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Abstract

The convergence problem of the family of the deformed Euler—Halley iterations with parameters for solving
nonlinear operator equations in Banach spaces is studied. Under the assumption that the second derivative of the
operator satisfies the Hélder condition, a convergence criterion of the orgeothe iteration family is established.

An application to a nonlinear Hammerstein integral equation of the second kind is provided.
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1. Introduction
Let X andY be (real or complex) Banach spac@sc X an open subsetandlét: Q C X — Y bea
nonlinear operator with a second continuous derivativ 08olving the operator equation
F(x)=0 (1.2)

isabasic and important problem in applied and computational mathematics. The most well-known method
tosolve (1.1) isthe Newton method, whichis quadratically convergent under the proper conditions, showed

* Supported in part by the National Natural Science Foundation of China (Grant 10271025).
* Corresponding author. Tel.: +865 718 795 2025; fax: +865 718 795 1428.
E-mail addresscli@zju.edu.cr(C. Li).

0377-0427/% - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2005.07.019


http://www.elsevier.com/locate/cam
mailto:cli@zju.edu.cn

2 X.Ye, C. Li/ Journal of Computational and Applied Mathematic@ui) i

by the well-known Kantorovich theorem; see 1. Recent progress in the Newton method is referred
to [21,20] and[22]. The important cubical generalizations of the Newton method are the well-known
Chebyshev method (or Euler methdd)3,15,16]and the Halley methof#,2,12,15] More generally,
Gutiérrez and Hernandez proposed the family of the Euler—Halley iteratidB$, which is defined as
follows:

Xon+1 = Xon — [l + % LF(XO{,I’I)[[ - “LF(Xoc,n)]_l]F/(xz,n)_lF(xa,n)v n=01 ..., (12)
whereo € [0, 1] and
Lr(x)=F ()" YF'(x)F'(x)"'F(x), xeX. (1.3)

The family of the Euler—Halley iterations includes, as particular cases, not only the Chebyshev method
(« = 0) and the Halley method (= %) but also the convex acceleration of the Newton method (or the
super-Halley methody(= 1) (cf. [5,10,9). Hence, this family has recently been studied extensively; see
for examplg[11,23] However, the disadvantage of this family is that evaluation of the second derivative
of the operatofF is required at every step, the operation cost of which may be very large in fact. To
reduce the operation cost but also retain the cubical convergen&,Ezquerro and Hernandez gave
a variant of avoiding computation of the second derivative for the convex acceleration of the Newton
method. More precisely, the second derivativé-at x,, in this method is replaced by the difference of
the first derivatives at, andz,:

F//(xn)(zn —Xp) R F/(Zn) - F/(xn)a (1'4)

where for somé < [0, 1],
Yn=Xn — F,(xn)_lF(xn) and Zn = Xp + ;L(yn — Xp). (15)

Thus under the assumption that the second derivatieé sétisfies the Lipschitz condition o@, a
cubical convergence criterion based on the Lipschitz constant and boundary of the second derivative was
established for this method. The same variant was givgbh3pfor the Chebyshev method, and cubical
convergence criteria for the variant of the Chebyshev method were studjé@8,i] Convergence
criteria for these methods under the assumption that the first derivative satisfies the Lipschitz condition
were discussed ify,13].

Motivated by the idea of Ezquerro and Hernandefsinand[13], we define, for arbitrary € [0, 1],
the variant of the family of the Euler—Halley iterations with parameters as followsi leet0, 1] and
o € [0, 1]. Define

1
H@J0=IF@Y%F@+%O—X»—Fhﬂ (1.6)
and
Q(x,y)=—3H(x, [l +aHx, y)]™, (1.7)

wherel is the identity. Then the family of the deformed Euler—Halley iterations with parameters is defined
by
Yn=%0— F' () 'F(xy), n=0,12..., (1.8)

Xp41=Yn + Qn, y)(Yn —xp), n=0,1,2,.... (19)
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Underthe assumption that the second derivativesatisfies the Holder condition on the Hlxg, ) € Q
for some proper > 0, we will establish a unified convergence criterion based on the values of the operator
and its second derivative at the initial point as well as the Holder constant for the family of the deformed
Euler—Halley iterations with parameters. The main theorem is stated in Section 3, which extends and
improves the corresponding results for the deformed convex acceleration of the Newton method and the
Chebyshev method obtained[®,13,14] An application to a nonlinear Hammerstein integral equation
of the second kind (c{18]) is given in the final section.

Throughout the paper, we always assume that[0, 1], 1 € (0, 1], p € [0, 1] and thatrg € X such
that an inverse”’ (xo) ! of F’ atxg exists. For > 0, we useB(xo, r) to denote the open ball with radius
r and centerg while B(xg, r) stands for the corresponding closed ball.

2. lteration sequenceda,} and {b,}

We begin with two real-valued functions defined below, which will play an important role in analyzing
the convergence order of the family of the Euler—Halley iterations. Write

2
Sy = , o€]0,1]. (2.2)
1+oa+vV@d—-a)?+2
Then
N
N <1+ m) < 1, Vs € [0, Sa). (22)

Now we define continuous functiogon [0, s,) andh on [0, s,) x [0, +00), respectively, by
1 2(1 — as)

$&)=1_ s+ 7p5) T 20— a1 —s) —s2’ vs €l0.5) 23)
and
he. 1) 2+ (p+2)P)t a(l— J)Pst (1—o)s? s3
S, == ’
2p+D(p+2  2p+DA—as) 2(1—as) 81— as)?
V(s, 1) €[0,s,) x [0, +00), (2.4)

where we adopt the convention th&t-6 0. Then the following lemma on the properties of the functions
is trivial and so the proof is omitted.

Lemma 2.1. Let g and h be defined lff.3)and (2.4),respectivelyThen

(1) g(-) is strictly monotonically increasing g, s,) andg(0) = 1;

(2) for each(s, 1) € [0, s,) x [0, +00), h(s, -) andh(-, t) are strictly monotonically increasingespec-
tively, on [0, +o00) and[0, s,); and

(3) foreachy € (0, 1),

h(ys, y5P0) <y Ph(s, 1), Vs, 1) € [0, s5) x [0, +00). (2.5)
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Letag > 0 andbg > 0. Define real sequencés, } and{b,}, respectivelyby
ay = ay-18(ap-1)h(ap-1,by-1), Vn>1 (2.6)
and
by = by-18(@n—1)"h(ap-1, bp-)"*, V=1, (2.7)

Then we have the following lemma

Lemma 2.2. Letag € (0, s,) andbg > 0 such thatg (ag)?h(ao, bo) < 1. Sety = g(ao)h(ag, bo) (hence
y=a1/ag <1)and4 = g(ap) 1. Then

-1 P+2"-1
an <yP*2" a, 1<y T ag,  Vn1, (2.8)
by < (PP 2y s, (2.9)
n—1 (421
[] s@phtaj.bjy<y 71 4", Vn>1. (2.10)
j=0

Proof. To show (2.8), it suffices to show that

n—1
(p+2"%,

anp <y n—1 (211)

holds for each > 1. We proceed by mathematical induction. Clearly, (2.11) holds fod.. Now assume
that (2.11) holds forn = k. Then, by (2.6), we have that

(p+2)t P+ N2+ P+ Ly

ar+1 = arg(ar)®h(ag, by) <y ax-18(y ag—1, (y

Consequently, by (2.5), we obtain that
k-1 k-1 k
ak1 <7 PP a1g(ar—0) PGP P (g, bro1) =P . (2.12)

This shows that (2.11) holds far= k + 1. Therefore, (2.11) holds for all> 1.
Next, by (2.7) and (2.11), we obtain that, for eah

p+1
bu1=bng(@n)"?h(an, by)"  <bylg(@n)?h(an, bu)1P < (ﬂ> by <GP H, (2.13)
dnp
and so (2.9) is proved.
Finally, from (2.8) and (2.9), one has that, for egchO,

(p+2)/ -1 (p+2)/ -1

glajh(a;, b)<gly 71 ag)h(y 7T ag, y'P12 ~bg) <y P+ "Lg(ag)h(ag, bo) = P2 4.

Hence,
n—1 n—1
j (p+2"-1
[T s@phtaj.bp< [T +7F2 a=y 4.
j=0 j=0

The proof is complete. O
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We still need two simple lemmas. The first one is clear while the second one is a direct consequence
of Lemma 2.1. Recall thag andh are given by (2.3) and (2.4), respectively.

Lemma 2.3. LetK >0andp > 0. Then the equation

KtP™ 4 pr—1=0 (2.14)
has a unique positive solution r satisfying Tl?
Lemma 2.4. LetK >0, r > 0and lets, be defined by2.1). Define the function q of0, rs,) by

q(s) = g(s/r)?h(s/r, Ks"*h), Vs €[0,rs,). (2.15)

Then g is strictly monotonically increasing and continuou$@®@ms,) with ¢ (0) =0andg (rs,—) =+o0.
Consequentlythere exists a unique, € (0, rs,) such thay(r,) = 1.

3. Convergence of the iterations
Letr be the unique positive solution of equation (2.14). Then
p+KrP =1, (3.1)

Throughout this section, we assume that the nonlinear opeFatoB(xp, r) € X — Y satisfies the
following conditions:

IF' (x0) "1 F (x0) | <, (3.2)

IF'(xo) ™ F" (xo) | < (3.3)
and

IF (x0) M (F"(x) = F"O)II<K|lx = ylI”,  Vx,y € B(xo, r). (3.4)

Below we will establish the convergence of orgier 2 for the family of the Euler—Halley iterations. For
this purpose, we first give several lemmas.

Lemma 3.1. Letx € B(xo, 7). ThenF’'(x)~1 exists and satisfies that

. (3.5)
— 3|lx — xol

IF'(x) 7 F' (xo) || < ;

Proof. Since by (3.1)

1
B+ Klx —xoll?<p+KrP =1,
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it follows from (3.4) that

I — F'(xo) " F'(0)||

1
= | F'(x0) 1 F" (x0) (x — x0) + /0 F'(x0) H[F" (x0 + ©(x — x0)) — F" (x0)1(x — xo) dz||

1
< (IIF/(XO)_lF”(xo)II + fo I F' (x0) " F" (x0 + t(x — x0)) — F" (xo)]ll dr) llx — xoll

<(B+ Klx — xol?)llx — xol < 2lx — xoll < 1.

Consequently, the well-known Banach Lemma yields #at) " exists and (3.5) holds.O

Let {y,} and{x,} denote the sequences generated by (1.8) and (1.9), respectively. Then by (1.6) and

.7

H(xp, yn) = 31 F'(xn) HF Gon 4 20 — %)) — F/(x0)]
and

Qons yn) = =75 H (i, y) I + 2H (e, y)1
Lemma 3.2. Suppose that,, x, € B(xg, r) and that

FIF o)™ F o)l yn = xall < 1.
Then

L F ) " F o) [ yn — X
2(1— 4| F' () P ()l yn — X))

10 Gxn, yll <

lxn+1 — 20| <A+ 1O, ) DI yn — Xnll
and

24+ (p+2i2 a(l—0)P > )
ns> Jn K n - 4n P
2010 +2 T 10w sl Kllyw =l

10 (xn,s yu)II? 2
o )l = xll®

I F'(x0) "1 F (xns1) 1| < (
1
+= ((1— )1 Q X, Yl +

Proof. Note that

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

1
H (Xn, yn) = /o [F'(x2) " F" (x0) + F(x0) " (F" (x4 ©4(0n — x2)) — F" (x0))1(yn — %) 0.
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Hence, by (3.4) and (3.1),

1
IH (%, y) | < F (o) L F (x0) | /0 [+ K((L—12)|xy — xo0ll + w4l yn — x0l)P1dz]lyn — x4
<IF () "EF () 1B+ KrP)|yn — xal
=3 F )7L o) |l yn — xall. (3.12)

r

It follows from (3.8) and the Banach Lemma that

IH Oyl FIF G~ F o)l —
2(1 = all H (v, y) 1)~ 2L = 21 F’ (x) ™ F/ (<o) |1y = xall)’

1O xn, yu)ll <

hence, (3.9) is proved. (3.10) follows from

X4l — Xp =Yn — Xn + QXpn, Yn) (Yn — Xn)- O

Finally, to verify (3.11), noting that, +1 — y, = Q (x», y»)(y» — x,) and applying Taylor’s expression,
we attain that

1
F(xpt1) = ./o [F" (xn + (30 — %n)) — F"(x)1(L = 1) vy — x)? e
1 1
+ E/ [F//(xn) - F/,(xn + AV — X))y — xn)zd'f
0

1
- / [O‘F//(xn + 1-'/1()’11 - xn)) - aF//(xn + T(yn —xp))] dz
0
X (Yn — X)) QXns Yu) (Yn — Xn)

1
+ (11— /(; F/,(xn + (Y — Xn))] df(yn — xn) Q(Xns Yn)(Yn — Xn)
1
+ /0 F"(yn + 101 — y)) (L = D(Q Xy yu) (n — Xn))? .

Consequently, by (3.4),

1 1 1
IF(x0) " F (xn32) | < /O KtP|lyn — %2 |1PT2(L = 1) de + 5 fo KPP ||y, — x,||PH2 de

1
+a / KL= 2P yn — xalP*2 el QCtn, )l
0
1
- a)/o (B + KII(L— 9 — x0) + 2o — 3P dell @ Coms y)

1
+ /o (B+ KL= 1) (yn — x0) + t(xn — x0)[”) (1 = e[l xp 41 — yall®.
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Note that
B+ KII(L—1)(xn — x0) + (3 — x0)[I” <2,
B+ KL=y — x0) + 1(xs — x0) [P <
and
%041 = Yull = 11Q s Yl yn — Xn .

(3.11) follows. The proof is complete.[
Recall thatg is defined by

q(s) = g(s/r)*h(s/r, KsP*h), Vs €[0,rs,)
andr, € (0, rs,) is a unique solution of the equatigtis) = 1.

Lemma 3.3. Letag=n/r, bo=Kn’Trand4=g(ap) . Let{a,} and{b,} be the sequences generated by
(2.6)and(2.7),respectivelySuppose that < r,. Then the following inequalities hold for all=0, 1, . . ..

K| F'(x0) "2 F (x0) | lyn — xalIP 1< by, (3.13)
(p+2)"'-1
lyn — xull <y PP A" |lyo — xoll, (3.14)
1
;IIF/(Xn)_lF/(Xo)II Iy — Xn |l <an, (3.15)
e — xoll < (L= ()" Yyr, (3.16)
a
”xn—i-l - xn” < <1 + 2(1——nocan)) ||)’n - xn||, (3-17)
%41 — Xoll < (L — ()" yr (3.18)
and
I F' (xn41) " F (x0) | < g (@) | ' (x0) "2 F (x0) |- (3.19)

Proof. Sincey <r,, we have thag(ao)zh(ao, bo) <1 by Lemma 2.4. Hence, by Lemma 2{2,} and
{b,} are strictly monotonically decreasing. In additionyas aor,

an ao o .
<1+ m) n< (1 + m) n=A—-Mr<@—yMr, Vn=1. (3.20)

Clearly, (3.13), (3.14) and (3.15) hold far= 0. Since%uyo — xo|| <ao < s, < 1, it follows from (3.9)
and (3.10) that

ao
— x|l < 1+ ——|r. 3.21
llx1 — xoll <ao < T aao)) r (3.21)
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Therefore||x1 — xo|| < r thanks to (2.2). This means that (3.17) and (3.18) hold fer0. Furthermore,
by Lemma 3.1 and (3.21),
1

<
1— Hxp—xoll  1— a0+ 57%%5)

IF'(x1) " F/ (xo) || < = g(ap). (3.22)

Thatis, (3.19) holds for = 0. We will proceed by mathematical induction. For this purpose, assume that
(3.13)—(3.19) hold for alk <k. Then it suffices to show that they hold foe= k 4+ 1. We first show that
lyn — xull <glan—1)h(an—1, bp—1)lyn—1 — xp—1ll, Vn<k +1. (3.23)

Indeed, for each <k + 1, sincen — 1<k, we obtain that, by inductional assumption (3.15),
1 _
;”F/(xn—l) LF (o) | lyn—1 — Xn—1ll <an—1<s5 < 1. (3.24)

By inductional assumptions (3.18) and (3.16). 1, y,—1 € B(xo, r). It follows from (3.11) that

I F' (xa—1) "2 F ()|
<NF (xn—1) "LF (x0) || F' (x0) "2 F (xn) |
_ < 24+ (p+22 a(l— 2P
S\ 20+D(p+2 (p+1D)

19 (-1, yn—l)ll) KIIF'(p-1) " F o) 11 — xn-al|PF2

1 (-1, Ya-)|I? _
+;((1—a>||Q(xn_1, ol + 12 12”’ 2l )nF/(xn_l) L (o) l1yn—1 = Xn-all?.
(3.25)
Using (3.9) and (3.24), we have that
ap—1
el D || < ——. 3.26
101, 3n-DII< 53— — (3.26)
Note that, by inductional assumption (3.13),
KIIF o) 7 F ) yn—1 — X1 1P <y 1. (3.27)
Therefore, by (3.24)—(3.27), we obtain that
IF' (ta—1) " F () |
_ 1 |:2+(p+2)),p N a(1—z)Pan_1] N (1-wa? ,
“l2e+nl p+2 A—aa—p) | "1 20— aay_1)
+ G [ I = h( bp-Dl | (3.28)
—_— 1 — Xp—1|| = h(ay—1, by— n—1— Xn—1||- .
8(l—ocan_1)2 Yn—1 n—1 1 iYn-1 n—1

Since
Iy = Xl <N Cen) ™2 F o) N F (en1) "2 F ) |

(3.23) follows from (3.28) and inductional assumption (3.19); hence (3.23) is proved.



10 X.Ye, C. Li/ Journal of Computational and Applied Mathematic@ui) i
Thus, by (3.23) and inductional assumptions (3.19) and (3.13), we have that

KIIF (x2) "2 F (o) |l ykss — xera |72
<g(@)K|IF () L F (o) 1k — xellP g (a) P (ar, br) Pt
<brg(an)"2h(ag, by)P ™ = by (3.29)

This shows that (3.13) holds far=k + 1. As for (3.14), it can be shown easily by (2.10) and (3.23),

while (3.15) follows from (3.23) and inductional assumptions (3.19) and (3.15). Hence (3.14) and (3.15)
hold forn = k + 1. By (3.14) and inductional assumption (3.18), one has that

e k1
lvk+1 — xoll < Yk+1 — Xkgall + Xk — x0ll <y 732 A4+ (L= () Hr

<O+ Q- G YHr<@ - Gt (3.30)

because < (1+ 51%%,5)n< (1—y4)r. Therefore (3.16) holds for=k + 1. Consequentlyi1, yk+1 €
B(xo, r) by (3.30) and inductional assumption (3.18). Hence, by (3.9) and (3.10), we have that

s — veaal< (14 LI F ) THF (o) ks — Xeal T
k+2 — Xk+1lS — 41 — Xk+1ll-
2(1— 2|1 F' (xg+1) LF o) lyks1 — Xl
Since (3.15) holds for = k + 1, we obtain that
ag+1
Ixeg — kgt | L+ —— Yl yesr — xxaall. (3.31)
2(1 — wayy1)

This shows that (3.17) holds far=k + 1. Now let us show that (3.18) holds fer= k + 1. In fact, by
(3.31) and (3.14),

[Xk42 — x4l < (1+ —) y T AT 14 Y ) (). (3.32)
e 2(1 — aag11) 2(1 — uag 1)

Combining this with (3.20) and inductional assumption (3.18) gives that

[xXk+2 — xoll < | Xk+2 — Xk+2ll + | xk+1 — xoll
<@ =9 MrGHF 4 @ = G Yr = @ - ) 2)r (3.33)

and so (3.18) holds for = k + 1. Thus, it remains to show that (3.19) holds foe= k 4+ 1. Since
Xk+1, Xk+2 € B(xg, r), similar to the proof of (3.12), we obtain that

1
I — F'(xx11) "2 F (us2) | < | F' (1) "L F (o) |1 xk12 — xaal- (3.39)

Using (3.15) and (3.17), we obtain that

a
I — F (o) "2 F (ki) | <arga (1+ SR ) <1,
2(1 — wajy1)
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where the last inequality is because of (2.2). Then, by the Banach Lemma,
IF (x0) ' (o)l
1—-arq1 (1 + z(lak—H)

—0aj+1)

I F' (xxr2) "2F (xo) || < = g(ar+ )| F' (xx11) "1 F (x0) |- (3.35)

That s, (3.19) holds for = k + 1. The proof is complete. O
Now we are ready to state the main theorem. Recalldletiefined by

q(s) =g(s/r)?h(s/r, KsP™), Vs €0, rsy),
while g andh are, respectively, defined by

2(1 — as)
2(1—oas)(1—s) — 52’

g(s) = Vs € [O, SO()

and
R+ (p+2 (1 — J)Pst (1—w)s? 53

T2+ D12 20+ D= T 20—a9) | BI_w)?
V(s,t) € [0, s,) x [0, +00).

h(s,t)

Theorem 3.1.Let F : @ € X — Y be a nonlinear operator with a continuous second derivative
F” and letxg € Q be such thatF’(xg)~* exists Let r be a unique positive solution of the equation
KtP™L 4 pr — 1=0. Suppose thaB(xo, r) € Q and that condition§3.2)—(3.4)are satisfiedLetr, be a
unique solution of the equatian(s) =1 on (0, rs,). If n < ry, then the sequende;,} generated by1.8)

and (1.9)with initial point xg converges at a rate of ord& -+ p to a unique solution* of the equation
F(x) =00nB(xg, r).

Proof. Recallthatig=n/r, bo=Kn?*1and4=g(ag) L. Sincey < r,, it follows from (3.14) and (3.17)
that, for eachn >0,

(P+2"-1 (p+2)"-1

Pngs — Xl < (14 )iy 7T A"<(A— Ay 7T A" (3.36)
2(1 — aay)

As
(p+2) —1>(p+2)"—1
p+1 = p+1
one has that, for alh, n >0,

(421 i n+m—1 -
Pemtn = Xa I <L = A)ry ¥ 4" " (4) "<

i=n

A—-MDHr e+
Y p+1
(1—4)

A", (3.37)

This means thatx, } is a Cauchy sequence and hergg} converges, say, to*. Lettingm — oo in
(3.37) yields

— (p+2"-1
1 A)rﬂ r2p

A", 3.38
I (3.38)

*

lx™ — xpll <
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Thatis,{x,} converges ta* at arate of order 2 p. In particular, letting: =0, we have thafx* — xg|| < r.
SinceF’(x,) 1F(x,) — 0andF’(x)"1F(x) is continuousF’(x*)~1F (x*) = 0; hence F (x*) = 0.

Thus, to complete the proof, it remains to show that the solution of the equator= 0 is unique on
B(xg, r). To this end, ley™ € B(xq, ) be such that' (y*) = 0. Then

1
fo F'(x0) T F (0 4 1(y* — x™) de (v — x*) = F'(x0) "HF(y*) — F(x")]=0. (3.39)
As

1
H/o F'(xo) HF (x* 4+ 1(y* — x*)) — F'(xo)1dt

1 1
< / / |F'(x0) L (robe(e*+ (" — %) — x0) ]| de[(1 = 1) ]1x* — xoll+111y* — xoll1dr
0 0

1,1
<V/ / B+ K I(1—)(x* —x0) +1(y" — x0)||")drdr <1,
o Jo

by the Banach Lemmz;fo1 F'(x* + t(y* — x*)) dt is invertible. Hencey* = x* by (3.39). The proof is
complete. O

In particular, taking: =0, % and 1 in Theorem 3.1, respectively, we immediately obtain the semi-local
convergence results of the Euler method, the Halley method and the super-Halley method, which are not
necessary to restate here. The first and the third were, respectively, investigd@d 4jand[6].

4. Application to a nonlinear integral equation of Hammerstein type

In this section, we provide an application of the main result to a special nonlinear Hammerstein integral
equation of the second kind (¢f.8]). Lettingu € R andp € [0, 1], we consider

b
x(s)=1(s) —I—/ G(s, t)[x(t)2+p —|—,ux(t)2] dr, s €]la,b], (4.2)

wherel is a continuous function such thigk) > 0 for all s € [a, b] and the kerneG is a non-negative
continuous function ofu, b] x [a, b].
Note that ifG is the Green function defined by

(b —s)(t —a)

b ) <8,
Gis.n=13, "4 (4.2)
G-ab-n
b—a
Eq. (4.2) is equivalent to the following boundary value problem[(9]):
{x// — _x2+p _ ’ux2’
x(a) =v(a), x(b) =v(b).
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To apply Theorem 3.1, leX = Y = CJa, b], the Banach space of real-valued continuous functions on
[a, b] with the uniform norm, and let

{{x € Cla,b]: x(s) >0, s € [a, b]}, p € (0,1),
Cla, b], p=0, 1
DefineF : Q, — Cla, b] by

p=

b
[F(x)](s) = x(s) — L(s) —f G(s, DIx (%P + ux()?1dt, s € [a, b]. (4.3)

Then solving Eq. (4.1) is equivalent to solving Eq. (1.1) witbeing defined by (4.3).
We start by calculating the paramet@randy in the study. Firstly, we have

[F'(x)ul(s) = u(s) — / ’ G(s. D2+ p)x(O™P + 2ux(Ou() dt, s € [a, b]
and i

[F"(x)uz)(s) = — / ’ G(s. D2+ p) A+ p)x()? + 2uu()z(t) dt, s € [a, b].
Letxo € Q, be fixed. Thec;l

Il — F'co) | <M (2 + p)llxoll M + 2ullxol)),

where

b
M= max/ |G (s, t)| dt.
sela,b) J,

By the Banach Lemma, i#1((2 + p)|lxol|*t? + 2ul|xol|) < 1, one has
1
1— M2+ p)llxoll**7 + 2ullxoll)

I F'(x0) "2 <

Since

IF (xo) | < llxo — Il + M([lxol**” + ullxoll?)
and

IF" ()l = M2+ p)A+ p)lx®F + 2u),
it follows that

lxo — 21l + M (||xoll*7 + ullxoll?)

| F' (x0) "L F (x0) || <
1— M((2+ p)llxoll*t7 + 2ul|xol))

and

M2+ p)A+ p)lix)? + 2w
1— M2+ p)lixoll**7 + 2ullxoll)
Therefore 8 andy are estimated.

| F'(x0) LF" (x)]| <
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On the other hand, for, y € Q,,

b
[(F"(x) = F"(y)uzl(s) = —/ G(s,)24+ p)A+ p)x(®) — yOu()z(t) dt, s € [a,b]

and consequently,
IF"(x) = F"DWI<M@+ p)(L+ p)llx = ylIP,  x, y € Qp.

This means thak = M (2 + p)(1+ p). Thus, we can establish the following result from Theorem 3.1.

Theorem 4.1. Let F be the nonlinear operator defined (4.3) and xo € @, be a point such that
M2+ p)llxol*T? + 2ullxol)) < 1. Suppose thaB(xq, r) < Qp, Where r is a unique positive solution of
the equatiork r”*1 4 gr — 1=0. Letr, be a unique solution of the Egi(s) =1 0n (0, rs,). If n < r,, then
the sequencéx,} generated byl.8)and(1.9)with initial point xo converges at a rate of ord&—+ p to

a unique solutionc™ of Eq.(4.1) onB(xp, r).

Example 4.1. Let [ be defined by
lo(s) =s, s €]0,1]
andG Green'’s function ofi0, 1] x [0, 1] defined by (4.2). Consider the following particular case of (4.1):

1
x(s)=lo(s)+/ G(s,D[2x()?]dr, s € [a, bl. (4.4)
0

Choosexg =g for Theorem 4.1. Clearly = 0 andp = 0. SinceM = 1/8, we haves =1 and so- = 1.
HenceB(xg, 1) € Qq. Note that

|F (o) ()| < 2MIol® 1
1—aMxol _ 2

Theny = || F'(xo) *F (x0)|| < 3. Furthermore, we have, = 3. Thus, assumptions of Theorem 4.1 are
satisfied. Consequently, the sequeficg generated by (1.8) and (1.9) with initial poinag converges
guadratically to a unique solutiort of Eq. (4.4) orB(xo, 1).
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