6, p. 189] instead of [2, Corollary 2.5, p. 113]. Note further
that the result is valid for any normed linear space X and any family {C,C; : i € I'}
of nonempty convex sets. However, this observation does not constitute a genuine
extension. Indeed, let U denote the open unit ball of X. Let C and C;, respectively,
denote the closures of C' and C; in X. By (a), there exist ¢ € C' and € > 0 such that

(2.18) (c+eU)NX CC; foreachiel.
We claim that
(2.19) c+eU CC,; foreachicl.

Indeed, let w € U. Then there exists a sequence {z,} C U N X convergent to u.
Then by (2.18) {c+ ex,,} C C;, which implies that ¢ + eu € C;. Thus (2.19) is clear.
Let zo0 € C[)(N;e; Ci)- Then one can apply the Banach space version of (a) in
Theorem 2.2 to conclude that

Nennner o (o) € Na(zo) + Y Ng, (w0)
el

and hence

Nonuer 00 (@0) = Noa@oray(®0) € Nelwo) + ) Ney(wo)
i€l
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because C N (N;e; C;) = C N (Nier ;) thanks to (2.19). This completes the proof
of (a).

Now let us verify the conclusion in the case (b). Let 29 € C'()(();c; Ci) and let Z
denote the subspace spanned by C' — . Since riC' () ((;c; Ci) # 0, the intersection
of the interior of C'— x¢ in the subspace Z and the set (. ;(C; — o) is nonempty.
By the case (a) and Lemma 2.1 (applied to Z in place of X), we obtain that

Z Z Z
No—zo)n(Aier(Ci—20))(0) = NE_40(0) + NZe(ic s (Ci—0)) (0)

2.20
( ) = Ngfazg(o) +ZNZZI’1(C17IU)(0)
i€l

Let 2* € Nen(ne,)(wo). Then z*|z € N(Z(J—aco)ﬂ(mez(ci—xo))(o); consequently, by
(2.20), there exist Zf € NZ_, (0) and Z} € NZZm(CﬁxO)(O) for each i € I such that

(2.21) otz =T5+ > ¥ onZ
iel

Let x§ € X* be an extension of . Then, as C —zg C Z, x§ € No—z,(0) = Ne(zo).
Also, for each ¢ € I, as C; — x¢ is a polyhedron in X, there exists a natural extension
xf € Ne,—2,(0) of ZF by Corollary 2.1, and hence =} € N¢, (zo) with x|z = Z} for
each i € I. Do this for each i € I and let y* = 2" —2§5—> ;. ; o7. Then y* € No(zo) by
(2.21). Hence, 2* = y* + 2§ + > _;c; 77 € Ne(wo) + > ;c; Ne; (z0) and the conclusion
in the case (b) is proved. Therefore the proof of Theorem 2.2 is complete, as (c)
follows from (a) and (b). 0

For a closed convex subset W of X, let Py denote the projection operator defined
by

Py (x) ={y e W: [z —y| = dw(2)},

where dy (x) denotes the distance from x to W. Recall that the duality map J from
X to 2% is defined by

(2.22) J(@) = {a" € X"+ (a*,2) = [l2l*, [l="]| = [l«]}-

In fact, J(x) = d¢(x), where ¢(x) := 3[|z||2. Thus a Banach space X is smooth if and
only if for each x € X the duality map is single-valued. We also need the following
proposition, which was established independently by Deutsch [9] and Rubenstein [28]
(see also [4]).

PROPOSITION 2.1. Let W be a convex set in X. Then for anyx € X, z9 € Py (x)
if and only if zo € W and there exists x* € J(x — z9) such that Re{(x*,z — z9) <0
for any z € W, that is, J(x — z9) N Nw(z0) # 0. In particular, when X is smooth,
zo0 € Pw(z) if and only if z0 € W and J(x — z0) € Nw (20).

3. Extended Minkowski functional, interior-point condition, and con-
tinuity condition. Recall that I denotes an index set which is assumed to be a
compact metric space. For convenience, a family {C,C; : ¢ € I} is called a closed
convex set system with base-set C' (CCS-system with base-set C) if C' and C; are
nonempty closed convex subsets of X for each i € I.

DEFINITION 3.1. A CCS-system {C,C; : i € I'} with base-set C' is said to satisfy

(i) the C-interior-point condition if

(3.1) ¢ (ﬂrintc CZ) # 0;

il
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(ii) the strong C-interior-point condition if

(3.2) aN <rintc N Oi) # 0;

icl

(iii) the weak-strong C-interior-point condition with the pair (I1,I5) if there exist
two disjoint finite subsets Iy and I of I such that each C; (i € I2) is a polyhedron
and

(3.3) riC’ﬂ rinte ﬂ C; ﬂ <ﬂ ri Ci> ﬂ C; # 0;

i€I\(11UI) il i€l

(iv) the interior-point condition (resp., the strong interior-point condition, the
weak-strong interior-point condition with the pair (I, I2)) if the operation “rintc” in
(3.1) (resp., (3.2), (3.3)) is replaced with “int”.

Any point T belonging to the set on the left-hand side of (3.1) (resp., (3.2), (3.3))
is called a C-interior point (resp., a strong C-interior point, a weak-strong C-interior
point with the pair (I1,12)) of the CCS-system {C,C; : i € I}. Similarly, the notion
of an interior point (resp., a strong interior point, a weak-strong interior point with
the pair (I1,12)) of the CCS-system {C,C; : i € I} is defined.

It is trivial that (3.2) = (3.1). The converse also holds in some cases, one
of which will be described in terms of continuity of some set-valued functions. For
set-valued functions there are many different notions of continuity. In Definitions 3.2
and 3.3 below, we recall two frequently used ones. We assume that ) is a compact
metric space.

DEFINITION 3.2. Let Y be a normed linear space. Then the set-valued function
F:Q —2Y \ {0} is said to be

(i) lower semicontinuous at ty € @Q if, for any yo € F(to) and any € > 0, there ex-
ists an open neighborhood U(ty) of to such that for eacht € U(to), B(yo,e)NF(t) # 0;

(ii) locally uniform lower semicontinuous at ty € Q if, for any yo € F(to), there
exists an open neighborhood V (yo) of yo such that for any € > 0, there exists an open
neighborhood U (to) of to such that B(y,e) N F(t) # O holds for each t € U(ty) and
each y € V(yo) N F(to);

(iil) upper semicontinuous at to € Q if, for any open neighborhood V' of F(to),
there exists an open neighborhood U (tg) of to such that F(t) CV for each t € Ul(ty);

(iv) lower semicontinuous (resp., locally uniform lower semicontinuous, upper
semicontinuous) on Q if it is lower semicontinuous (resp., locally uniform lower semi-
continuous, upper semicontinuous) at each t € Q.

DEFINITION 3.3 (cf. [29, p. 55]). Let F : Q — 2Y be a set-valued function defined
on Q and let tyg € Q. Then F is said to be

(i) upper Kuratowski semicontinuous at to if, for any sequence {tx} C Q, the
relations limy_.oc t, = to, UiMg_oo Tt, = Ty, Tr, € F(tg), k= 1,2,..., imply x4, €
F(t()),'

(ii) lower Kuratowski semicontinuous at to if, for any sequence {ty} C Q, the
relations limy o0 ty, = to, yo € F(to) imply limg o0 dp(r,)(yo) = 0;

(iil) Kuratowski continuous at to if F' is both upper Kuratowski semicontinuous
and lower Kuratowsk: semicontinuous at ty;

(iv) Kuratowski continuous on Q if it is Kuratowski continuous at each point

of Q.
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Remark 3.1. Clearly,

(i) F is upper semicontinuous = F' is upper Kuratowski semicontinuous,

(ii) F' is lower semicontinuous <= F' is lower Kuratowski semicontinuous.
Moreover, the converse of (i) holds provided that the union set Uieq F(¢) is compact.

The following two propositions provide some useful reformulations regarding var-
ious lower semicontinuities. Since the proofs are similar, we shall only prove the first
proposition.

PROPOSITION 3.1. Let F : Q — 2 \ {0} be a set-valued function. Let ty € Q.
Then the following statements are equivalent.

(i) F is lower semicontinuous at tg.

(ii) For any yo € F(to), there exists yr € F(t) for each t € @ such that
limy ¢, |y — ol = 0.

(iii) For any yo € F(to), limy_¢, dp)(yo) = 0.

Proof. (1) = (ii). Let yo € F'(tp). Then, by (i), for each positive k there exists
an open neighborhood Uy (ty) of ¢y such that

(3.4) B <y0, ;) NF(t)#0 for each t € Ug(to).

Without loss of generality, we may assume that Ugy1(t9) € Ug(to) for each k and
Ni>1 Uk(to) = {to} because Q is a metric space. Now we construct y; € F(t) for each
t € Q as follows:

Yt € F(t) ift € Q\ Ui(to),
(35) Yt € B (yOa %) N F(t) ift e Uk(to) \ Uk-‘rl(to)a k= 1a 27 R
Yo ift = to.

Then lim; .+, y+ = yo-

(i) = (iii). It is trivial.

(iii) = (i). Let yo € F(zo) and € > 0. By (iii), there exists an open neighbor-
hood U(ty) of to such that for each ¢ € U(to), one has that dp(yo) < € and thus
B(yo,€) N F(t) # 0. Therefore (i) holds. The proof is complete. 0

The following proposition can be proved similarly.

PROPOSITION 3.2. Let F : Q — 2Y \ {0} be a set-valued function. Let to € Q.
Then the following statements are equivalent.

(i) F is locally uniform lower semicontinuous at tg.

(ii) For any yo € F(tg), there exists an open neighborhood V (yo) of yo such
that for any y € V(yo) N F(ty), there exists z,(y) € F(t) for each t € Q such that
lim; ¢, ||2¢(y) — y|| = 0 holds uniformly on V (yo) N F(to).

(i) For any yo € F(to), there exists an open neighborhood V (yo) of yo such that

lim sup dr@(y) = 0.
=10 y eV (yo)NF (to)

(iv) For any yo € F(to), there exists a neighborhood V (yo) of yo such that for any
e > 0, there exists a neighborhood U(ty) of to satisfying

V(y)NF(to) S () F@)F,
teU(to)

where A® is defined by
A*={yeY: daly) <e}.
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Recalling our blanket assumption (1.2), and the definition of CCS-systems made
at the beginning of this section, we state our first main result of this section.

THEOREM 3.1. Let {C,C; : i € I} be a CCS-system with base-set C, and let
Z € C. Suppose that the set-valued function i — (aff C') N C; is locally uniform lower
semicontinuous on I. Then T is a C-interior point of the system if and only if it is a
strong C-interior point of the system.

Proof. We need to prove only the necessity part. Assume without loss of generality
that

(3.6) 0=zeC() <ﬂ rinte CZ).
el

Then Z := aff C' is a vector subspace of X. It suffices to show that

(3.7) 0eC ﬂ (rintc ﬂ Cl').

iel
Clearly, we need only to show that

(3.8) inf dpa, ¢, (0) > 0.

(Indeed, if dpa, ¢;(0) > v, then Z N B(0,7) C C;.) Suppose on the contrary that
(3.8) does not hold. Then, by the compactness of I, there exist a convergent sequence
(in) C I (say with limit 49 € I) and a sequence (y;,) with y; € bdz C;, for each n
such that lim, ||y;, || = 0. Write

~

(39) Ci':ZﬂOi, i€l

By assumptions, ¢ +— @ is locally uniform lower semicontinuous at ig. By (iv) of
Proposition 3.2 (applied to 0,49 in place of yo, ), there exists a § € (0,1) such that
for any £ > 0 there exists a neighborhood U, (ig) of ig such that

(3.10) B(0,5)nC;, € [ Cf.

1€U:(10)
In view of (3.6), we may assume in addition that
(3.11) B(0,6)NZ C Cj,
(take a smaller 6§ > 0 if necessary). Combining the above two inclusions, we have

(3.12) B(0,5)nzc () Ct.
iEUE(iO)

Let us fix an € € (0, g) and take a > 0 such that 3¢ < a < & (hence o < 1 as
6 < 1). We fix a natural number n which is large enough so that

o
(3.13) llya, || < 3 and i, € U.(ip).

For simplicity of notations, we henceforth write ¢ for the i, with the above n. Since y;
is a (relative) boundary point of C; N Z = C; in the vector subspace Z of X and since
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C; has a nonempty relative interior (containing the origin) by (3.6), the separation
theorem implies that Ng (v:)|z # {0}. Hence, by the Hahn-Banach theorem, there
exists 7 € Ng (vi) such ‘that lz¥|z]| is of norm 1. Take 2§ € Z such that ||;v5|| =1
and (z},x%) > 1— £. Define z; := y; + ax§. Then z; € Z,

[(yi + %) =zl = [|[(1 — )zl =1 -«
and it follows from the triangle inequality that, for any y € @-,
2 —yll = (ys +25) —yll = (1 — )
< ?7yi*y>+<xz7x1> (170[)
(z7,27) —(1 - )
(

i) —
1-5)-(1-a)
oa— 35 >¢€

(AVARAVARLV]

l\:\m olo 3

Therefore z; ¢ 65 This contradicts (3.12) and (3.13) because
. 6
lzill < llzi = yall + llyill = llaafll + yill <o+ 5 <.

Thus (3.8) must hold and the proof is complete. a
Let A and C be two closed convex subsets of X with 0 € rints A. In the following

we will show that A admits a “C-extended Minkowski functional” pa in the sense
that pa is a continuous sublinear functional on X such that its restriction pal 4 a

equals the Minkowski functional of AN aff/\a in the vector subspace aff C of X. Note
that in this case one has, for each z € aff C,

(3.14) pa(z) <1<z € A,
(3.15) pa(z) =1<= 2z € bdgs A.

LEMMA 3.1. Suppose that 0 € rints A; that is,
(3.16) 0eB(0,0)Naff C C A

for some o > 0, where A and C are closed convex subsets of X. Denote the closure
of aff C (=spanC) by Z and let A denote the closed conver hull of the set (AN Z)U
(B(0,a)). Then

(i) A is a closed convex set in X with nonempty interior such that

(3.17) ANZ=ANZ and 0cintA.

(ii) The corresponding Minkowski functional q3 (in the usual sense) on X has the
properties

1
(3.18) qz(r) < a||x|| for each x € X
and
(3.19) qgi(r) =inf{A>0: ze€ NANZ)} foreachrecZ

(that is, q5 is a C-extended Minkowski functional of A).
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Proof. Let D denote the convex hull of the set (AN Z) U (B(0,c)). Then A =D
and B(0,a) C D. Hence, by elementary functional analysis, the Minkowski functional
of A coincides with that of D and (3.18) holds. Hence, to prove (3.19) it suffices to
show that

(3.20) DNnZ=AnZ.

Let x = Ma+Xbe DNZ withae ANZ, b e B(0,a), and A1, A2 € (0,1) such that
A1+ A2 = 1. Then b € Z. We claim that b € A. In fact, since b € Z, there exists a
sequence {by} C aff C such that by — b. If b € int B(0, @), then b, € B(0, ) for all
k large enough. This implies that by € B(0, ) N aff C for all such k. Therefore, by
(3.16), b, € A and hence b € A. Thus assume that b € bd B(0, o). Define by = %

for each k. Then by € B(0,a) N aff C and by, — b for each k. Hence b € A by (3.16).
Therefore our claim stands and © € A as A is convex. This shows that (3.20), and
hence (3.19), are true. To verify (3.17), let z € AN Z. Then q;(z) <1 and one can
apply (3.19) to conclude that z € A because A is closed and z € Z. Thus (3.17) is
seen to be true and the proof is complete. 0O

Note. The set A will be referred to as a C-Minkowski extension of A (though it
also depends on « in (3.16)).

For the remainder of this paper, {C,C; : i € I} denotes a CCS-system with
base-set C as defined at the beginning of this section. Now we state the second main
result of this section. R R

THEOREM 3.2. Let & € C N (Nier C;) and let C :=C — z, C; := C; — T for each
i € I. Then the following statements are equivalent.

(i) T is a strong C-interior point of the CCS-system {C,C; : i € I}, namely,

(321) T € C Nrintg (miej 07) .

(ii) For each i € I, there exists a C-extended Minkowski functional Pg, of the
set C; such that the sup-function P() of {pg, ()} defined by

(3.22) P(z) := S'E?péi (x), z€X
1s continuous on X.

Moreover, if we add an additional assumption that the set-valued map i +—
(aff C) N C; is lower semicontinuous, then (ii) above can be replaced by a stronger
one, as follows:

(ii) (ii) holds and i — pg (x) is upper semicontinuous for each x € X.

Proof. (ii) = (i). Let Z := aff C = spanC. By (3.14), ZNC; = {z € Z :
pg,(2) < 1} and hence

zﬂ(ﬂ@) ={zeZ: P(z) <1}

By the continuity assumption on P, it follows that 0 € rintz(N;er 6’1) and hence
Z € C Nrinte(Nier C;). Thus (3.21) is seen to hold.
(i) = (ii). By (3.21), there exists o > 0 such that

(3.23) B(0,a)NZ C C; foreach i€ I.
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Then, by Lemma 3.1, there exists a C-extended Minkowski functional pg, of @ such

that ps. is the Minkowski functional of the closed convex hull of (Cin Z)U(B(0,a))
and, in particular,

1
(3.24) pa. (z) < aHxH for each z € X.

i

Hence, by definition of P,
1
(3.25) P(x) < a||x|| for each z € X,

and thus P is continuous by an elementary argument. This establishes the implication
(i) = (ii).

For the remainder of the proof we assume, in addition, that the set-valued map
i +— (aff C) N C; is lower semicontinuous and hence the set-valued map i — Z N C; is
lower semicontinuous. Then, to prove (i) = (ii) it remains to show for any ig € I
and any z € X that

(3.26) limsuppg () < pe, (2).

1—10
Suppose not. Then there exist ig € I and = € X such that

(3.27) limsuppg () > 1> Pé,, (x).

i—>i0

Then z € co((Cy, N Z) U (B(0,0))) and so x = Ab + Az for some b € B(0,a),
z € @-0 N Z, and some A\, Ay € [0,1] with A\; + Ay = 1. Since the set-valued function
i — @ N Z is lower semicontinuous at i, there exists z; € @ N Z for each 1 € [
suchAthat zi — z as 1 — ig. Define x; = A\b + Agz; for each ¢ € I. Then z; €
co((C; N Z) U (B(0,))) and thus pg (x;) < 1. Consequently, it follows from (3.25)
that

i i

1
pe, (%) < pg,(x — ) + pa, (2;) < a\lx — il +1

and hence that limsup;_,;  pa (z) < 1. This contradicts (3.27). Therefore (3.26) must
hold for each ig € I and x € X. 0

The following proposition deals with a special case in Theorem 3.2 by deleting
the words “relative” and “C-extended,” respectively, from (i) and (ii). We will omit
the proof as it is similar to that of Theorem 3.2.

THEOREM 3.3. Let & € C N (Nier C;). Then the following statements are equiv-
alent:

(i) Z is a strong interior point of the CCS-system {C,C; : i € I}; namely,

z € CNint (ﬂiel Cz) .

(i) z € int C; for each i € I and the sup-function P(-) of {pg, ()} is continuous
on X, where ps. is the Minkowski functional of the set éi =C—1Z.

Moreover, if we add an additional assumption that the set-valued map i — C; is
lower semicontinuous, then the above (ii) can be replaced by a stronger one, as follows:

(ii) (ii) holds and i — pg (x) is upper semicontinuous for each x € X.



324 CHONG LI AND K. F. NG

4. Interior-point condition and the strong CHIP. For the remainder of
this paper, we assume that I is a compact metric space and that {C,C;: i € [} is a
CCS-system with base-set C' as in the beginning of the preceding section. Our main
results are to provide sufficient conditions for ensuring the strong CHIP. For xg €
cn (ﬁiel Ci), let Iéb(l‘o) = {Z €l: zg € bde Cl} Since bd¢ C; = bd C; \ into Ci,

(4.1) IP(xg) C{iel: 2o €bdC;}.

THEOREM 4.1. Let g € C N (Nier C;). Then the CCS-system {C,C; : i € I}
has the strong CHIP at xq if the following conditions are satisfied.

(a) The system {C,C; : i € I} satisfies the strong C-interior-point condition.

(b) The set-valued mapping i — (aff C') N C; is lower semicontinuous on I.

(¢c) The pair {aff C,C;} has the strong CHIP at xo for each i € I.

(d) Either C is finite dimensional or It (z¢) is a finite set.
Moreover, the same conclusion also holds if (a), (b), and (c) are replaced simultane-
ously by (a*) and (b*).

(a*) The same as (a) but delete the word “relative.”

(b*) The set-valued mapping i — C; is lower semicontinuous on I.

Remark 4.1. In view of Theorem 2.2, (a*) = (c¢) because (a*) implies int C; D
int(Nye; C;) NC # 0.

Proof of Theorem 4.1. By the assumptions (a) and (b), let Z, 6‘, a, pg,, and P

be as in parts (i), (ii) of Theorem 3.2. In particular, P is continuous, the function
i+ pg () is upper semicontinuous for each x € X, and for each » € aff C and i € I
it holds that

(4.2) P (r—7) <1<+= 1€

k3

(4.3) pa (x — ) =1 <=z € bdc Cj,

where (4.3) holds by (3.15). [Note. The above considerations are valid by Lemma 3.1
if one assumes (a*) + (b*) instead of (a) + (b); in fact, in this case, (4.2) and (4.3)
hold for all x € X (not only those x in aff C).]

Define, for each i € I,

9i(x) =pg (x—%)—1 foreachz e X

and let G : X — R be defined by G(z) := sup;c; gi(z) for each x € X. Then G is
continuous and the function i — g;(z) is upper semicontinuous for each z € X. Thus,
one can apply Theorem 2.1 to conclude that

(4.4) Ne(zo) + 0G(xg) = Neo(xo) + cone Z 0 gi(xo),
i€l(zo)

provided that the following condition (d’) is satisfied:
(d) C is finite dimensional or I(zg) is finite.
To prove the theorem, we need only to prove the inclusion

(4.5) Nen(nues e0(@0) € No(zo) + Y Ne, (o),
el
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as the reverse inclusion is evident. Note that, by (4.2),

Nen(nues e)(®0) = Nep(n,, o7 @) (#0)
(4.6) = Nena-1®_y) (o)
= Nc(wo) + Ng-1®_)(0)

thanks to Theorem DLW because Z € C Nint G™'(R_) as G(z) = —1. Thus (4.5)
is seen to hold if Ng-1r_y(z0) = 0. Therefore we may henceforth assume that
G(z9) = 0. Then, referring to the corresponding definition stated in (2.11), I(xo) =
{i eI: gi(xo) =0}. Since zg € C it follows from (4.3) that

(4.7) I(xo) = 12 (x0).

Thus, by assumption (d), the condition (d’) holds. Recall from [7, Corollary 1, p. 56]
that

conedg;(zo), i € I(xo),

(4.8) Ny gy (0) = {0 £ & 1o

and, similarly,
(4.9) Ng-1r_)(z0) = cone G (zp).
Hence, by (4.6) and (4.4), we have

Ncn(ﬂigz Ci)(l’o) = NC(xO) 4+ cone aG(ggO)

= N¢(x0) + cone Z 9 gi(xo)
i€l(zo)

(4.10) = No(zo)+ Y Ny (@0)
iEI(ZEo)

C No(zo)+ Y Neynasic(2o)
i€l (zo)

because g; '(R_) D C; Naff C. This implies that (4.5) holds because for each i €
I(zg) = I*(x0), one has from assumption (c) that

Ne,nasi o(z0) = Ne, (20) + Nag o (0)

(note also that Ne(zg) = Ne(zo) + Nagco(xo) as C C aff C'). Thus the first part of
the theorem is proved. The proof of the second part is almost the same because if
the assumptions (a) + (b) 4 (c) are replaced by (a*) + (b*), then (4.7) remains true
(noting that Z € C Nint C; and xg € C'N C; for each ¢ € I and that Ng,nag o (zo) in
(4.10) is to be replaced by N¢, (zo))- 0

Remark 4.2. As assumption (c) is used only at the end of the proof, (4.10) is
valid even if (c) is not assumed in Theorem 4.1.

Remark 4.3. The result in the first part of Theorem 4.1 is not true if the as-
sumptions are replaced by (a), (c), (d), and (b*) (instead of (b)), as shown by the
following example.
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Example 4.1. Let X =R? and let I = {0,1, 3,...}. For each i € I, let C; be the
closed convex subset of R? that is bounded by four line segments I1, l2, I3, {4 and the

curve defined by
ty =i(t; +1+14)* forallt, € [-2,—1—1],

where [, l2, I3, and l4 are defined as follows:

I t; = —2 forall ty € [i(1 —14)2,1],
Iy t1 =1 forall ty €[0,1],
I3 to =1 forallt; € [-2,1],

l45 tQZO for alltle[—l—i,l].

Let C = {(¢1,0) : t; € [-2,1]}. Clearly, T = (0,0) is a strong C-interior point of the
system {C,C; : i € I'}. Note that ig = 0 is the only limit point of I and that Cj is the
rectangle [—2, 1] x [0, 1]. Hence it is easy to see that the set-valued function ¢ — C; is
lower semicontinuous on I. However, since (aff C')NC; is the segment [—1—1, 1] x {0}
for each i € I\{0} and (aff C)NCy = [—2, 1] x {0}, the set-valued function i — (aff C)N
C; is not lower semicontinuous on I. Let xo = (—1,0). It is clear that {aff C,C;} has
the strong CHIP at xq for each ¢ € I. But the system {C,C; : i € I'} does not have the
strong CHIP at ¢ because C'N(Nier C;) = {(t1,0) : t1 € [-1,1]}, Nen(n,e; o) (T0) =
{(tl,tQ) Tt < 0}, and NC(ZL’()) + Ziel NCi(xo) = {(tl,tg) Dt = 0} 0

Remark 4.4. In general, {aff C,C;} may not have the strong CHIP even if the
C-interior-point condition is satisfied by the system {C,C;}. For example, let I =
{1}, X = R?, and C be the line ty = 0 while C; is bounded by the lines o = 0,
ty = 2, t; = 1, and the half-circle t3 + (to — 1) = 1, t; € [-1,0]. Clearly, {C,C1}
satisfies the C-interior-point condition but {aff C, Cy} does not have the strong CHIP
at zp = (0,0). This example also shows that (c) cannot be dropped in the first part
of Theorem 4.1.

Our next two theorems address the case when some C; might have an empty
interior. We will use the notion that a subset in X is finite codimensional.

DEFINITION 4.1. Let A and B be two nonempty convex subsets of X. We say
that A is

(i) finite codimensional in B if the closed subspace span B Nspan A is a finite
codimensional subspace of span B;

(ii) finite codimensional if span A is finite codimensional in X.

Obviously, if B is finite dimensional, any nonempty convex subset A of X is finite
codimensional in B.

THEOREM 4.2. Let g € C N (Nicr C;). The system {C,C; : i € I} has the
strong CHIP at xq if the following conditions are satisfied.

(a) The system {C,C; : i € I} satisfies the weak-strong C-interior-point condition
with (11712).

(b) The set-valued mapping i — (aff C') N C; is lower semicontinuous on I.

(¢c) The pair {aff C,C;} has the strong CHIP at xq for each i € I\ (I U I3).

(d) C is finite dimensional or I:P(x¢) is finite.

(e) C; is finite codimensional for each i € Iy.

Moreover, the same conclusion also holds if (a), (b), and (c) in the above as-
sumptions are replaced simultaneously by (a*) and (b*).

(a*) The same as (a) but delete the word “relative.”

(b*) The set-valued mapping i — C; is lower semicontinuous on I.
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Proof. By (a), there exist £ € X and two disjoint finite subsets I, I of I such that
Z is a weak-strong C-interior point with (11, I) of the CCS-system {C,C; : i € I};
that is, C; is a polyhedron for each i € Iy and

(4.11) zerc|) (ﬁmc N C’,-) N (ﬂ riCZ) N (ﬂ C’i>,

i€1p i€l i€l

where Iy = I\ (I; UI). Let J denote the closure of Iy; namely, J equals the union
of Iy with I', where the subset I' of I} U I, is defined by

(4.12) I':'={i € LUl : iis a limit point of I}.

For each i € I', we define C; by

(4.13)
Ci: ={zxeX:3xje(@fC)NC, forall jeI\{i}such that lim, ,; z; = 2}

={z e X : Jz; € (aff C)N Cj for all j € I such that lim;_,; z; = x},

thanks to the fact that I; U I is a finite set. By assumption (b) and Proposition 3.1,
we have

(4.14) (aff C)NC; C C; for each i € I'.

Moreover,

(4.15) T e riCﬂ (rintc ﬂ Ci> ﬂ rinte ﬂ C;
i€l SL

In fact, since Z € rintc (¢, Ci, there exists 6 > 0 such that (aff C') N B(z,6) C C;

for each j € Iy. From (4.13) it follows that (aff C) N B(z,68) C C; for each i € I'.

Therefore # € rinto(();c;: C;) and (4.15) holds. Note further that each Cj is convex

and closed. In fact, let i € I' and let {z,} C C; be such that z, — z. Then
lim; ; dc;nas c(2n) = 0 for each n =1,2,.... Since

do;mafi ¢ (2) < ||zn — 2[| + dojnatt o (Tn),

we have that lim;_.; dc;natt c(2) = 0. This implies that z € C,; and so C; is closed.
The convexity of C; follows from the convexity of the sets (aff C') N C; (j € I) and
the definition of qu Reicall that J = I, U I' and define C_”i = (C; for each i € Iy. Then
J is compact and {C,C; : i € J} is a CCS-system with the following properties:

(i) {C, Ci:ice J} satisfies the strong C-interior-point condition; in fact,

(4.16) zeriC(rinte | ()G
jed

(see (4.15)).
(ii) The set-valued function j — (aff C') N 6j is lower semicontinuous on J.
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(iii) Either C is finite dimensional or ItP(x¢) is a finite set, where
(4.17) I (x0) == {i e J: o € bdc Ci}.

In fact, (ii) follows from assumption (b) and the definition of éj. Moreover, (iii) follows
from (d) and the fact that frcb(a:o) C I (z0) (because of (4.14) and zg € (aff C)NC;).
Thus, by Remark 4.2, we have that

(4.18) Neonnye, 6 (@) € Ne(@o) + Y Nig oy, (@0)-
JjEJ

We will show that

(4.19) N o6, (@0) € Ne(xo) + No, (o) - for each j € J.

This inclusion is simply from assumption (c) if j € Iy. Next consider the case when
j € JNI,. In this case one has j € I'N I and it follows from (4.14) that (aff C)NC; C

C‘}-. Consequently, one has
N o)nd, (z0) € Nagt ¢)ne, (T0) € Nene; (2o) = Ne(wo) + Ne; (o),

where the last equality holds by Theorem 2.2 (which is applicable here because C; is
a polyhedron and z € riC N C;). It remains to consider the case when j € I; NI !
for (4.19). To do this and for a later application, let us consider a general j € I; (for
the time being regardless of whether j € I' or not). Then by (4.11) and definitions,
z € 11C; = rintg, Cj. Hence, by Lemma 3.1, C; — = admits a (C;)-Minkowski
extension C~’j — I CN'J- is a closed convex set such that

(420) z € intC; and af C; NC; =alf C; NCy = C; = (aff C;) N C; forall j € 1.
Combining this with (4.14),

(4.21) (aﬁC)OMﬂé’jg(aﬁC)ﬁéj for each j € I, N 1.

Thus if j € I; N I', then it follows from (4.21) and Theorem 2.2 that

N, N

(aff C)NC; (20) € Nyt crar CinC; (o)
€ N 0ynai; (%0) + Ng, (20)
€ Naro(20) + Nagre; (2o) + Ng, (o)

C Nag o(z0) + Nagrerng, (o)

i
C Ne(wo) + Nej (wo

thanks to (4.20), and thus (4.19) is verified. Here we have used Theorem 2.2 (twice)
which is applicable as T € int 5’j Naff C; Nri(aff C') and aff C; is a polyhedron (be-
ing an affine subspace of finite codimension) by assumption (e). Therefore (4.19) is
established in all possible cases. Combining (4.19) and (4.18), we have

(4.22) Nennye, 6 (o) € Nelzo) + > Ne, (o).
jer
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Recalling C_"i =C;foreachi € Iy, J = Iy UI' and I = JUI; U I, it is a routine
matter to verify from (4.14) and (4.20) that

(4.23)

enfne)-{en(ne)n(n==)n(ne)in(na)

(For example, if x is a member of the set on the right-hand side of (4.23) and if ¢ € I,
then = € C; by (4.20) and so it is not difficult to verify that = belongs to the set on
the left-hand side of (4.23).) Moreover, by virtue of the general inclusion property,
riC () (rintc ;e C ) Cri(eN (Nics ) (Which can be verified by definition). This

with (4.16) implies that Z € ri(C' () (N, C;)) and hence it follows from (4.11) and

(4.20) that <
(4.24) zeri (Oﬂ (DJ 6)) N <D aff Ci> N (g Ci> N (int Ql 6)

Thus Theorem 2.2 is applicable to computing the normal cone of the set on the left-
hand side of (4.23) at xo (noting that each C; with ¢ € I is a polyhedron and that
each aff C; with ¢ € I; is also a polyhedron as noted before):

N(xo; C N (Nier Ci))
= N(20; (C'N (Nies C)) N (Nier, aff C3) N (Nier, Ci)) + Z N(z0;C,

i€l
= N(20;C' N (Nies Ci)) + Y N(zo;aff C7) + Y N(z0; Ci) + Y N(a0; Ci)
i€l 1€ls i€l
IEQ, +ZN To; 1)+ZN(xo,afszﬂC~‘1)+ZN(zo,Cl),
i€J i€l iclz

thanks to (4.22). Since I = JUI; Ul and in view of (4.20), this implies that
{C,C; : i € I} has the strong CHIP at xy. This completes the proof for the first part
of Theorem 4.2.

For the proof of the second part, by (a*) there exist £ € X and two disjoint finite
subsets I, Iy of I such that

(4.25) a-:ericﬂ(imﬂ@)ﬂ(ﬂﬁ@)ﬂ(ﬂ C’>

i€1p i€l i€l

Now the proof is completed almost the same as for the first part, with the only
modifications as follows. We use (4.25) in place of (4.11). We use “int” to replace
“rintc” in (4.15); in (4.13) and (4.14) we use “C;” to replace “(aff C) N C;.” O

Below we provide a sufficient condition ensuring the strong CHIP for a CCS-
system with a closed subspace as a base-set.

LEMMA 4.1. Let {C; : i € I} be a family of nonempty closed convex subsets of X,
Y C X be a vector subspace, and xo € Y ()((\;c; Ci). Then the system {Y,C; : i € I}
has the strong CHIP at xq provided that

(a) for each i € 1, either C; CY or C; is a polyhedron;

(b) {Y NC;: i€ I} has the strong CHIP at z inY.
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Proof. By (b) and recalling the notation of NY given in (2.17), we have

Ny rouer oo (@0) = > Nyne, (w0).
el

Now let 2* € Nyn(n,c,; ¢,)(%0). Then z*|y € Nl}f/ﬁ(ﬂiez Ci)(xo) and, hence, there exist
a finite subset Iy of I and T} € Ny, (o), @ € I, such that

(4.26) oy = & onY.
i€lp

For each ¢ € Iy, let 7 € X* be an extension of z}. Then =} € Nyn¢,(zo). Note
that in the case when C; CY, Nync,(20) = N¢,(x0), while in the case when C; is
a polyhedron, Nyn¢,(z9) = Ny (zo) + N¢, () by Theorem 2.2. Thus (a) implies
that >, @7 € Ny (zo) + > ;cr Noi(wo). Denote y* :=a* — >, a7, Then y* €
Ny (zo) and so z* = y* + > ,.; @] € Ny(wo) + > ;c; Nc;(w0). This shows that
Nyn(nier ) (o) € Ny (zo) + ;7 Nei (zo) and the proof is complete. 0

The following consequence of Lemma 4.1 and Theorem 4.2 will be further extended
in Corollary 4.4.

COROLLARY 4.1. Let C,Cy be a pair of closed convex subsets of X such that
riC NriCy # 0. Suppose that (at least) one of the sets is finite dimensional or finite
codimensional. Then {C,C1} has the strong CHIP.

Proof. By symmetry, we need only to consider two cases: (i) C is finite codi-
mensional; (ii) C is finite dimensional. The case (i) is clear by Theorem 4.2 (with
I =1 = {1} and I, = (). For the case (ii), let 2o € C N C;. Let spanC + span Cy
be denoted by Y. Then C is finite codimensional in Y and hence, by what we just
proved, the system {C,C;} in Y has the strong CHIP in Y. Since C and C; are
subsets of Y, it follows from Lemma 4.1 that the system {Y,C, C1} has the strong
CHIP. This implies that {C, C1} has the strong CHIP in X since Ny (z¢) C N¢(zo)
for each xg € C'N Cy. 1]

If assumption (d) in Theorem 4.2 is replaced by the stronger assumption that C
is finite dimensional, then (e) can be dropped. This will be proved in Theorem 4.3
below. For preparing its proof and also for a later use, we first give a lemma.

LEMMA 4.2. Let g € C N (Nier C;). The CCS-system {C,C; : i € I} has the
strong CHIP at xq if it satisfies (a*) and (b*) of Theorem 4.2 as well as the following
conditions.

@©) {C,C;: i € 1 UL} has the strong CHIP at x.

(d) The same as (d) in Theorem 4.2.

Proof. As in the beginning of the proof of Theorem 4.2, let I' be defined by
(4.12) and let C;, for cach i € I', be defined by (4.13) with X in place of C. Let
J := Iy U I'. Define C_”Z = (; for each i € Iy. Then J is compact and {C, C_”l cieJ}
is a CCS-system with the following properties:

(i) {C,C; : i € J} satisfies the strong interior-point condition; in fact,

(4.27) zerC()|int()C;

jeJ

(ii) The set-valued function j — C_"j is lower semicontinuous on J.
(ili) C; C 6j for each j € J.



STRONG CHIP FOR INFINITE CLOSED CONVEX SET SYSTEMS 331

=

(iv) C is finite dimensional or J(zo) is finite, where
J(zo) ={i € J: xg€bdC;}.

Thanks to (i), (i), and (iv), it is easy to see that the system {C,C; : i € J} satisfies
the conditions (a*), (b*), and (d) of Theorem 4.1. Hence, by Theorems 2.2 and 4.1
and the above (iii), we obtain that

N(x0; C) + N(wo; (Nies Ci)) = N(20; C N (Nics Cy))
N(20;0) + Xiey N(20; Cy)
N(2o; O) + Xiey N(zo; Ci).

(4.28)

N

Noting by (iii) that

(4.29) ¢ (ﬂ CZ) =c() (Qé) N ( N CZ->

el i€l Ul
and that
(4.30) zedC()|int (G| ) ( N C)
JjeJ 1€l Ul

(a) of Theorem 2.2 can be applied to conclude that

N(20;C N (Nier Cy)) = N(zo; Nies Ci) + N(zo; C N (Nicr,ur, Ci))
(4.31) = N(@o; C) + N(zo; (Nics Cy))
+ Zieh N(zo; Ci) + ZiGIz N(zo; Ci),

thanks to assumption (¢). Combining (4.28) and (4.31) gives the desired conclusion
and the proof is complete. ]

THEOREM 4.3. Let g € C N (Nicr Ci). The system {C,C; : i € I} has the
strong CHIP at xq if it satisfies (a), (b), and (c) of Theorem 4.2 and the following
condition.

(d) C is finite dimensional.

Moreover, the same conclusion also holds if (a) + (b) + (c) + (d) in the above
assumptions is replaced by (a*) + (b*) + (d), where (a*) and (b*) are as in Theo-
rem 4.2.

Proof. Denote

(4.32) ézC—xo, Z = spana, CA'Z-:CZ-—:UO for each 7 € I.

Then, by assumptions, Z is finite dimensional and

(4.33) riC () <rinté N @) N (ﬂ ri@) N (ﬂ 5) # 0.
i€l i€y i€y

Letting C* denote the intersection Z N C;, it follows that

wsy  we (W N cf) N (m . cf) N (m Cf) 40.

i€lp i€ly i€l
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Noting aff C=2 , this implies that, as a system in the Banach space Z, {é , Cf eI}
satisfies the weak-strong interior-point condition. In fact, with respect to the relative
topology in Z, one has

(4.35) rintz C') <rintz N Cf) N (ﬂ ri Cf) N (ﬂ Cf) #0.

i€lp i€ly i€l

By Theorem DLW (applied to the system {C, C*} in Z), we have

icl

z _ \Z z .
Néﬂ(ﬁiel Cf)(o) B Né (0) T Nﬁier el (0)’

namely, in the normed linear space X,
(4.36) Nénnie, 60(0) = Na(0) + Ny, :(0),

because C N (Nier C’f) =Cn (Nier CAQ), and C as well as C’f are subsets of Z. We will
show that

(4.37) N, c:(0) € Ne(0) + > N (0).
i€l
Granting this, (4.36) and an easy translation argument imply that
Ne(nuer (@) € Ne(wo) + Y Ne, (o),
iel

which shows that {C,C; : i € I} has the strong CHIP at z. It remains to prove
(4.37). To do this, we shall apply Lemma 4.1 to Y := Z and the system {D,}, where

~

Ci=Cinz, iel\l,
D; =
C; i € I

We suppose, without loss of generality, that I \ Iy # @ (otherwise (4.37) holds by
Theorem 2.2). Then Nie; CF = Ny D;. Moreover, assumption (c) (for i € I\ (1;UL))

and Corollary 4.1 (for i € Iy) imply that for each i € I\ I, {Z,C;} has the strong
CHIP at 0 and hence that

(4.38) Np,(0) = N,5,(0) = Nz(0) + Ng,(0) € Na(0) + Ng, (0).

We claim that {D; : ¢ € I'} has the strong CHIP at 0. Granting this, it follows from
(4.38) that

Nmiel Cf(0> = Nnie; DL(O) = ZNDL(O)

el
= > Np,(0)+ Y N (0) S Ng+ Y Ne (0),
ieI\Iy i€ls i€l

which shows (4.37). Thus it remains to prove the above claim. In view of Lemma 4.1,
it suffices to show that, as a system in the subspace Z, {ZND, : i € I'} has the strong
CHIP at 0 (note that for each i € I, @ is a polyhedron because C; is a polyhedron).
By (4.35), this system in Z satisfies the weak-strong interior-point condition on Z
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with (I, I2). Assumption (b) tells us that ¢ — D; N Z is lower semicontinuous on I.
It is trivial that for each ¢ € Iy, D; N Z is finite codimensional in Z as Z is finite
dimensional. Hence it is easy to see that the second part of Theorem 4.2 is applicable
to the system {Z,Z N D; : i € I'} in place of {C,C; : i € I'} if assumptions (a), (b),
(c), and (d) are assumed. Thus, this system (in Z) does have the strong CHIP at 0.
Our claim is therefore established and this completes the proof of the first part of the
theorem.

For the second part, suppose that the system {C,C; : i € I} satisfies (a*) +
(b*) + (d) (in place of (a) + (b) + (c) + (d)). Then, by (d) and by the result of the
first part (applied to the finite subsystem {C,C; : i € I; U I5}), one concludes that
{C,C; : i € UL} has the strong CHIP at 5. Hence, by Lemma 4.2, {C,C; : i € I}
also has the strong CHIP at xg. 0

COROLLARY 4.2. Let 29 € C N (Nier C;). The system {C,C; : i € I} has the
strong CHIP at xq if it satisfies (a*) and (b*) of Theorem 4.2 as well as the following
condition.

(d*) At least one of {C,C;: i € I1} is finite dimensional.

Proof. By assumption (a*), take Z satisfying (4.25). By assumption (d*) and in
view of the second part of Theorem 4.3, it suffices to consider the case when Cj, is
finite dimensional for some ig € I;. Let

I =1L U{is},

where iy is a new index such that i, ¢ I. Let Iy = I\ (I; U I5) and define D :=
Cio N (Nier, Ci). Then ri Cy, Nint(Nier, Ci) C ri D, and thus Z € ri D by (4.25). Thus

(4.39) xeﬂDﬂ(ﬂ riCZ-)ﬂriCﬂ(ﬂ C)

i€l i€l
Letting J = I{Ul, D; = C, and D; = C; for each ¢ € I; U5, (4.39) implies that the
new CCS-system {D,D, : j € J} satisfies the weak-strong interior-point condition
with (I7, I2), that is, the condition (a*) of Theorem 4.3 stated for {C,C; : i € I}. It
also satisfies (b*) of Theorem 4.3 as J is finite. Therefore by applying Theorem 4.3
to the new system we have that

Npn(njes pi)(@0) = Np(xo) + > ¢ 5 Np, (20)
(4'40) = NCq‘,Oﬂ(ﬂieIO Ci)(xo) + Ne(zo) + Ziellub Ne; (o)
C Ne(o) + Noy n(nier ¢ (To)-

Applying Theorem 4.3 to the system {Cj,, C; : i € I} and noting that DN(Njes D;) =
C' N (Nier Cy), it follows from (4.40) that

Nen(nier ¢)(To) = Npa(n,e, pi)(T0) = Ne(zo) + ZNcq, (w0)-
il

The proof is complete. 0

COROLLARY 4.3. Let zy € C'N (Nier C;). The system {C,C; : i € I} has the
strong CHIP at x if it satisfies (a*) and (b*) of Theorem 4.2 as well as the following
conditions.

(c¢*) For any i,j € I, C; is finite codimensional in C as well as in Cj.

(d) I(xo) ={i € I : z9 € bdC;} is finite.
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Proof. By Lemma 4.2, it suffices to show that (¢) of Lemma 4.2 holds; that is, the
system {C,C; : i € I; U L5} has the strong CHIP at xy. For this purpose, take a new
index 0 ¢ I and, for each i € I, let Yy and Y; denote the closed subspaces spanned
by C and C}, respectively, and let

(4.41) Y =Y, + Z Y;.

i€l

We claim that each C; for ¢ € I; is finite codimensional in Y. To verify this claim, let
i€l andset J ={0}UI\{i}. By assumption (c*), C; is finite codimensional in Y7,
for each j € J, and it follows from Definition 4.1 that there exists a finite dimensional
subspace Y} of Y; such that Yj is the direct sum of Y] and Y; NY;, that is,

Y, =Y/ +(Y;nY) and ¥/N(Y;NY)={0}.
Hence, for each j € J,
(4.42) Y;+Y; =Y, +Y; and Y/NY;={0}.

Then, by (4.41) and (4.42),

(4.43) Y= (Y;+Y)=> ¥/+Y: and (> Y/ |nY;={0}
JjeJ JjeJ JjeJ

This implies that Y; is finite codimensional in Y since ) jed Yj’ is finite dimensional.
The claim is proved. Noting that C; N'Y = C; for each ¢ € I, this implies that, as a
CCS-system in Y, {C,C;NY : ¢ € I; U I} has property (e) of Theorem 4.2 stated
for {C,C; : i € I}. Moreover, it also satisfies (d) thanks to assumption (d) and (4.1).
Therefore one can apply the second part of Theorem 4.2 (with Iy = @) to conclude
that this finite system in the subspace Y has the strong CHIP at zy. Noting that
C,C; C Y for each i € I; and Cj is a polyhedron for each j € Iy, it follows from
Lemma 4.1 that {Y,C,C; : i € I; U Iy} has the strong CHIP at zy in X. Therefore
{C,C; : i € I; UI} has the strong CHIP at 2y (because C CY). O

We obtain below an extension of Rockafellar’s result [27, Corollary 23.8.1, p. 223]
in the setting of general normed linear spaces.

COROLLARY 4.4. Let I = JU K be finite with J, K disjoint such that Cy is a
polyhedron for each k € K, and suppose that

(4.44) nC () [ ()i ) ) (ﬂ CZ-) # 0.

jeJ keEK

Then the system {C,C; : i € I} has the strong CHIP if at least one of the following
conditions is satisfied.

(a) At least one of {C,C;: j € J} is finite dimensional.

(b) For each j € J, C; is finite codimensional in C and C;, respectively, for each
i€ J (eg., C; is finite codimensional for each j € J).

Proof. Since I is finite and thanks to (4.44), the system {C,C; : i € I} satisfies
(a*) and (b*) of Theorem 4.2 (with (I, 1) = (J, K)). Now apply Corollary 4.2 and
Corollary 4.3 to conclude the proof. ]
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5. Subsystems and the strong CHIP. Recall that I and {C,C;: i € I} are
as explained in the beginning of the preceding section. Our main result of this section
is the following.

THEOREM 5.1. Suppose that the finite subsystem {C,C; : i € J} has the strong
CHIP for each finite subset J of I. Then the system {C,C; : i € I} has the strong
CHIP provided the following conditions are satisfied.

(a) C is finite dimensional (say, dim C :=1 < 4+00).

(b) The set-valued function i — (aff C) N C; is Kuratowski continuous on I.

(¢c) For any finite subset J of I (with the number of elements |J| <1 if X is real
and |J| < 21 if X is complex), the subsystem {C,C; : i € J} satisfies the following
C-interior-point condition:

(5.1) ¢ (ﬂ rint¢ CZ-> £ 0.

i€

Proof. Since I is compact and metrizable, there exists a sequence {Ij} of subsets
of I such that

(i) each Iy is finite;

(ll) Ik g Ik+1 for k = 1,2,...;

(iii) I equals the closure of |Jp—; I.

Let S =(;c;Ci, K=CNS, and S = ﬂielk C; for each k. Then
(5.2) K:Cﬂ(ﬂ@-) C CN Sy
icl

Let zo € C((N;c; Ci) and let z* € Nk (xg). We have to show that z* € No(xo) +
> icr Nei(zo). We will first show that there exist {zx} € C with zx — o and
x5 € Nens,, (xg) such that {z}} is bounded and

(5.3) klim (x%,y) = (z",y) for each y € span(C — zg).

In fact, since Z := span(C — x¢) is finite dimensional, we may assume, without loss of
generality, that the norm restricted to Z is both strictly convex and smooth. Clearly,
we may assume that x*|z # 0. Take zg € Z such that (z*, z0) = ||2*|z]|-||20]| = ||20]|*.
Write © := xg + 29. Then, 2*|z = J(xz — z¢)|z. By the Hahn-Banach theorem, let
z* € X* be a norm-preserving extension of z*|z. Then z* € Ng(xo) N J(z — z9).
Hence by Proposition 2.1, g = Pk (z). Let 2 = Pons, (). Then z —xy, € Z because
Ty — Xk, T — xg € Z. Moreover,

lexll < llew = 2| + [le] < [l = ol + [l];

hence {z} C C is bounded. Without loss of generality, assume that x;, — & for some
Z € C. Let i € I. By (ii) and (iii), there exists {ix} C I with i, € Ij for each k
such that i — 4. Noting that = € (aff C) N C;, and that z;, — T, we have that
Z € (aff C) N C; by the upper Kuratowski semicontinuity assumed in (b). This shows
that 7 € K. Because

lz = 2| = Jim ||z — 24| < o —y|| for each y € K,
— 00

Z = Pg(x) = xp and hence zx, — x9. On the other hand, by Proposition 2.1,
there exists zf € Neons,(2zr) N J(z — x). Consequently, {z}} is bounded since
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lzfl] = ||z — xx||. Moreover, by the smoothness of the norm in Z, the mapping
z + J(2)|z is norm-weak* continuous. Hence x|z — z*|z as ¢ —xp — ¢ — x in Z.
Thus (5.3) holds.

By assumption, the finite subsystem {C, C; : i € I} has the strong CHIP at xy,
and hence

(5.4) zy, € Nons, (a:k) = Nc(sck) + Z N¢, (ﬂ;‘k)
i€ly,

If there exists a subsequence {k;} of {k} such that z} € Nc¢(zy,) for each j, then
" € No(zo) by (5.3) (and so " € Ng(wo) + > ;c; Noi(z0)). Therefore we may
assume that for each k, z} ¢ Nc(zi). Recalling that the dimension of Z is [, it
follows from (5.4) and [27, Corollary 17.1.2] that there exist z; € Ng(xo), if € I,
and ?jz*f € Nc,, (wo) such that

(5.5) szzZ—i—Zﬂ;@ on Z forallk=1,2,...,
=17
where s < [if X is real and s < 2 if X is complex. Without loss of generality, assume
Uik
that % |z # 0 for each j = 1,2,...,5. Set A¥ = [|g%|z|, yji = <& Then A¥ > 0 for
J J J J

7=1,2,...,sand

(5.6) x,’;:zz—i-Z)\fy;% on Z forallk=1,2,....
j=1

Let A¥ := >°_ A%, Then {A\*} is bounded. Indeed, if not, by considering a sub-

Jj=173"
sequence if necessary, we have that limy_ ., \¥ = +o0o. Thus f\—ﬁ — 0 as k — oo.
Furthermore, without loss of generality, we may assume that as k — oo,

k

(5.7) i —1i; and A—;Hﬂj, j=1,2,...,s.

Then y77_, p1j = 1. Since {y} } is bounded, by (5.6), /Z\—’,z|z} is bounded too. Thus,
J
we may also assume that there exist z5,y; € Z* such that

2y, ~
(5.8) /\—’Z — 7z; and yl*,; —y; onZ

as k — oo. Then, since z; € No(xy), by (5.8) and the fact that xy, — =0,

(5.9) (z5,2 — o) <0 for each z € C.

Let z € (Z + x0) N Cy;. Since zé“ — 4; and thanks to assumption (b), there exists
{21} with each z € (aff C)NCjx such that 2, — 2 as k — oo. Then (y, 2, —zx) < 0.
J 3

Since z — xg, it follows from (5.8) that for each j,

(5.10) (Ui, 2 —w0) <0 for each z € (Z +x0) N Cj;.
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Consequently, by the Hahn-Banach theorem, zj and y; can be extended to z5 €
Nc(zo) and y;' € Ncijm(z+10)(a:0). Clearly, by (5.6), (5.7), and (5.8),

(5.11) 0=z + Zujyfj on Z.
j=1

By assumption (c), there exists § € C Nrintg C;; for each j = 1,2,...,s. Then,
by (5.10), (y;‘j,gj — o) <0 for each j = 1,2,...,s. We claim that each of the above
inequalities must be strict. Indeed, suppose otherwise that (yz*] ,gy—x0) = 0 for some j.
Let z € Z and let z; := t(z + x9) + (1 — ¢)g. Then for any ¢ with |¢| small enough,
z € (aff C) N C;; and thus, by (5.10),

Hyi,2) = (Wiy» 20 — wo) — (L= t)(ys,, § — o) = (yi,, 2 — w0) < 0.

This implies that (y;,z) = 0, that is, y; [z = 0, which contradicts that ||y} |z| =
97, = 1. Hence,

S
<26‘ +) iy U - mo> <0,
j=1

which contradicts (5.11). This shows that {\*} is bounded. Note that N(z)nc; (o)
€ Ne(wo) + Ne,, (o). Thus, taking the limits on the two sides of (5.6) and using the
similar arguments as above (if necessary, using subsequences), we get that

(5.12) ¥ =z + Z)xjyfj on Z
j=1

for some A; > 0, z§ € N (o), and y;, € NCij (o) (1 =1,2,...,8). Let y* = a™ —2{ —
> i=1 Ajyi,- Then y* € Ne(xo) by (5.12) and thus 2* € Ne(wo) + 30,1 Nei (o). The
proof is complete. 0

COROLLARY 5.1. Suppose that the CCS-system {C,C; : i € I} satisfies the
interior-point condition, dim C < 400, and the set-valued function i — (aff C') N C;
is Kuratowski continuous. Then the system {C,C;: i € I} has the strong CHIP.

Proof. The assumed interior-point condition clearly implies (c¢) of Theorem 5.1;
it also implies that each of the finite subsystems of {C,C; : i € I'} has the strong
CHIP by Theorem DLW. Hence the conclusion holds by Theorem 5.1. a

Remark 5.1. Examples 5.1, 5.2, and 5.3 will show that none of the conditions
(a), (b), and (c) in Theorem 5.1 can be dropped. Each of these examples will be a
CCS-system without the strong CHIP, but each of the finite subsystems of each of
these CCS-systems does have the strong CHIP (each C; being a polyhedron, and the
base-set being the whole space). In each of these examples, I is the compact subset
of R defined by I ={0,1,3,...,%,...}.

Ezample 5.1. Let C = X = {a& = (z1,22,...,Tk,...) : x € R, limy zy, exists}
with the norm defined by

el

lz]| = Sl]ip|$k‘, x=(z) € X.
Define

. {{xz(xk)EX: limg 2, <0}, =0,

{o=(2r) € X: 21 <0}, 1€ I\ {0}.
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Then the set-valued function i +— C; is Kuratowski continuous on I. In fact, let
{in} C I be a sequence satisfying i,, — 0. To show the Kuratowski continuity at 0,
let {2} be a sequence satisfying z*» € C; and x'» — 2. Noting

2% =a% —alt +a't <2 -2’y <2 -2 -0,
one has that limy x% < 0 and thus z° € Cy. This proves that the set-valued func-
tion ¢ +— C; is upper Kuratowski continuous at 0. To show the lower Kuratowski
continuity at 0, let 2% € Cp. Then a = limgz) < 0. Define z'» = (332) with
xi" =0 if k # L and x‘" =aif k = L. Then z'» € C;, and lim, z'» = 20. This
shows that the set valued functlon = C is lower Kuratowskl continuous at 0. Note
that z € int((,.; C;) for £ = (=1,-1,...) € X. Hence the conditions (b) and (c)
in Theorem 5.1 are satisfied. Let xg = 0. Then z¢ € ﬂzel It is easy to see
that ) ,; Ne, (20) is not closed; hence this system does not have the strong CHIP
at xg. O
Ezample 5.2. Let C = X = R2. Define

{r = (z1,22) € X : 21+ 22 <0}, i=0,
C; = . )
{z = (z1,22) € X : z1 +ize <0}, i eI\ {0}.

Then ﬂZGIC’ ={(z1,22) : 21 <0, 21 + 22 <0}. Let 29 = 0. Then x¢ € bd(,; Ci.
Clearly, (a) in Theorem 5.1 is satisfied. Since Z = (—1, 3) € int((),; C;), condition (c)
in Theorem 5.1 is satisfied too. However, Nﬂie[ c;(@o) = {(t1,t2) : 0 <ty <t1} and
> icr Ney(zo) = {(t1,t2) : 0 <t <1} U{(0,0)}. Therefore this system does not
have the strong CHIP at xy. Note that condition (b) is not satisfied. 0

FEzample 5.3. Let C = X = R? and define

o {z = (x1,22) : @2 <0}, 1=1,
O o= (e, ) ¢ iy — 20 — 2 <01, ieI\{1}.

Then (,.; Ci = {(z1,0) € R? : 21 < 0}. Let 9 = 0. Hence

iel
NﬂzeIC (330) - {(tlat2) S Rz Dt > O}

and

ZN@.(QEO) = cone{(0, —1), (0,1)} = {(t1,t2) € R?: t; = 0}.
iel

Consequently, this system does not have the strong CHIP at x. Note that conditions
(a) and (b) in Theorem 5.1 are satisfied but condition (c) is not. |

Acknowledgment. We thank the referee for his helpful comments.
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