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MAJORIZING FUNCTIONS AND CONVERGENCE OF THE
GAUSS-NEWTON METHOD FOR CONVEX COMPOSITE
OPTIMIZATION*

CHONG LIT AND K. F. NG#

Abstract. We introduce a notion of quasi regularity for points with respect to the inclusion
F(x) € C, where F is a nonlinear Fréchet differentiable function from R? to R™. When C is the
set of minimum points of a convex real-valued function h on R™ and F’ satisfies the L-average
Lipschitz condition of Wang, we use the majorizing function technique to establish the semilocal
linear/quadratic convergence of sequences generated by the Gauss—Newton method (with quasi-
regular initial points) for the convex composite function ho F. Results are new even when the initial
point is regular and F’ is Lipschitz.
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1. Introduction. The convex composite optimization to be considered is as
follows:

(1.1) min f(x) := h(F(x)),

zERY
where h is a real-valued convex function on R™ and F' is a nonlinear Fréchet differ-
entiable map from RY to R™ (with norm || - ||). We assume throughout that h attains
its minimum Ay, .

This problem has recently received a great deal of attention. As observed by
Burke and Ferris in their seminal paper [4], a wide variety of its applications can
be found throughout the mathematical programming literature, especially in convex
inclusion, minimax problems, penalization methods, and goal programming (see also
[2, 6, 7, 15, 22]). The study of (1.1) provides not only a unifying framework for the
development and analysis of algorithms for solutions but also a convenient tool for
the study of first- and second-order optimality conditions in constrained optimization
[3, 5, 7, 22]. As in [4, 13], the study of (1.1) naturally relates to the convex inclusion
problem

(1.2) F(z) e C,
where
(1.3) C := argmin h,
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614 CHONG LI AND K. F. NG

the set of all minimum points of h. Of course, it is meaningful to study (1.2) in its
own right for a general closed convex set (cf. [14, 16]). In section 3, we introduce a
new notion of quasi regularity for g € RY with respect to the inclusion (1.2). This
new notion covers the case of regularity studied by Burke and Ferris [4] as well as the
case when F'(xo) — C is surjective, employed by Robinson [18]. More importantly,
we introduce notions of the quasi-regular radius r,, and of the quasi-regular bound
function (;, attached to each quasi-regular point zo. For the general case this pair
(raos Bzy) together with a suitable Lipschitz-type assumption on F’ enables us to
address the issue of convergence of Gauss—Newton sequences provided by the following
well-known algorithm (cf. [4, 10, 13, 31]).

ALGORITHM A (1,A,xz¢). Let n € [1,400), A € (0,4+00], and for each x € R?
define Da(x) by

(14)  Da(z)={de€R": ||d] < A, h(F(z) + F'(z)d) < h(F(z) + F'(z)d)
Vd' € RY with [|d]| < A}.

Let g € RY be given. For k = 0,1,..., having x¢, 1, ..., 2k, determine xx41 as
follows.
If 0 € Da(xy), then stop; if 0 ¢ Da(zk), choose dj, such that d € Da(zy) and

(1.5) lldi|| < nd(0, Da(zk)),

and set xp41 = xx + di. Here d(x, W) denotes the distance from z to W in the
finite-dimensional Banach space containing W'.

Note that Da(z) is nonempty and is the solution set of the following convex
optimization problem:

(L6) h(F(2) + F'(2)d),

min
deRv,[ld]|<A
which can be solved by standard methods such as the subgradient method, the cutting
plane method, the bundle method, etc. (cf. [9]).

If the initial point zq is a quasi-regular point with (rs,,Sz,) and if F’ satisfies
a Lipschitz-type condition (introduced by Wang [28]) with an absolutely continuous
function L satisfying a suitable property in relation to (74, 3z,), our main results
presented in section 4 show that the Gauss—Newton sequence {x,} provided by Al-
gorithm A (9, A, x¢) converges at a quadratic rate to some z* with F(z*) € C (in
particular, z* solves (1.1)). Even in the special case when z is regular and F” is Lip-
schitz, the advantage of allowing (3, and L to be functions (rather than constants)
provides results which are new even for the above special case. Examples are given
in section 6 to show there are situations where our results are applicable but not
the earlier results in the literature; in particular, Example 6.1 is a simple example to
demonstrate a quasi-regular point which is not regular. We shall show that the Gauss—
Newton sequence {x,} is “majorized” by the corresponding numerical sequence {t,}
generated by the classical Newton method with initial point tg = 0 for a “majorizing”
function of the following type (again introduced by Wang [28]):

(1.7) gba(t):{—t—f—a/otL(u)(t—u) du for each t > 0,

where £, a are positive constants and L is a positive-valued increasing (more precisely,
nondecreasing) absolutely continuous function on [0,+00). In the case when L is a
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MAJORIZING FUNCTIONS AND THE GAUSS-NEWTON METHOD 615
constant function, (1.7) reduces to
ol 4
(1.8) da(t) =6 —t+ 71& for each t > 0,

the majorizing function used by Kantorovich [11] and by Kantorovich and Akilov [12].
In the case when

2y
1.9 L = =
(19) (1) = Tt
expression (1.7) reduces to
crytz
1.1 t)=¢—1t
(1.10) balt) =€~ t+ 0,

the majorizing function that Wang made use of in his work [28] on approximate
zeros of Smale (cf. [26]). Motivated by this and as an application of our results in
section 4, we provide a sufficient condition ensuring that a point xy € RY will be an
“approximate solution” of (1.1) in the sense that the Gauss—Newton sequence {z,}
generated by Algorithm A (n, A, xg) converges to a solution of (1.1) and satisfies the
condition

27L71
1
(1.11) X1 — znl| < (2) |€n — n-1] for each n=1,2,...

(the last condition was used by Smale [26] in his study of approximate zeros for
Newton’s method).

2. Preliminaries. Let B(x,r) stand for the open ball in R” or R™ with center
2 and radius r, while the corresponding closed ball is denoted by B(z,r). Let W be
a closed convex subset of RV or R™. The negative polar of W is denoted by W€ and
defined by

WO ={z: (z,w) <0 for each w € W}.

Let L be a positive-valued increasing absolutely continuous function on [0, +00), and
let a > 0. Let r, > 0 and b, > 0 such that

(2.1) a/om L) du=1 and by = a/om Liuwu du

(thus b < 74). Let £ > 0, and define

(2.2) Po(t) =& —t+ Oz/ot L(u)(t —u) du for each ¢t > 0.
Thus

(2.3) oL () =—-1+ a/ot L(u) du, ¢l (t) =aL(t) foreacht >0,

and ¢//(t) exists almost everywhere thanks to the assumption that L is absolutely
continuous. Let t, , denote the sequence generated by Newton’s method for ¢, with
initial point ¢4, = 0:

(2.4) tant1 = tam — o (tan) *daltan) foreachn=0,1,....
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616 CHONG LI AND K. F. NG
In particular, by (2.2) and (2.3),

(2.5) taq =¢.

Below we list a series of useful lemmas for our purpose. They are either known or
can be verified easily by elementary methods (such as by differential calculus). In
particular, Lemma 2.3 and Lemma 2.1(i) are taken from [28], while Lemma 2.1(ii)
and (iii) are well known. Here we shall give a proof of Lemma 2.4 as an illustration.
LEMMA 2.1. Suppose that 0 < £ < by. Then b, < 1o and the following assertions
hold:
(i) dq is strictly decreasing on [0,74] and strictly increasing on [rq, +00) with

(2.6) $a(§) >0, Pa(ra) =§—ba <0, @a(+00) =£>0.

Moreover, if £ < by, ¢ has two zeros, denoted respectively by r¥ and v}, such that

(2.7) E<r < Z—O‘f <1 < TN

and if € = b, then ¢, has a unique zero ¥ in (§,+00) (in fact, vt =r,).

(ii) {ta,n} is strictly monotonically increasing and converges to r7.

(iii) The convergence of {to.n} is of quadratic rate if € < by, and linear if § = b,.

LEMMA 2.2. Let 14, by, and ¢o be defined by (2.1) and (2.2). Let o' > « with
the corresponding ¢o . Then the following assertions hold:

(i) The functions o+ 1o and o by are strictly decreasing on (0, +00).

(ii) o < Par on (0,+00).

(iil) The function o — 1% is strictly increasing on the interval 1(), where I(£)
denotes the set of all a > 0 such that & < b,.

LEMMA 2.3. Let 0 < ¢ < +00. Define

(2.8) x(t) = ti? /t Lc+u)(t —u) du for each 0 <t < +o0.
0

Then x is increasing on [0, +00).
LEMMA 2.4. Define

Wa(t) = (b;(t)_l(ﬁa(t)a for each t € [Oa TZL)'

Suppose that 0 < & < by. Then w, is increasing on [0,r%).
Proof. Since

PPERCACROLAC

AOE for each t € [0,77%),

it suffices to show that

Calt) i= @l (1) — ()@ (t) > 0 for each t € [0,77).
Since (o (1) = ¢.,(r:)? > 0, it remains to show that ¢, is decreasing on [0,7%]. To

do this, note that by (2.3), ¢, is absolutely continuous, and so the derivative of (,
exists almost everywhere on [0, %] with

Ca(t) = 6o (D)0 (t) — da(t)de/ () <O forae. te0,ry),
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MAJORIZING FUNCTIONS AND THE GAUSS-NEWTON METHOD 617

because ¢/, < 0 while ¢, ¢, ¢2' > 0 almost everywhere on [0,7%). Therefore, (, is
decreasing on [0, 7}), and the proof is complete. d

The following conditions were introduced by Wang in [28] but using the terminolo-
gies of “the center Lipschitz condition with the L average” and “the center Lipschitz
condition in the inscribed sphere with the L, average,” respectively, for (a) and (b).

DEFINITION 2.5. Let Y be a Banach space and let xy € RY. Let G be a mapping
from RY to Y. Then G is said to satisfy

(a) the weak L-average Lipschitz condition on B(xzg,r) if

llz—=ol|
(2.9) |G (z) — G(xo)|| < /0 L(u)du for each x € B(xo,7);

(b) the L-average Lipschitz condition on B(xg,r) if
lz—a'||+]|2"—zol
(2.10)  ||G(z) — G| < /|1;/;1;0| L(u)du for all z, 2’ € B(xg, 1)
with ||z — 2’| + ||2" — zo|| < 7.
3. Regularities. Let C be a closed convex set in R™. Consider the inclusion
(3.1) F(z)eC.
Let z € R” and

(3.2) D(x) ={d e R": F(z)+ F'(z)d € C}.

Remark 3.1. In the case when C is the set of all minimum points of h and if
there exists dg € RY with ||dp|] < A such that dy € D(z), then dy € Da(z), and for
each d € RY with ||d|| < A one has

(3.3) d € Da(r) <= d € D(z) <= d € Do (x).

Remark 3.2. The set D(x) defined in (3.2) can be viewed as the solution set of
the following “linearized” problem associated with (3.1):

(3.4) (P,) : F(z)+ F'(z)d € C.

Thus B(||x — zo]]) in (3.5) is an “error bound” in determining how far the origin is
away from the solution set of (P,).

DEFINITION 3.1. A point g € R is called a quasi-reqular point of the inclusion
(3.1) if there exist r € (0,400) and an increasing positive-valued function 3 on [0,71)
such that

(35) D(x)#0 and d(0,D(x)) < B(||lx — zo|) d(F(z),C) for all x € B(xo, ).
Let ry, denote the supremum of r such that (3.5) holds for some increasing

positive-valued function 5 on [0,r). Let r € [0,ry,], and let B, (zo) denote the set of
all increasing positive-valued functions 3 on [0,7) such that (3.5) holds. Define

(3.6) Buo (t) = Inf{B(t) : B € By, (w0)} for each t € [0,ry,).
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618 CHONG LI AND K. F. NG

Note that each 8 € B,.(zo) with lim,_,,.- 8(t) < +o0o can be extended to an element
of By, (o). From this we can verify that

(3.7) Bao (t) = inf{3(t) : B € Br(x0)} for each t € [0,7).

We call rp, and (3, respectively the quasi-regular radius and the quasi-regular bound
function of the quasi-regular point zg.
DEFINITION 3.2. A point xg € RY is a regular point of the inclusion (3.1) if

(3.8) ker(F'(0)7) N (C = F(x0))® = {0}.

The notion of regularity relates to some other notions of regularity that can be
found in the papers [1, 3, 20, 21, 25], which have played an important role in the
study of nonsmooth optimizations. Some equivalent conditions on the regular points
for (3.1) are given in [4]. In the following proposition the existence of constants r and
3 is due to Burke and Ferris [4], and the second assertion then follows from a remark
after Definition 3.1.

PROPOSITION 3.3. Let xg be a reqular point of (3.1). Then there are constants
r >0 and B > 0 such that (3.5) holds for r and B(-) = (3; consequently, zq is a
quasi-reqular point with the quasi-reqular radius rz, > v and the quasi-reqular bound
function Bz, < B on [0,7].

Another important link of the present study relates to Robinson’s condition [18,
19] that the convex process d +— F'(x)d — C is onto R™. To see this, let us first
recall the concept of convex process, which was introduced by Rockafeller [23, 24] for
convexity problems (see also Robinson [19]).

DEFINITION 3.4. A set-valued mapping T : RV — 28" s called a convex process
from RY to R™ if it satisfies

(a) T(x+y) 2Tz + Ty for all z, y € RY;

(b) TAz = ATz for all X > 0, z € RY;

(¢c) 0eTo.

Thus T : RY — 28" is a convex process if and only if its graph Gr(T') is a convex
cone in R” x R™. As usual, the domain, range, and inverse of a convex process T are
respectively denoted by D(T), R(T), T !; i.e.,

D(T)={z e R": Tx # 0},
R(T) =U{Tz:2 € D(T)},
T ly={reR’:ycTx}.

Obviously T~! is a convex process from R™ to RV. Furthermore, for a set A in an R?
or R™, it would be convenient to use the notation ||A|| to denote its distance to the
origin, that is,

(3.9) IA|| = inf{||a]| : a € A}.

DEFINITION 3.5. Suppose that T is a convex process. The norm of T is defined
by

1T} = sup{[|Tz| : = €D(T), ||| <1}

If | T) < 400, we say that the convex process T is normed.
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MAJORIZING FUNCTIONS AND THE GAUSS-NEWTON METHOD 619

For two convex processes T and S from R to R™, the addition and multiplication
are defined respectively as follows:

(T+ S)(x) =Tx+ Sz for each x € R,

(AT)(x) = AM(Tz) for each x € R” and A € R.
Let C be a closed convex set in R™ and let x € R”. We define T, by
(3.10) T,d=F'(x)d—C for each d € R".
Then its inverse is
(3.11) T;'y={deR": F'(z)d€y+C} foreachyecR™.

Note that T, is a convex process in the case when C is a cone. Note also that
D(T,) =R for each € RV and D(T,,') = R™ if 2y € R" is such that the following
condition of Robinson is satisfied:

(3.12) T,, carries R” onto R™.

Proposition 3.7 below shows that the condition of Robinson (3.12) implies that xg
is a regular point of (3.1), and an estimate of the quasi-regular bound function is
provided. For its proof we need the following lemma, which is known in [18].

LEMMA 3.6. Let C be a closed convex cone in R™, and let xo € RV be such that
the condition of Robinson (3.12) is satisfied. Then the following assertions hold: (i)
Tz_gl s normed.

(i) If S is a linear transformation from RY to R™ such that | T, '||[|S]| < 1, then
the convex process T defined by

T=T,+S

carries RY onto R™. Furthermore, T™' is normed and

~ T-1
s ]
S TATE]

PROPOSITION 3.7. Let zg € RY, and let Ty, be defined as in (3.10). Suppose that
the condition of Robinson (3.12) is satisfied. Then the following assertions hold:

(i) zo is a regular point of (3.1).

(ii) Suppose further that C is a closed convex cone in R™ and that F' satisfies
the weak L-average Lipschitz condition on B(xo,r) for some r > 0. Let By = ||T,.!||
and let rg, be defined by

(3.13) mA%wam:1

(cf. (2.1)). Then the quasi-regular radius vy, and the quasi-reqular bound function
Buy satisfy ry, > min{r,rg,} and

Bo
3.14 4o (1) < -
319 ) < T

for each t with 0 <t < min{r, rg, }.
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620 CHONG LI AND K. F. NG

Proof. Suppose that the condition (3.12) is satisfied, and let y belong to the set
of the intersection in (3.8). Then, in view of the definition of T, there exist u € RY
and ¢ € C such that —y — F(z0) = F'(x0)u — ¢. Hence, by (3.8),

(3.15) (y, F'(zo)u) = (F'(z0)Ty,u) =0 and (y,c— F(x0)) <0.
It follows that
(3.16) (y,y) = (y,c — F(x0) — F'(z0)u) = (y,c — F(z0)) <0

and hence y = 0. This shows that (3.8) holds, and so xg is a regular point of the
inclusion (3.1).

Now let 7 > 0 and suppose that F” satisfies the weak L-average Lipschitz condition
on B(zg,r). Let € R such that ||z — x¢|| < min{r,rg,}. Then

IF' (@) — F'(x0)]| < /0”0| L(u) du < /0% L(u) du;
hence, by (3.13),
720 @) ~ o)l < 1701 L) du=1
This with Lemma 3.6 implies that the convex process defined by
T,d=F'(z)d— C =Tyd+ [F'(z) — F'(x9)]d for each d € R"
carries R” onto R™ and

1T, - 1Tz,

(317) T < = < o .
L= T 1" (@) = F' (o)l — 1= T 10 L(w) du

Since T, is surjective, we have that D(x) is nonempty; in particular, for each ¢ € C,
(3.18) T, (c— F(z)) C D(x).

To see this, let d € T, 1(c— F(x)). Then, by (3.11), one has that F'(z)d € c— F(x) +
C CC—F(z), and so F(z) + F'(x)d € C, that is, d € D(z). Hence (3.18) is true.
Consequently,

d(0,D(x)) < T, (e — F(a)|| < 1T, lle = F(2)].-
Since this is valid for each ¢ € C, it is seen that
d(0,D(x)) < [T, || d(F(x), O).

Combining this with (3.17) and (3.6) gives the desired result (3.14), and the proof is
complete. 0

4. Convergence criterion. We assume throughout the remainder of this paper
that C' is the set of all minimum points of h. Let zg € RY be a quasi-regular point
of the inclusion (3.1) with the quasi-regular radius r,, and the quasi-regular bound
function (;,. Let n € [1,400) and let

(41) §:= 77/8300 (0) d<F(xO)7 C)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



MAJORIZING FUNCTIONS AND THE GAUSS-NEWTON METHOD 621

For all r € (0,r,,], we define

o (T
(4.2) ag(r) = sup{ 77?0( ) :§§t<r},
N8z, (t) fo L(u) du+1
with the usual convention that sup ) = —oo.

THEOREM 4.1. Let n € [1,00) and A € (0,00]. Let xy € R” be a quasi-regular
point of the inclusion (3.1) with the quasi-regular radius r,, and the quasi-regular
bound function By,. Let &€ > 0, 0 < r < ry, and ag(r) be as described above. Let
a > ag(r) be a positive constant and let by, ro be defined by (2.1). Let r’ denote
the smaller zero of the function ¢o defined by (2.2). Suppose that F' satisfies the
L-average Lipschitz condition on B(x, 1), and that

(4.3) & <min{b,,A} and ri <r

(for example, (4.3) is satisfied if
(4.4) ¢< min{ba, b—ar, A}
Ta

holds). Let {x,} denote the sequence generated by Algorithm A (n,A,xq). Then,
{z,} converges to some x* such that F(x*) € C, and the following assertions hold for
eachn=1,2,...:

(45) ||l‘n - xn—lH < tam - ta,n—la
[Zn — Tn-all ?
(46) ||-Tn+l - xn” < (ta nt1 — ta n) P ;
’ ' ta;n - toz,n—l
(4.7) F(x,) + F'(xp)(Tps1 — xn) € C,
and
(48) H-Tnfl - ‘T*H S T; - toz,nfl'

Proof. By (2.7) and (4.4),

r

Q

(4.9) rr < —¢<r.

&

Hence (4.4)=(4.3). Thus it suffices to prove the theorem for the case when (4.3) is
assumed. By (4.3), (2.5), and Lemma 2.1, one has that, for each n,

(4.10) E<tan<rh<r<ry,.
By the quasi regularity assumption, it follows that

(4.11) D(z) #0 and d(0,D(x)) < B, (lz — zoll) d(F(x),C)
for each z € B(xg,r).

Let k£ > 1. We use 1, k to denote the set of all integers n satisfying 1 < n < k. Below
we will verify the following implication:

(4.12) (4.5) holds for all n € 1,k, and (4.7) holds for n =k — 1
= (4.6) and (4.7) hold for n = k.
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622 CHONG LI AND K. F. NG

To do this, suppose that (4.5) holds for each n € 1, k, and set

(4.13) xf, =Tx) + (1 — T)x)—1 for each 7 € [0,1].
Note that
k k
(4.14) 2k = zoll <D lls = wimal] <~ (Fasi = tayi1) = ta
i=1 i=1
and
(4.15) lzx—1 = zoll < tak—1 < ta-

It follows from (4.13) and (4.10) that a}, € B(zo,r}) C B(zg,r) for each 7 € [0, 1].
Hence (4.11) holds for = xj, namely,

(4.16) D(zk) #0 and d(0,D(zx)) < Buo |2k — xo||) d(F (z1), C).
We claim that

2k — zx—1]|

2
<tak+1 — tak
toz,k - ta,k—l) “ “

(417)  nd(0.D(@x)) < (fapss — fos) (

(the second inequality needs no proof by the assumption of (4.12)). To show the
first inequality, using (4.7) for n = k — 1 and the fact that F’ satisfies an L-average
Lipschitz condition on B(xg, %), together with the elementary identity

1 A+T1B B u
(4.18) / / L(u) dudr = / L(A+ u) (1 — ) du for all A, B >0,
0 Ja 0 B
we have by (4.16) that

nd(0, D(wk)) < By ([|x — wol))d(F (1), C)
<Ny ([lox — 2ol F (k) — Far-1) — F'(zp-1) (2 — 25-1) |

< 0By (2 — o) H [ E 6 - P - ae) i

1 Tler—zr—1||+||zr—1—z0||
<yl —aol) [ ([ L(u) du
0 lzx—1—20l|

X ||.’Ek — :L’k,1|| dr

= 1B, (| — ol])

lzk—zk—1l
x ( / L(z-1 — woll +u)(lox -z — v) du>
0

ler—zr—1]|
< NPy (ta,k) (/ L(tar—1 +uw)(||zr — 2p—1] —w) du) ,
0
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MAJORIZING FUNCTIONS AND THE GAUSS-NEWTON METHOD 623

where the last inequality is valid because L and 3., are increasing and thanks to
(4.14) and (4.15). Since (4.5) holds for n = k, Lemma 2.3 implies that

fok Tp—1] L(to k-1 +uw)(||zr — zp—1] —u) du
lzk — zp—1]?

tok—to k—
fO * et L(ta,kfl + u)(ta,k - toz,kfl - u) du
(ta,k - toz,k—l)Q ’

and it follows from the earlier estimate that

<

tak—ta,k—1
nd(0, D(a)) < 1y (ta,k>< / Lltas + 1) (to — tapr — u)du>
0

(4.19) « (H:ck—:ck1||>2

t(x,k - toz,k—l

Similarly by (2.2), (2.3), (2.4), and (4.18), we have

¢a(ta,k) = ¢a (ta,k) - ¢a(ta,k—l) - ¢Ia (ta,k—l)(toz,k - ta,k—l)

_ ( / (0 (totor + Ttk — tapt)) — & (fapr)] dT) (o — to)

T(to,k—ta,k—1)+ta, k-1
/ / L(u) du d7 | (tar — tak—1)
ta Jk—1

ak—ta,k—1
(420) = a/ L(ta’k,1 + u)( ak — tak—1— u) du.
0

On the other hand, by (4.10) and (4.2),

W < (1 — a(r) /Ota’k L(u) du)

Qpl\Tr

-1

Since a > ag(r) and by (2.3), it follows that

(4.21) Mo fa) <1 - oz/ow L(u) dU) B = —(¢a(tar) ™"

(07

Combining (4.19)-(4.21) together with (2.4), the first inequality in (4.17) is seen to
hold. Moreover, by Lemma 2.4 and (4.3), we have

ta,k-{-l - ta,k = _¢;(ta,k)71¢a(ta,k) < _¢;(ta70)71¢a(ta,0) = § < A,

so (4.17) implies that d(0,D(z)) < A. Hence there exists dy € R” with ||dp]] < A
such that F(zy) + F'(x)dp € C. Consequently, by Remark 3.1,

DA(JJk) = {d cRY: ||dH <A, F(xk) + F/(J,‘k)d S C}
and

d(0, Da(zx)) = d(0, D(zx)).
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Since dy = X1 — ) € Da(zg) by Algorithm A (9, A, zg), it follows that (4.7) holds
for n = k. Furthermore, one has that

[eh41 — x|l < 1d(0, Da(zr)) = nd(0, D(xy)).

This with (4.17) yields that (4.6) holds for n = k, and hence implication (4.12) is
proved.

Clearly, if (4.5) holds for each n = 1,2,. .., then {z,} is a Cauchy sequence by the
monotonicity of {t,,} and hence converges to some x*. Thus (4.8) is clear. Therefore,
to prove the theorem, we need to prove only that (4.5), (4.6), and (4.7) hold for each
n=1,2,.... We will proceed by mathematical induction. First, by (4.1), (4.3), and
(4.11), D(zg) # 0 and

nd(OaD(zO)) < nﬁro(”xo - LE()H) d(F(xO)’ C) - nﬂio(o)d(F(ajo)v C) ={ <A,

Then using the same arguments just used above, we have that (4.7) holds for n = 0
and

[z1 = zoll = [ldoll < nd(0, Da(x0)) < 0 (0)d(F(20), C) = & = ta,1 — ta.0;

that is, (4.5) holds for n = 1. Thus, by (4.12), (4.6) and (4.7) hold for n = 1.
Furthermore, assume that (4.5), (4.6), and (4.7) hold for all 1 <n < k. Then

llzx — 21|

2
<tak+1 — tak-
tak — ta,k1> “ “

o =l < (s —tas) (

This shows that (4.5) holds for n = k + 1, and hence (4.5) holds for all n with
1 <n < k+1. Thus, (4.12) implies that (4.6) and (4.7) hold for n = k+ 1. Therefore,
(4.5), (4.6), and (4.7) hold for each n =1,2,.... The proof is complete. |

Remark 4.1. (a) In Theorem 4.1 if one assumes in addition that either (i) £ < b,
or (i) & > ag := ap(r), then the convergence of the sequence {z,} is of quadratic rate.
For the case of (i), this remark follows immediately from Lemma 2.1(iii) thanks to
(4.5) and (4.8). If (ii) is assumed, then, by Lemma 2.2, { < by < bo, and 75, <7}, <r.
Hence (4.3) holds with ag in place of a. Since & < by, , we are now in the case (i) if
« is replaced by ag, and hence our remark here is established.

(b) Refinements for results presented in the remainder of this paper can also be
established in a similar manner as in (a) above.

Remark 4.2. Suppose that there exists a pair (&, T) such that

(4.22) { a = oo (F),

Note that the function a +— b, is decreasing by Lemma 2.2. Then, if (4.3) holds
for some (a,r) with o > & and r > T, (4.3) does for (a,r) = (@,T) (and hence
Theorem 4.1 is applicable).

Recall from Proposition 3.3 that the assumption for the existence of 7, 8 in the
following corollary is automatically satisfied when xy € R” is a regular point of the
inclusion (3.1). This remark also applies to Theorems 5.1 and 5.6 and Corollary 5.2.

COROLLARY 4.2. Let g € RY be a reqular point of the inclusion (3.1) with r > 0
and B > 0 such that

(4.23)  D(z)#0 and d(0,D(z)) < Bd(F(x),C) for all z € B(xo,r).
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Let ne [L OO)) Ae (0,00L E = Uﬁd(F(l'o)aC);

_ nB
o = )
1416 [ L(u)du

(4.24)

and let by, ro be defined by (2.1). Let r} denote the smaller zero of the function
¢o defined by (2.2). Suppose that F' satisfies the L-average Lipschitz condition on
B(zo, %) and that

(4.25) & <min{by, A} and v, <r

(for example, (4.25) is satisfied if

(4.26) & < min {ba, b—ar, A}
Ta
holds). Then the conclusions of Theorem 4.1 hold.
Proof. Note that € < r,* < r by Lemma 2.1 and (4.25). By (3.6) and (3.7), it is
clear that ry, > 7 and B;,(-) < B on [0,r). Let r := r, and let ap(r) be defined by
(4.2) as in Theorem 4.1. Then, by (4.24), we have that

0> 15z, (1)
T L0y () o L(u) du

Hence a > ag(r) by (4.2). Note that (4.26) (resp., (4.25)) is identical to (4.4) (resp.,
(4.3)); Theorem 4.1 is applicable, and the proof is complete. d

COROLLARY 4.3. Letn € [1,+00), A € (0,+00], and let C be a cone. Let
2o € RY be such that Ty, carries RV onto R™. Let

for each t € [£, 7).

(4.27) & = nllT5, | d(F(w0), ),

(4.28) o= T, |
1+ (= DT fS L(w) du

and let by, To be defined by (2.1). Let r’ denote the smaller zero of the function
®o defined by (2.2). Suppose that F' satisfies the L-average Lipschitz condition on
B(z,r}) and that

(4.29) ¢ < min{b,, A}.

Then the conclusions of Theorem 4.1 hold.
Proof. Let By = || T;'||, and let rg, be defined by (3.13). Then, by Proposi-
tion 3.7(ii), we know that x¢ is a quasi-regular point with the quasi-regular radius

(4.30) ry, > min{ry, rg, }

and the quasi-regular bound function

Bo
431) B (t) < ‘
(30 Balt) < T

for each ¢t with 0 < ¢ < min{r},7g,}.
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Let r := min{r}, rg, }, and let ap(r) be defined by (4.2). We claim that

(4.32) a > ag(r)
and
(4.33) Ty > T

*

Granting this, the minimum on the right-hand side of (4.30) is simply 77, and so
r =r} <r,,. Moreover, we note that 3,,(0) < By by (4.31), and so the £ defined by
(4.1) is majorized by that defined by (4.27); thus (4.29) entails that (4.3) holds and
Theorem 4.1 is applicable. Therefore we need only to prove our claim. Note by (4.31)
that, for each £ <t < min{r},rg,} =r, we have

¢ 1 1 t 1 ¢
(4.34) n/o L) dut 5= > @Hn_l)/o L(u) du > @H”_l)/o L(u) du;
that is,
(4.35) Bro () < bo

L+ 1By (1) fo L{w)du ~ 14 (= 1)8 fy Llu)du

Thus (4.32) follows by definitions of ag(r) and of «, respectively given by (4.2) and
(4.28). To verify (4.33), consider the two cases (i) a > 0y and (ii) a < Bp. In (i), since
by Lemma 2.2, r,, is decreasing with respect to a, we have that r} <r, <rg,. In (ii),
since 77, is increasing with respect to a by Lemma 2.2, we have that rj, <rj < rg,.
Therefore, (4.33) holds in all cases, and the proof is complete. d

Remark 4.3. (a) If the strict inequalities in (4.25) (resp., (4.29)) of Corollary 4.2
(resp., Corollary 4.3) hold, then the starting point xy of the sequence {x,} can be
replaced by a nearby point; that is, there exists a neighborhood U (x¢) of z¢ such that
the sequence {z,} generated by Algorithm A (n, A, Z) with initial point Z from U ()
converges to some solution of the inclusion problem (3.1) at a quadratic rate.

(b) Refinements for results presented in the remainder of this paper can also be
established in a similar manner as in (a) above.

5. Special cases and applications. This section is devoted to some applica-
tions. First we specialize results of the preceding section to two important cases of the
function L: L =constant and L = (172#)3 Second, mimicking Smale’s v-theory about
the approximation zeros for Newton’s method in solving nonlinear equations, we do
the same for the Gauss—Newton method in solving composite convex optimization.

5.1. Kantorovich type. Throughout this subsection, we assume that the func-
tion L is a constant function. Then, by (2.1) and (2.2), we have that, for all a > 0,

1 1

.1 a = —0, ba = —
(5-1) " al 2aL
and
L
balt) =€ —t+ 42

Moreover, if £ < 521~ then the zeros of ¢, are given by

2al?
(5.2) r¥ }1IF\/1—204L£
' T
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It is also known (see, for example, [8, 17, 29]) that {¢, ,,} has the closed form

1— q2” 1
(5.3) tan = —— 51, foreachn=0,1,...,
1—q2
where
(5.4) o = ra  1—+/1-2alf

re* 14 +/1—2aLf

For the present case (L is a positive constant), a commonly used version of Lip-
schitz continuity on B(xg,r) is of course the following: a function G is Lipschitz
continuous with modulus L (Lipschitz constant) if

|G(x1) — G(z2)|| < L||z1 — 22| for all 1, x9 € B(xo,r).

Clearly, this is a stronger requirement than the corresponding ones given in Defini-
tion 2.5. Although the weaker requirement of Definition 2.5(b) is sufficient for results
in this subsection, we prefer to use the Lipschitz continuity in this regard to be in line
with the common practice.

THEOREM 5.1. Let g € RY be a regular point of the inclusion (3.1) with r > 0
and B > 0 such that (4.23) holds. Let L € (0,+00), n € [1,4+0), A € (0,40o0],
§ = npd(F(x0),C),

. _ 14+ InB¢— /1 - (LnBg)? _ 1—+/1—(Lnpg)?
(5.5) R = T and Q= e .

Assume that F' is Lipschitz continuous on B(zg, R*) with modulus L, and that

(5.6) ¢ < min { Loy A} and r>R*

(for example, (5.6) is satisfied if

(5.7) g<mm{w 1 A}

holds). Let {x,} denote the sequence generated by Algorithm A (n, A, x¢). Then {x,}
converges to some x* with F(z*) € C and

QQ"—l
—2"—1 ~H, —1
Zz 0

Proof. Let « be given as in (4.24), namely, «

(5.8) |y, — %] < R* for each n=0,1,....

Moreover, by (5.1)—(5.5),

= 1+Lnﬁs

one has that

1+ Lng¢ 1+ LnB¢
5.9 rn =R G=Q, ra=—F—7—, bo=-—F7—
(5:9) Lnp 2Lnp
and

1— QQ" 1
1 ton = ———=—R*.

(5.10) i —or R
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Hence condition (4.3) (resp., (4.4)) is equivalent to the three inequalities

1+ Lnp¢
2Lnp

and is hence, by (5.9), also equivalent to condition (5.6) (resp., (5.7)). Thus we apply
Corollary 4.2 to conclude that the sequence {z,,} converges to some z* with F'(z*) € C
and, for each n =1,2,...,

ba
f < ’ f < A, and r; <r (resp.’ g < 7’) ,

Ta

lwn — 2| <775 —tan-

Noting, by (5.9) and (5.10), that

1 - 2"-1 2" —1
7"2 —tan = (1 - QZH> R = %R*7
1-Q Zi:O Q

it follows that (5.8) holds, and the proof is complete. 0

The following corollary (which requires no proof by virtue of Theorem 5.1 and
Remark 4.3(a)) is a slight extension of [13, Theorem 1] (which, in turn, extends a
result of Burke and Ferris [4, Theorem 4.1]), and our conditions such as (5.11) are
more direct than the corresponding ones in [13]. In fact, the conditions (a)—(c) of [13,
Theorem 1] clearly imply the condition (5.11) below. Moreover, by (a) and (b) of [13,

Theorem 1], § > 4n3d(F(z),C) = 4€. Since, for each & < %&’

1+ LnBE — /1 — (LnBé)? <y
Lnp¢ -7

one has that

L+ LnBE — /1~ (LnBE)” 1+ LyBE —\/1— (LnfE)”
Lnp LB
Hence, 7 := ¢ satisfies the requirements of Corollary 5.2 below.

COROLLARY 5.2. Let # € R” be a regular point of the inclusion (3.1) with positive
constants ¥ and 3 satisfying (4.23) in place of r and 3, respectively. Let L € (0,+0c0),

0 € [L4o0), A € (0,+0c], € = nBd(F(2),C), and let 7 > TNV Ln0O"

Assume that F' is Lipschitz continuous on B(Z,7*) with modulus L, and that

£ <2 <6

= . 1 1

(5.11) &< mm{[ﬂn’ 57 A}.
Then, there exists a neighborhood U(Z) of T such that the sequence {x,} generated by
Algorithm A (n, A, zo) with xg € U(Z) converges at a quadratic rate to some x* with
F(z*) € C, and the estimate (5.8) holds.

THEOREM 5.3. Letn € [1,+00), A € (0,+00], and let C be a cone. Let zg € RY
be such that Ty, carries R” onto R™. Let L € (0,400) and & = n|| T, ||d(F(x0),C).
Instead of (5.5), we write

Lt (g = DIITEME — /1= 2LI T lE — (2 — DL T )2

(5.12) R* = —
L|| Tz ln
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and

= LTIE - \/1 — 2L\ T3 1€ — (? = 1)(L|| T [1€)?

(5.13) -
LHTﬂcol an

Suppose that F' is Lipschitz continuous on B(zg, R*) with modulus L, and that
(5.14) £ < mi { 1 A}
: <min{ ——— :
LT (n+1)

Then, the same conclusions hold as in Theorem 5.1.
Proof. Let a be defined as in (4.28); that is, a =

the following equivalences hold:

T

To-nLTee: e, by (5.1),

€ < bo = 2L TN < 1+ (n = VLT HIE <= ELITL I +n) < 1;

that is, (4.29) and (5.14) are equivalent. Moreover, it is easy to verify that R* and @
defined in (5.12) and (5.13), respectively, are equal to r’ and ¢, defined in (5.2) and
(5.4). Therefore, one can complete the proof in the same way as for Theorem 5.1 but
using Corollary 4.3 in place of Corollary 4.2. O

5.2. Smale’s type. Let v > 0. For the remainder of this section we assume
that L is the function defined by

_
(1 —~u)?

Then, by (2.1), (2.2), and elementary calculation (cf. [28]), one has that for all & > 0,

(5.16) m=<1—\/z>i, ba:(1+2a—2 a(l-&-a))%

and

1
(5.15) L(u) = for each u with 0 <u < ot

ayt?

(5.17) Galt) =€~ 1+

1
for each t with 0 <t < —.
v

Thus, from [28], we have the following lemma.
LEMMA 5.4. Let a > 0. Assume that & < b, namely,

(5.18) 7€ <1420 —2v/a(l+a).

Then the following assertions hold:
(i) ¢a has two zeros given by

i }_1+’Y§3F\/(1+’Y§)24(1+04)7€
g 21+ a)) |

(e

(ii) The sequence {tqn} generated by Newton’s method for ¢. with initial point
ta,0 = 0 has the closed form

1— q2"—1
(5.19) tan = —5a—1— " Jforeachn=0,1,...,
1- @ Pa
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where
(5.20) Qo = 1-9¢— \/(1 +78)? —4(1 + a)¥§ nd
=96+ /(1 +7)2 —4(1 + )€
P e VI A+ o€
L+ 96+ /(14762 — 41+ a)rg
(i)
(521) ta,n+1 - ta,n _ 1-— qin 1— qinil—lpa gn—1 _ qaznil.

on—1 : on+1l_1q « —_
l—qa P

an ta,n—l 1- da o

For the following lemma, we define, for £ > 0,

(5.22)  I()={a>0: £<byt={a>0: ¥ <1+2a—-2va(l+a)}.

Sometimes in order to emphasize the dependence, we write ¢(«, ) for ¢, defined by
(5.20).

LEMMA 5.5. The following assertions hold:

(1) For each o > 0, the function q(c,-) is strictly increasing on (0,by].

(ii) For each & > 0, the function q(-,§) is strictly increasing on I(§).

Proof. We prove only the assertion (i), as (ii) can be proved similarly. Let a > 0.
Define

g1(t) = (1 + 1) —4(1 4+ )t for each t

and
g2(t) =1 —t+/g1(t) for each t € (0,1 + 20 — 2¢/a(1 + a)].
Then,
g1(t) =2(1+1t) —4(1 +«) for each t
and

go(t) = -1+ 5 gllg(ltEt) = 91(%\/517( ‘t“;h@) for each ¢t € (0,14 2a — 2/ (1 + &)].

g(t) =1- w for each t € (0,14 2a — 2/ (1 4 a)].
2

Then, for each t € (0,1 + 2a — 2y/a(1 + )],

J(t) = 79’1(75)92(15) +2g1(t) — v/ g1(t) g1 (t) _ (1—t)g,(t) + 291(15).
93 (1) 91(t) g3 (t)\/91(t)

Since (as can be verified easily)

(1 —t)gy(t) +2g1(t) = —da(l +1t) <0,
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it follows that ¢’ > 0 on (0,1 4+ 2o — 2y/a(1 + )], and hence g is increasing on
(0,1 + 2 — 24/(1 + @)]. Noting that

q(a, &) = g(v€) for each & € (0, by],

the desired conclusion holds. The proof is complete. 0
THEOREM 5.6. Let xg € RY be a regular point of the inclusion (3.1) with r >0
and > 0 such that (4.23) holds. Let n € [1,+00), A € (0, +00], & = nBd(F(xo),C),

_ nB(1—~¢&)*
and o = nB+(1-nB) (182" Set
1 — 1 2 —4(1
(5.23) T = % \/( +1¢) (1+a)re and

2(1+ a)y

17—+ — A1+ a)é
1=y + /(1 +79)? — 41+ a)yE

Assume that F' satisfies the L-average Lipschitz condition on B(xg,r) and that

e

(5.24)

¢ < min J LT 218 = 2vnB0 + ) (1205 -2 775(1+775))(1+nﬁ)r A
>~ Y ’ 1+775* 775(1+775) 5

Let {x,,} denote the sequence generated by Algorithm A (n,A,xq). Then {x,} con-
verges at a quadratic rate to some x* with F(z*) € C, and the following assertions
hold:

(5.25) |z, — 2| < qo® "% foralln=0,1,...
and
(5.26) |Tnt1 — zp]| < qanf1 lzn — zp_1]] foralln=1,2,....

Proof. By (5.15), f(f L(u)du = (1 —v€)™2 — 1; hence « given in the statement of
the theorem is consistent with (4.24). Set o/ = 8. Then, by (5.16),

1
(5.27) bo = S (1 +2nB8 — 2y/nB(1 + 775))

and

bey (1+277ﬂ—2 n6(1+nﬁ)) (1+np)

Tal 1+n8— \/nB(1+np)
Thus (5.24) reads
(5.28) & < min {ba/, ?T, A} .

Since v¢ < 1 by (5.24), it is clear from the definition of « that o < o’ if £ > 0 and
a = o if £ = 0. Since the function u — b, strictly decreasing by Lemma 2.2, it
follows that if £ > 0,

(5.29) bor < ba.
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We claim that
(5.30) E<by, &E<A, and rl<r

In fact, this claim is trivially true if £ = 0, and so we can assume that £ > 0.
Then the first two inequalities follow from (5.28) and (5.29), while the last inequality
follows from the fact that r}, < r¥, < 2215 < r thanks to (5.28), Lemma 2.1(i),
and Lemma 2.2(iii). Therefore, (5.30) is true. Moreover, by (5.30) and (5.16), 7§ <
1 + 2a — 2¢/a(1l + «), the smaller root of the function t :— (1 + ¢)? — 4(1 + a)t.
Therefore, (1+7£)? —4(1+a)y€ > 0, and so g, < 1 by (5.23). Now, by Corollary 4.2,
the sequence {z,} converges to some x* with F'(z*) € C, and the following estimates
hold for each n:

(531) ||xn - x*H S T:; - ta,n7

2
lzn — zn—1]| >

ta,n - ta,n—l

t —t
< <°‘”+1a”> @0 — Zn_1]-

ta,n - ta,n—l

Hxn+1 - an S (ta,nJrl - toz,n) (
(5.32)

Hence (5.25) and (5.26) are true because, by (5.19) and (5.21), one has

_ qin_l(l — Pa)

(5.33) re —tan = T T < qazn_lrz
l—ga  "pa
and
t —1 n
(5.34) Santl e g 2
ta,n - ta,n—l
Thus the convergence of {z,} is quadratic, and the proof is complete. ]

The following result can be proved similarly, but applying Corollary 4.3 in place
. _ ol l1=24/nl| Tay o
of Corollary 4.2, and using o' := n||T,.!|| (thus by = 20Ty |22Vl Teg |10 4nlT2g ”)).

B!
THEOREM 5.7. Let n € [1,400), A € (0,+00], and let C be a cone. Let xy € R”
such that Ty, carries R” onto R™. Let & = n||T;. || d(F(20),C) and

_ T (L — €Y
(1= DI+ (= (= DITe DI — 762

Set, as in (5.23),

1t/ A0t ane

(5.35) rh S0 +aly and

_ 1= VI +99° 40+ ang
1=+ /(1 +76)? — 41+ a)é

Suppose that F' satisfies the L-average Lipschitz condition on B(xo,r%) and that

[

o

L+ 2| T M = 24/ 91T 1L+l T2 )
(5.36) ¢ < min ° \/ . A
v

Then the conclusions hold as in Theorem 5.6.
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5.3. Extension of Smale’s approximate zeros. The following notion of ap-
proximate zeros was introduced in [26] for Newton’s method. Let f be an operator
from a domain D in a Banach space X to another one Y. Recall that Newton’s
iteration for f is defined as follows:

(5.37) Tpy1 = Tn — f(x0)  f(2n), n=0,1,....

The sequence {z,} is said to satisfy Smale’s condition if

271—1

1
(5.38) Tt — xnll < <2) |€n — xpn-1] foreachn=1,2,....

Note that (5.38) implies that {z,} is a Cauchy sequence and hence converges (with
limit denoted by z*). By (5.37) it follows that «* is a zero of f.

DEFINITION 5.8. Suppose that xo € D is such that Newton iteration (5.37) is
well defined for f and {x,} satisfies Smale’s condition. Then xo is said to be an
approximate zero of f.

Note that if g is an approximate zero of f, then Newton iteration (5.37) converges
to a zero z* of f. We now extend the notion of approximate zeros to the Gauss—
Newton method for convex composite optimization problems.

DEFINITION 5.9. Suppose that xg € D is such that the sequence {x,} generated
by Algorithm A (n, A, xg) converges to a limit x* solving (1.1) and satisfies Smale’s
condition. Then xg is said to be an (n, A)-approximate solution of (1.1).

Recall that L is defined by (5.15).

THEOREM 5.10. Let g € RY be a regular point of the inclusion (3.1) with r > 0
and > 0 such that (4.23) holds. Letn € [1,4+00), A € (0,+00], & = nBd(F(xo),C),

and
A npg 1
R=(1- =
G v1+w>v

Suppose that F' satisfies the L-average Lipschitz condition on B(xq, f%) and that

(5.39)

< 9033 yaBE TS (1208 20T 09) ()
_ o T N e B

Then, g is an (n, A)-approzimate solution of (1.1).

Proof. Let a be defined as in Theorem 5.6, and set o’ = n3. Then, as in the
proof of Theorem 5.6, we have o < o/ and 7, = R by (5.16). By Lemma 2.2(iii) and
(2.7), it follows that

* *
r, <r, <ry =R

Thus, by the assumptions, F” satisfies the L-average Lipschitz condition on B(z, 7).
On the other hand, noting that

4+9n573\/nﬂ(9n6+8)<1+2n/6’*2 nB(1+npB)
4

(5.40) . .

b
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we see that (5.39) implies (5.24). Therefore, one can apply Theorem 5.6 to conclude
that the sequence {x,} converges to a solution z* of (1.1) and

,1|

(5.41) |Zni1 — 2nll <& |l2n —2n_1] foralln=1,2,....

It remains to show that ¢, < % To do this we need to emphasize the dependence
on the parameters, and so we write g(a, &) for ¢, defined by (5.20) as before. Note
that, by (5.27) the right-hand-side member of the inequality (5.40) is simply b+, while
the left-hand-side member majorizes £ by (5.39). It follows from the monotonicity of

q(+,-) established in Lemma 5.5 that

a(0,€) < q(a/,€) < g <a', el n3(On3 + 8>> _1

7y 2’

where the last equality can be verified elementarily. This completes the proof. 0
Similar to the above proof, we can use Theorem 5.7 in place of Theorem 5.6 to
verify the following result.
THEOREM 5.11. Letn € [1,+00), A € (0,4+00], and let C be a cone. Let zg € R?
such that Ty, carries R onto R™. Let & = n||T,.!|d(F(x0),C) and

-1
V1+aTel) ) v

Suppose that F' satisfies the L-average Lipschitz condition on B(zq, R) and that

4+ 9| T Ml = 3\/77||T501||(977||T£>1|| +8)

5.42 <
( ) ¢ < min =

b

Then, xq is an (n, A)-approzimate solution of (1.1).

6. Examples. Let us begin with a simple example demonstrating a quasi-regular
point which is not a regular point.
Example 6.1. Consider the operator F from R? to R? defined by

1=ttty 13 _ 2
F(x)_( 1=t + 1 for eachx—(tl,tg)ER,

where R? is endowed with the [;-norm. Let 29 = 0 € R? and C = {0} C R2. Then

F'(z) = ( _1;'_1%1 1 ) for each z = (t1,t) € R?;
in particular, F'(z9) = (1,1) and

F'(2) = ( T )

Thus z¢ does not satisfy (3.12). Moreover,

ker F'(x9) N (C — F(x0))® = {(t,t) : t >0} # {0},
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and hence z is not a regular point of the inclusion (3.1). In view of the definition of
D(zx) in (3.2), we have that, for z = (t1,t2) € R?,

IR (G -y ty #0,
D) = { {(d1?d1 -1 *2152) :le € R}, ti =0

(note that F'(z) is of full rank if and only if ¢; # 0). Therefore,
d(0,D(z)) <1+ |t1] + |[t2| = 1+ ||lz|| for each z = (t1,t2) € R?
and
d(F(x),C) = |l =ty +ta+ 3|+ |1 —t;+ta] > 1—||z|| for each x = (t1,t2) € B(zo,1).
This implies that
d(0,D(z)) < B(]|lz — zo|)d(F(x),C) for each x = (t1,t2) € B(xo, 1),

where ((t) = % for each t € [0,1). Thus, z( is a quasi-regular point with quasi-
regular radius ry, > 1. In fact, ry, = 1 because

lim M = lim — =4
t1—0+ d(F(z),C)  t1-0+t;

as = goes to (0,—1) on the radial [ : 1 —¢; + ¢ =0, t; > 0.

Next we give a few examples to illustrate some situations where our results are
applicable but not the earlier results in the literature. For the following examples,
recall that C is defined by (1.3) and we take

(6.1) n=1 and A =+4oc.

Regarding the convergence issue of Gauss—Newton methods, the advantage of
considering Wang’s L-average Lipschitz condition rather than the classical Lipschitz
condition is shown in the following example, for which Theorem 5.7 is applicable but
not Theorem 5.3.

Ezxample 6.2. Let m =n =1 and h be defined by

_J 0 y <0,
h(y)_{y, y > 0.

Let 7 be a constant satisfying

(6.2) 10V2 - 14 < 7 < 3—2V2,
and define
Tzt r<i
(6.3) F(x) = 1o -
T — % + 23627 T > %

Then C' = (—0, 0],

=
=
N~—
|
—N
N
[N}
_|_
o~
8
el
S
IN
NI N

8
8
v
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and
(6.4) F'(z) = { TS
4, T > é
Let v =1, and let L be defined as in (5.15), that is
(6.5) L(u) = ﬁ for each u with 0 < u < 1.
Then
(6.6) L(u) < L(v) whenever 0 <u <wv < 1.
It follows from (6.4) that
. 16, r> %,
(6.7) sup{F"(z) : x € [-r,7] \ {1/2}} = { (1_2,«)37 0<r<i,
and that
(6.8) 0< F"(u) < F"(Ju|) < L(|Ju]) whenever 1/2 # u < 1.

Let zg = 0. Then, for all z, 2’ € B(zg, 1) with |2/| + |z — 2’| < 1, it follows from (6.6)
and (6.8) that
(6.9)

1 1
|F'(x) — F'(2")| = |x —x'|/ F'(2' +t(z—2")dt < |z — a:’|/ L(|2'| + t|x — 2'|)dt.
0 0

Thus F’ satisfies the L-average Lipschitz condition on B(zg,1) with L defined by
(6.5). Note that T, carries R onto R and ||T,!|| = 1 as F'(x9) = —1. Let & be
defined as in Theorems 5.3 and 5.7. Since F(zg) = 7 and by (6.2), we have

(6.10) ¢ = T |d(F(x0),C) = 7 < 3 —2V/2.

Thus (5.36) is satisfied. Recalling the definitions of o and 7}, in Theorem 5.7, we have
that e = 1 and

1 _ 2 _ _

" +&—/(1+¢) 8§§1+§§1+3 2ﬁ<1.
4 4 4

Therefore Theorem 5.7 is applicable with initial point zo. We show next that The-

orem 5.3 is not applicable here. In fact, by (6.7), one has that, for any r > 0, F' is
also Lipschitz continuous on B(xg, ) with the (least) Lipschitz constant L, given by

5, <
(611) L, :{ (1—r)3

9

16, r

Vv
NI= N[

Suppose that there are £, L, and R* satisfying the assumptions stated in Theorem 5.3.
For simplicity of notation we write r for R*. Then by the least property of L,., (5.12),
(5.14), and by a similar argument as for (6.10), we have

(6.12) L>1L,,
(6.13) r = 1-VI-2L¢ V1L72L£’
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and

1 1

.14 =< —<
(6.14) reg<o- <o
Since 7 > 10v2 — 14 > 5, we have from (6.14) that L, < 16, and it follows from
(6.11) that r < 1/2 and hence L, = = =7 r)g > 2. Consequently, by (6.12) and (6.13),

we have

L2 LT 2
(615) T:ﬁ:r TS r <T_T2.
Combining this with (6.14) and (6.11), we have that

(6.16) { (1—r)* 7"2}.

Note that the function r — % is decreasing and r — r — r? increasing on [0, %]
Hence

1— 3
(6.17) Tgmin{( 47") ,7‘—7"2}:7"0—7“8:10\/5—14,

where 7o = 3 — 2v/2 is the least positive root of equation (1_47")3 r — r2. However,
(6.17) contradicts (6.2), and therefore Theorem 5.3 is not applicable to zg.

Even when initial point x( is regular, the advantage to considering the quasi
regularity bound functions rather than a constant § with the property stated in
Proposition 3.3 is shown in the following example, for which Theorem 5.1 (and hence
results in [4, 13]) are not applicable while Theorem 5.3 is applicable, which is based on
the quasi-regular bound function f,, satisfying (3.14) rather than the quasi-regular
bound constant § given by Proposition 3.3.

Example 6.3. Let m =n =1 and h be defined by

h(y) =|y| for each y € R.
Then C' = {0}. Let % <7< 1 and define
F(z)=71—x+2% foreach z € R.
Then
F'(z) = -1+ 2z for each x € R;

hence F' is Lipschitz continuous with the modular L = 2. Let xg = 0. It is clear that

Ty, carries R onto R and ||T,.![| = 1 as F'(z) = —1. Since
1
(6.18) 1T, 1d(F (20), €) = 7 < 7,

Theorem 5.3 is applicable with initial point zy5 = 0. Below we shall show that Theo-
rem 5.1 is not applicable. Suppose, on the contrary, that there exist » > 0 and 8 > 0
satisfying the assumptions stated in Theorem 5.1 for xy. Then

(6.19) D(x) is nonempty and d(0,D(z)) < Bd(F(x),C) for each x € B(xg,r),
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620 L L2 /T @
. > 3 ,

and

(6.21) Bre¢< %.

By definition, it is easy to see that, for each x € R,

—F'(2)"'F(z)}, T # 3,
p@):{{ @F@), o #)

6.22
(6.22) " .

and it follows from (6.19) that r < % and, for each z € B(xo,7),

623 d0.D@) = |F'(@) " Fw)] = 1=l F)

= T dF@),C).

By (6.19) this implies that

(6.24)

=2 <@ for each x € B(xg,r).

Considering z¢ = 0, this implies ﬁ < (3; that is,
(6.25) 26r < 3—1.
It follows from (6.20) that

(6.26) 14286 —/1— (2862 < B -1,

or equivalently,

(6.27) (26— 1)+ (26)*)B% +4(26 — 1)+ 3 < 0.
Hence

(6.28) (4(26 = 1))* —4-3((26 — 1)* + (2)*) > 0,

which implies that ¢ < %. This contradicts the assumption that 7 > % because
& =07 > 7 by (6.21) and (6.24).

We remark that, on one hand, the results in section 5 cover (and improve) the
cases considered by Burke and Ferris and by Robinson (the initial points are regular
in [4, 18]), and, on the other hand, there are examples of quasi-regular but not regular
points xg for which Theorem 4.1 is applicable.

Ezample 6.4. Let m = n = 3. To ease our computation, let R® be endowed with
the l;-norm. Let h be defined by

h(z) = x(t1) + x(t2) +

1
t3t1t28‘ for eaChl’:(tl,tQ,tg)ERS,

where x(t) is a real-valued function on R defined by
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Define
(629) A= {(01702,63) P c3=cC+ CQ},
and let F : R? — R? be defined by

L—ti+t+tatts
(6.30) Flz)=| 15 +ti—ta+t3+1ts for each = = (t1,1s,13) € R3.
12 + 13 + 2t3

Then
1

(631) C = {(61762,63) . C1,C € [—1,0], c3 =c1+co+ 8} R
(6.32) C — F(z) is contained in A,

—14 2t 1 1
(6.33) F'(z) = 1 —1+4+2ty 1 for each x = (t1,to,t3) € R3,

2ty 2to 2

and hence

(6.34) C — F(z) is contained in A = {F’(2)d: d € R*} for each x € R,

In particular, for zyp = 0, we have that

-1 1 1
(6.35) Fllzg)=| 1 -1 1 |,
0 0 2
and hence
(6.36) ker F'(zo) = {(t,t,0) : ¢t € R}.
Since F(z0) = ({5, 15,0), one has that
(6.37) ker F'(x9) N (C — F(z0))® = {(t,t,0) : t > 0};

hence z¢ is not a regular point of (3.1), and the condition of Robinson is not sat-
isfied (see Proposition 3.7). Below we shall show that z( is a quasi-regular point
with the quasi-regular radius r,, and the quasi-regular bound function (,, satisfying
respectively

3 2 3
. T Z n x S o5 Az IR
(6.38) Yoo 2 7 and By, (1) Fyyy for each t € [0 4)

To do this, we note first that F’ satisfies the L-average Lipschitz condition on R? with
L=2,

(6.39) |F'(z) — F'(y)|| < 2|z —y|| for each z, y € R?,
and the rank of F’(x) is given by
(6.40) rank F'(z) =2 for each = € R>.
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Since

F'(x) = F'(wo) + F'(x) = F'(xo) and ||[F'(2) = F'(z0)|| < 2]z — o,
it follows from the perturbation property of matrixes (cf. [27, 30]) that

1" (o) ]
2||z — ol [ F" (o)l

(6.41) IF @) < 1=

holds for each z € R?® with 2||z — xo]|||F'(x0)T|| < 1, where AT denotes the Moore-
Penrose generalized inverse of the matrix A (cf. [27, 30]). By (6.35), one has that

1
1

PN

(6.42) F'(zo)T =

Ll

2
and || F'(xo)] = .

D= =
w= O O

1
6
This together with (6.41) implies that

2

6.43 o< —
(6.43) IP@) < 5=

3
for each x € B (xo, 4) .

On the other hand, by (6.33) and (3.2), we have
(6.44) D(z) = F'(z)(C — F(z)) for each x € R3

and, consequently, for each x € B(x, %),

(6.45) d(0,D(z)) < ||[F'(2)"|d(F(x),C) < =

This shows that z( is a quasi-regular point with the quasi-regular radius r;, and the

quasi-regular bound function 3, satisfying (6.38). Let r = 2. Recalling (4.2) and
(6.1), it follows from (6.38) that
B(t) 2
6.46 <s — ¢ <t ==
(6.46) ole) <sup { g e st arh =2,

where 3(t) := 52 for each ¢ € [0, 3). Thus taking a = 2 in (2.1), we get that

(6.47) To = z and b, = Z

By (4.1) and (6.38),

€ = Bay (0)d(F(0), C) < BO)||F (o) — col| = é

where ¢y = (0,0, §). It follows that (4.4) is satisfied. Hence Theorem 4.1 is applicable
with initial point zg even though it is not a regular point.
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7. Conclusion. In connection with inclusion problem (1.2) and for a given point
xo we introduce two new notions: (a) the L-average Lipschitz condition for F’ and
(b) quasi regularity (with the associate quasi-regular radius r,, and quasi-regular
bound function f§;,). The notion (a) extends the classical Lipschitz condition and
Smale’s condition, and notion (b) extends the regularity. When Robinson’s condition
(3.12) is satisfied, x¢ is shown to be a regular point, and the associate quasi-regular
radius r,, as well as the associate quasi-regular bound function 3, are estimated
if in addition F’ satisfies (a) with suitable L. We provide sufficient conditions for
convergence results with a quasi-regular initial point z in the Gauss—Newton method
for the convex composition optimization problem (1.1) with C' given to be the set of
all minimizers of a convex function h. These conditions are given in terms of r;,,
By, and L in (a). Examples are given to show that the new concept and results are
nontrivial extensions of the existing ones.
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