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1. INTRODUCTION

Let X, Z be a pair of real linear spaces put in duality by a separating
bilinear form (,), and endowed with compatible locally convex topologies
respectively. A subset F of X is said to be p-bounded if sup{p(x) : x € I'} <
00. We denote the collection of all nonempty p-bounded subsets of X by
By(X). Given x € X, F € B,(X),and V C X, write

n(F:x) = sup{p(y—») s y € F),
rad,(F; V) = inf{rn,(F;v) : v e V},
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and

Cent,(F; V) ={u € V : r,(F;v) = rad,(I; V)}.

Then according to [14], rad,(f; V) is called the restricted p-radius of F
with respect to V, and any element of the (possible void) set Cent,(I; V)
is called a restricted p-center of F with respect to V.

In the special case when p is a norm on X, the notion of a restricted
p-center clearly coincides with that of the well-known restricted Chebyshev
center (i.e., best simultaneous approximation). The study of the restricted
Chebyshev center problem in a Banach space X has a long history, see, for
example, [1, 3-7, 10, 11, 13, 15]. In particular, in the case when V is a
nonempty convex subset of X, the Kolmogorov type’s characterization of
restricted Chebyshev centers with respect to V is obtained in [3] by Freilich
and Mclaughlin. This result is further extended in [15] to the case when
V is a sun. Some results on the uniqueness and strong uniqueness of the
restricted Chebyshev centers with respect to an interpolating subspace are
given in [10]. For the general setting of restricted p-centers in real locally
convex topological spaces, the existence theorem for the set V with some
suitable compactness and the characterization theorem as well as the
uniqueness theorem for the set V with some suitable Haar-like property are
given in [14], while the existence theorem and characterization theorem
with respect to a p-interpolating subspace with some compactness is given
in [9].

In the current paper, we will continue to study the restricted p-center
problem in a real locally convex space but with a completely different
technique. More precisely, we first convert the restricted p-center problem
into a restricted Chebyshev center problem in the corresponding quotient
space X/ker(p) with respect to the kernel ker(p), which is done in
Section 2. In Section 3, we recall some known and establish some new
results on restricted Chebyshev centers in normed linear spaces. Finally,
the main results on restricted p-centers with respect to nonlinear sets in
real locally convex spaces, including characterization theorems and strong
uniqueness theorems, are provided in Section 4. We remark that most
part of the results for nonlinear cases obtained in this paper extend and
improve those in [9], and some of them are new even for the linear cases,
see, for example, Corollaries 4.4 and 4.7.

2. PRELIMINARIES AND DEFINITIONS

We begin with the following notions, one of which is a generalization
of the corresponding one in [14]. In what follows, we always assume that
and V are nonempty subsets of X.
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Definition 2.1. Let F € %,(X) and V C X. F is called

(i) wp-sup-compact with respect to V if, for each net {y,} € F and each
vy € V, lim, p(y, — 1) = r,(F; v) implies that there exist a subnet {y;}
of {y,} and an element y € F such that p(y, — y) — 0;

(ii) p-sup-compact with respect to V if, for each net {y,} € F and each
vy € V, lim, p(y, — v) = 1,(F; 1) implies that there exists a subnet
{y:} of {y,} that converges to some element in F;

(iii) wp-compact if for each net {y,} C F, there exist a subnet {y;} of {y,}
and an element y € F such that p(y; —y) — 0;

(iv) wp-sup-compact (resp. p-sup-compact) if it is wp-sup-compact (resp.
p-sup-compact) with respect to V = X.

Remark 2.2. With respect to V, the following assertions hold.

(a) F is p-sup-compact implies that it is wp-sup-compact, but the converse
is not true. For example, let R? denote the two-dimensional Euclidean
space. For every x = (4, %) € R2, let p(x) =14 and F ={(t,%) 1 4 €
[0,1]}. Then F is wp-sup-compact but not p-sup-compact.

(b) F is wp-sup-compact if and only if it is p-sup-compact when X is a
normed linear space with the norm p and, in this case, F is also called
M-compact with respect to V, which was introduced by Panda and
Kapoor [12] in the special case when V = X.

Let wp-sup-K(X,V) [resp. p-sup-K(X,V), wp-K(X)] denote the
collection of all subsets F € 9%,(X), which is wp-sup-compact with respect
to V (resp. p-sup-compact with respect to V, wp-compact). Then, by
Remark 2.2,

p—sup—K(X,V) Cwp—sup—K(X,V)
and
wp — K(X) C wp —sup—K(X, V).

Let ker(p) stand for the kernel of p, defined by ker(p) = {x e X :
p(x) = 0}, and write N = ker(p). Then N is a o(X, Z)-closed subspace of
X. Recall that the quotient space X/N of X with respect to N is a normed
linear space with the norm defined by

I[x]ll, = inf{p(y) : y € [x]}, [x]=x+ N e X/N. (2.1)
Let Qn : X — X/N denote the quotient mapping (i.e., Q y(x) = [x]) while

its dual mapping is denoted by Q% : (X/N)* — Z. Denote the compatible
locally convex topology on X by I' and the quotient topology on X/N
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by I'v. Then the following result is known and easy to prove (cf. [8, §10.8.5,
p.- 94]).

Lemma 2.3. Le
Nt={ze€Z:(x,2) =0, Vx € N}.

Let (X/N,Tx)* and N* be respectively endowed with the weak® topology and the
restricted a(Z, X)-topology. Then Q3, is a topological isomorphism from (X/N,I'y)*
onto N*.

For convenience, we write J = (Q*)~". Then, for each z € N+,

([x]:](Z» = (QN()))’](Z)) = ()’, QT‘V OJ(Z» = (y’ Z)a Vy € [x]. (22)

In addition, for a set A in a locally convex topological space, let [A]
denote the image of A under the mapping Q y (i.e., [A] = Qy(A) = {[a] :
a € A}) and let extA stand for the set of all extreme points from A.
Then we have the following two propositions; the first one establishes the
connection between ext dp(0) and ext B[(X/N)*] while the second between
the restricted p-centers in X and the restricted Chebyshev centers in X/N.
Let 0 denote the zero in X and let / be a convex real-valued function on X.
Recall that the subdifferential of f at x is denoted by df (x) and defined by

of(x) ={ze€eZ:(y—x,2) < f(y) — f(x),Vy € X}.

Note that df (x) is bounded if f is continuous at x. Then dp(0) is bounded
and compact with the restricted ¢(Z, X)-topology.

Proposition 2.4. Let B[(X/N)*] denote the closed unit ball of (X/N, || - 1l,)*.
Then the following assertions hold.

(i) 9p(0) < N*.
(i) BI(X/N)*]1=J0p(0)]. .
(iti) extBI(X/N)"] = Jlextp(0)); extBIX/N)T = Jlextop@®” ).

Proposition 2.5. LetF e B,(X), VS X andv e V. Then
n(F;v) = ||.H;,([F]§ [v]); rad,(F;V) = radu.np([F]; [VD.

The proofs of the above two propositions are direct and so we omit
them. The following corollary is a direct consequence of Proposition 2.5.

Corollary 2.6. Let F € B,(X), VC X, and vy € V. Then vy € Cent,(I; V)
if and only if [v] € Centy, ([F]; [V]).
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The following two propositions describe the relationships between the
wp-sup-compactness, the p-sup-compactness in X and the M-compactness
in the corresponding quotient space X/N.

Proposition 2.7. Let N have a topological complement in X and I € %B,(X).
Then [F] is M-compact with respect to [V] in X/N implies that there exists Iy € X
such that [I1] = [F] and I is p-sup-compact with respect to 'V in X.

Proof. Suppose that F € By(X) and X =N@N,, where N is a
topological complement of N in X. Let /i be the projection of F in M.
Then [F] = [F] and F; is p-sup-compact with respect to V in X. In fact, the
first assertion is trivial, and hence we only need to show the second one.
For this purpose, let {x,} C I and v, € V satisfy p(x, — 1) — 7,(F1; ).
Then ||[x,] = [volll, = n, ([F1]; [wo]) = ., ([F]; [wo]). Because [F] is M-
compact with respect to [V] in X/N, there is a subnet {[x;]} of {[x,]} such
that [x;] — [x] € [F]. By [F] = [F], without loss of generality, we may
assume that x, € F;. Note that each x in X can be uniquely expressed as
x = xy @ xy,, where xy € N and xy, € N;. Define the mapping T : X/N —
N by

T([x]) = xn,, VI[x] € X/N.

Then T is well-defined because xy, = yy, if [x] =[y]. Noting that the
mapping 7T o Qy is the projection of X onto N, and that X = N @ N, is
a topological direct sum, 7 o Q y is continuous on X. This implies that T
is continuous by [8, §10.7.(5), p. 92]. Therefore x;, = T'([x;]) = T'([x]) =
Xy € B, and F, € p-sup-K(X, V). This completes the proof. O

Proposition 2.8. Let I € B,(X). Then I is wp-sup-compact with respect to V
in X if and only if [FF] is M-compact with respect to [V] in X/N.

Proof. Suppose that I is wp-sup-compact with respect to V in X. Let a
net {[x,]} € [F] and an element [7,] € [V] be such that lim, ||[x,] — [v]ll, =
1, (LT [wo]). Without loss of generality, we may assume that {x,} € F and
vy € V. Then lim, p(x, — v) = 1,(F;v). By the assumptions, there exist
a subnet {x;} of {x,} and x € I such that p(x; —x) — 0. Hence ||[x;] —
[x]ll, = p(x; — x) — 0. Therefore [F] is M-compact with respect to [V] in
X/N.

Conversely, let F € 9,(X) be such that [F] is M-compact with
respect to [V] in X/N. Let {x,} be a net in F and v, in V. Suppose that
lim, p(x, — ) = 7,(F; v). Then lim, |[[x,] — [w]ll, = 7, ([F]; [w]); hence,
by the M-compactness of [F], there exist a subnet {[x;]} of {[x,]} and
[x] € [F] (we may assume that x € F) such that ||[x;] — [x]||, — 0. By (2.1),
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we can take x;, € N such that p(x; — x + x;,) — 0. Hence p(x; — x) — 0 and
F is wp-sup-compact with respect to V in X. The proof is complete. O

We end this section with some other notions that will be used in the
remainder of this paper.

Definition 2.9. A subset V of X is said to be a p-S-sun (resp. wp-CS-sun,
wp-MS-sun) if, for each vy € V and each F € B,(X) [resp. I' € wp-K(X),
F € wp-sup-K(X, V)], v € Cent,(F;V) implies v € Cent,(F,; V), where
E, = v+ a(F — 1), Ya > 0.

Clearly, V is a p-Ssun = V is a wp-MS-sun = V is a wp-CS-sun. In the
case when p is a norm on X, the notions of a p-Ssun and a wp-CS-sun
were introduced and studied by Xu and Li [15], where they were called
the simultaneous sun and the compact simultaneous sun, respectively. For
simplicity, we call a p-Ssun (resp. wp-CS-sun, wp-MS-sun) a S-sun (resp. CS-
sun, MS-sun) in the case when p is a norm.

Definition 2.10. Lety, € V and FF € %,(X). vy is called a strongly unique
restricted p-center of F with respect to V if NN (V — ) = {0} and there
exists y > 0 such that

7, (F;v) = n,(F;u) + yp(v —w), YvelV.

Note that a strongly unique restricted p-center of F with respect to V
is unique. Let yy(F, vy) denote the largest constant y for which the above
inequality holds. Then v, is a strongly unique restricted p-center of F with
respect to V if and only if N N (V — v) = {0} and yy(F, v)) > 0. We call
yv(F, 1) the strong uniqueness constant of ¥ with respect to V.

Definition 2.11. Let {F} be a subset of %,(X) and v, € V. v, is called a
uniformly strongly unique restricted p-center of {F'} with respect to V if
NN (V — ’U()) = {9} and lane{F} yv(F, "U()) > 0.

Definition 2.12. A subset V of X is said to be a strong p-S-sun (resp. strong
wp-CS-sun, strong wp-MS-sun) if, for every vy € V and every F € B,(X)
[resp. F € wp-K(X), F € wp-sup-K(X, V)], the fact that vy, is a strongly
unique restricted p-center of F with respect to V implies that v, is a
uniformly strongly unique restricted p-center of {£,},-, with respect to V.

Similarly, it is easy to see that V is a strong p-S-sun = V is a strong
wp-MS-sun = V is a strong wp-CS-sun. In the case when p is a norm on X,
a strong p-S-sun (resp. strong wp-CS-sun, strong wp-MS-sun) is also simply
called a strong S-sun (resp. strong CS-sun, strong MS-sun).
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The relationships between p-S-suns in a locally convex space and S-
suns in the corresponding quotient space are described in the following
propositions. The proofs are just direct consequences of Propositions 2.5

and 2.8.

Proposition 2.13. Let V C X. Then V is a pS-sun (resp. wp-CS-sun, wp-
MS-sun) of X if and only if [V] is an S-sun (resp. CS-sun, MS-sun) of X/N.

Proposition 2.14. Let V C X. Suppose that NN (V —v) ={0} foreachve V.
Then V is a strong p-S-sun (resp. strong wp-CS-sun, strong wp-MS-sun) of X if
and only if [V] is a strong S-sun (resp. strong CS-sun, strong MS-sun) of X/N.

Finally, we introduce the notions of p-interpolating spaces and p-RS-
sets, which are respectively generalizations of the corresponding notions
in a normed linear space, see, for example, [1, 2]. Let W; and W, denote

the subspaces spanned by extdp(0) and ext@p(@)a(z’x), respectively. We
throughout the paper assume that

dmW,>n+1, i=1,2.

Definition 2.15. Let V be an n-dimensional subspace of X spanned by
span{v,...,v,}. V is called an n-dimensional p-interpolating subspace
(resp. strictly p-interpolating subspace) if

det({v;, 2))} ;- # 0

holds for any n linearly independent elements z, ..., z, in extdp(0) [resp.
extop0)” 1.

Definition 2.16. Let vy,...,v, be n linearly independent elements of X
and let

n

V={U=Zcivi:ci€]i}. (2.3)

i=1

Then V is called a p-RS-set (resp. strict p-RS-set) of X if each J; is a subset
of IR of one of the following types:

(I) the whole of R,
(II) a nontrivial proper closed (bounded or unbounded) interval of IR,
(III) a singleton;

and in addition every subset of v,,..., v, consisting of all v; with J; of type
(I) and some v; with J; of type (II) spans a p-interpolating (resp. strictly
p-interpolating) subspace of X.
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3. RESTRICTED CHEBYSHEV CENTERS IN NORMED SPACES

Throughout this section, we always assume that Y is a real normed
linear space with the norm |- |, and its dual is denoted by Y*. The
closed unit ball of Y* is denoted by B(Y*) and endowed with the
restricted weak* topology. Let V be a nonempty subset of Y. We use %(Y)
[resp. H(Y), M(Y,V)] to denote the set of all nonempty bounded subsets
(resp. compact subsets, M-compact subsets with respect to V) of Y. Letting
F e B(Y), we define the function Ur on B(Y*) by

Up(x*) = sup{(y,x") 1y e F}, " e B(Y") (3.1)
and U; by

US (x*) = inf sup Up(®), x* € B(Y*),

€Nk e

where N,« is the family of all open neighborhoods of x* in B(Y*). Then,
by [3], Uy is upper semicontinuous on B(Y*). Moreover, if F is compact,
then U = Uy and so Uy is continuous on B(Y*). It also follows from [3]
that, for each v € Y,

[Ur () = (0, y) ] Lo = Ui (%7 — (0, x7)

and
sup (U (x") — (v, x*)) = 1, (F; v). (3.2)
X*eB(Y)
Set
Mp_,={x" € CXtB(Y*)* : UF+(x*) — (v, x"y = n (F,v)};
Ep_, = {x* € extB(Y") : Up(x") — (v, x™) = n(F,v)}.

It is easy to see that My_, is nonempty. Furthermore, if F is compact, Ey_,
is nonempty too.
The following two theorems are known, see, for example, [15].

Theorem 3.1. Let V C Y. Then the following statements are equivalent.

(i) V is an S-sun.
(ii) For each vy € V and each F € B(Y),

v € Centy (F; V) < max{(vw — v, x") : x* € Mp_,,} >0, VYvelV.
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Theorem 3.2. Let V C Y. Then the following statements are equivalent.

(i) V is a CSsun.
(ii) For each vy € V and each F € F(Y),

v € Centy | (F; V) <= max{(vy — v, x") : x* € Ep_,,} >0, VYvelV.

Theorems 3.1 and 3.2 characterize respectively the restricted
Chebyshev centers of bounded subsets and compact subsets F with respect
to a “sun” V of Y. Theorem 3.4 below extends Theorem 3.2 from the class
of compact subsets to the class of M-compact subsets. For the proof we
need to establish the following lemma.

Lemma3.3. letuyy eV andleaF € M(Y,V). Set

M, ={x" € B(Y"): U (x*) — (v, &*) = 1y (F3 v)}
and

Mp_yy = {x* € B(Y*) : Up(x") — (09, &*) = 1 (F3 v) }.
Then

Myt = My, (3.3)

Moreover, the function Up on B(Y™) is upper semicontinuous at each point of
Mpp_y, -

Proof. Because

Up(x*) — (19, &™) < U;(X*) — (v, x*) < 1 (Fs ),

by (3.2), it is trivial that M;t "y 2 My_,,. In order to show M;" w S My, let
x* e Mj - It suffices to show that
Up(x*) — (v, &™) = I H(F ). (34)

Let N« denote the collection of all open neighborhoods of x*. Then, for
each O € N,

sup[Up(y*) — (w0, )1 = Uy (x") — (o, x™).

y*e0

Hence, for any € > 0, there exists y, . € O such that

Ur(55,0) = {00, 30,0) > Up (x*) = (w, x*) — € = 1, (F; ) — €. (3.5)
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Define a partial order “>” on N,« as follows. Let O, O, € N,». Then O, >
O, if and only if O; C O,. Thus, for each € > 0, {y;.}- is a net on B(Y™)
and it is easy to see that y;,, — x* weakly* when € fixed. By (8.1) and (3.5),
we may select xp € I such that

{x0.e = 10, Yp.e) > i (F; ) — €. (3.6)

Hence,

Ny (Fs ) > Olier—r>10 |x0.e — woll > Oliglo(xo,e — Uo,y?),e) > 1 (F; w).

Because F is M-compact with respect to V, there exists a subnet of {x¢},
denoted by itself, and x, € F such that limg_.¢ [|xoe — % || = 0. Noting that

[{X0.e — 10, Yo.0) — (%0 — 0, Yo, < %0 — %0l = O,
we obtain, by (3.6),

N (F50) < Oliefil()(xo — Uo,y?),J = (X — v, x*) < Up(x™) — (vp, x*).
Thus (3.4) holds. Let x* € 1/\7IF_,)0. To prove the continuity of Uy at x*, let
€ > 0. Because U, is upper semicontinuous at x*, there exists O € N,« such
that Uy (y*) < Uy (x*) + € for each y* € O. It follows that

Ur(y") < U (') < Up(x") +€, Yy € O.
Hence Uy is upper semicontinuous at x*. The proof is complete. O

Theorem 3.4. Let V C Y. Then the following statements are equivalent.

(i) V is a MS-sun.
(ii) For each vy € V and each F € M(Y,V),

v € Centy  (F; V) <= max{(v) — v, x") : x" € Ep_,,} >0, VYveV.
(3.7)

Proof. By Theorem 3.1 and its proof given in [15], we have that (i) holds
if and only if the following assertion holds:

(i) for each vy € V and each F € M(Y,V),

U € Cent”‘” (F, V) < maX{("UO — U, x*) txt e MF—UO} >0, VvelV.
(3.8)
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By Lemma 3.3, Z/\ZF,,,O is weakly * compact. Noting that the function - on
B(Y*) defined by h(x*) = Up(x*) — (v, x*) is convex, we see that My_,, is
an extremal subset of B(Y™*). Hence

MF—v() 2 EF—vO = MF—v() N eXtB( Y*) = ext MF—U() = eXt(MF—v(;)*
D ext(coMyp_,)" # ¢,

where co ]/\\/IF_,J0 stands for the convex hull of the set Mp_vo. Then by the
Krein-Milman theorem, (3.7) holds if and only if (3.8) holds. The proof is
complete. O

Now let us consider the strong uniqueness of the Chebyshev center. We
require the following lemma, which was proved in [10].

Lemma3.5. [etF e B(Y)andlet x € Y. Set

sup,_.lly + tx|| — sup,_, Iyl
o(F,x) = lim Pyer 1) t Byer DT
t—0+

Then
T(F, x) = max{(x, x*) : x* € Mp}.
Theorem 3.6. Let V C Y. Then the following statements are equivalent.

(i) V is a strong S-sun.

(ii) For each vy € V and each F € B(Y), vy is a strongly unique vestricted
Chebyshev center of ' with respect to V if and only if there exists y > 0 such
that

max{(vy — v, x") : x* € Mp_y,} = 7llv—wll, YvelV. (3.9)
Proof. (i)= (ii) Let vy € V and F € %(Y). Suppose that (i) holds and
that v, is a strongly unique restricted Chebyshev center of F' with respect

to V. Then y = inf,_ yv(F,, yy) > 0. Consequently, for each o > 0 and each
v € V, we have

1 (s v) = (B v0) + yv (5, wo) lv — woll = 1 (B vo) + pllv — woll.
That is,

sup |lvg + o(x — ) — vl = sup [|vp + oalx — v) — wll + yllv — wll-
xel’ xel’
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Letting « = 1/¢, we obtain that

sup, 5 llx — v + t(vo — v)|| —sup, ; [lx — vl
{

> 9llv— .

Letting ¢ — 0+, we get (3.9) by Lemma 3.5, and the necessity part of (ii)
is proved.

Conversely, suppose that (3.9) holds. Then, for each v € V\{w}, we
may take x; € My_,, such that (yy — v, x¥) > y||lv — w|. Hence,

1 (F50) > U (%)) — (v, 63 = UF (%) — (09, x7) + (09 — v, )

v

(5 0) + yllv — wll. (3.10)

This shows that v, is a strongly unique restricted Chebyshev center of
F with respect to V, and the sufficiency part of (ii) is proved. Hence
(1) = (ii).

(i) = (i) Let F € B(Y). Suppose that (ii) holds and that v, € V is
a strongly unique restricted Chebyshev center F with respect to V. Then

(3.9) holds by (ii). Note that, for each « > 0, F, € B(Y) and M,
M;_,,. It follows from (3.9) that

-y —

max (v —v,x") = max (v — v,x") >y[lv—1wl, VYvelV.
x*eMp, — x*e 1’\/11/,1,0

Again by (ii) and (3.10) , we get yy (I, vp) > 7. Therefore inf,_¢ yy (£, vo) >
y > 0, that is, v is a uniformly strongly unique restricted Chebyshev center

of {F,},-o with respect to V. Hence (i) holds and the proof of Theorem 3.6
is complete. g

Similarly, we have the following result.
Theorem 3.7. Let V C Y. Then the following statements are equivalent.

(i) V is a strong CS-sun (resp. strong MS-sun).

(ii) For each vy € V and each I € H(Y) [resp. F € M(Y, V)], v is a strongly
unique restricted Chebyshev center of I with respect to V if and only if there
exists y > 0 such that

max{(vy — v, x") 1 x* € Ep_y,} = yllv —wll, YvelV.
The following theorem is proved in [11, Theorem 3.2] (the proof given

there is valid for M-compact subsets thanks to Lemma 3.3 although it was
stated for totally bounded subsets).
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Theorem 3.8. Let V be an RS-set (vesp. a strict RS-set) and let F € M(Y,V)
[resp. F € B(Y)]. Then F has a strongly unique restricted Chebyshev center with
respect to V' provided that rad j(F; V) > rad ;(F;Y).

4. RESTRICTED p-CENTERS IN REAL LOCALLY CONVEX SPACES

In this section, we assume that X is a real locally convex topology linear
space with its dual Z. Let p be a continuous seminorm defined on X. Let
F € B,(X). According to [9], define

sp(z) =sup{(y,2z) 1y e F}, ze dp(0)
and

si(z) = (inf sup sp(w), z€ dp(0),

&Nz weo

where N, is the family of all the open neighborhoods of z in dp(0). Let
V C X andlet v e V. Set

Apo={zeextop@ " 1 5H2) = (v,2) = r,(F; v))
and
Ap, ={ze€extdp(0) : sp(z) — (v,2) = n,(I;v)}.

Recalling that N = ker(p), let Y = X/N be the quotient space of X
with respect to N. Also recall that | = (Q{‘,)*1 as in Section 2. Then, by
Proposition 2.4,

se(2) = Up[J(2)],  si(z) = U[}T][[(z)], z € 0p(0). (4.1)
Hence the following assertion is immediate.
Lemma4.1. Lel e B,(X), VS X andve V. Then
Mipyo) = J(Aro); B = J(Ara).

Thus the first result of this section, which characterizes a p-center of
F € B,(X) with respect to a p-S-sun of X, can be stated as follows.

Theorem 4.2. Let V C X. Then the following statements are equivalent.

(i) V is a pS-sun of X.
(ii) Foreach vy € V and each F € B,(X),

vy € Cent,(I'; V) <= max{{vy — v,2) 1 2€ Ay, } 20, VYvelV.
(4.2)
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Proof. By Proposition 2.13, (i) is equivalent to the following statement.

(i) [V]is an Ssun of X/N.
By Theorem 3.1, (i) holds if and only if, for each [y] € [V] (we may
assume that v, € V) and each F € %(X),

[w] € Cent,([F1;[V]) < max{([v] — [v].f) : f € Mip1—91}

>0, V[v]el[V] (4.3)

Applying Lemma 4.1 and Proposition 2.5 to (4.3), we get that (4.3) is
equivalent to (4.2). Hence, (i) and (ii) are equivalent and the proof is
complete. 0

Similarly, we have the following results for wp-CS-sun and wp-MS-sun
of X.

Theorem 4.3. Let V C X. Then the following statements are equivalent.

(i) V is a wp-CS-sun (resp. wp-MS-sun) of X.
(ii) For each vy € V and each F € wp-K(X) [resp. I € wpsup-K(X, V)],

1y € Cent,(F; V) <= max{{vw — v,2) 1z € Ap, } = 0. (4.4)

Note that a linear subspace of X is a p-S-sun (hence a wp-MS-sun). Thus
from Theorem 4.3 we immediately have the following corollary, which was
proved by Laurent and Pai in the case when F is p-sup-compact (¢f. [9,
Theorem 2.4]).

Corollary 4.4. Let V be a subspace of X and I € B,(X) [resp. F € wp-sup-
K(X,V)]. Then (4.2) [resp. (4.4)] holds.

By Theorems 3.6, 3.7 and Lemma 4.1, Theorems 4.5 and 4.6 below can
be verified by a similar manner.

Theorem 4.5. Let V C X be such that NN (V —v) = {0} for each ve V.
Then the following statements are equivalent.

(i) V is a strong p-S-sun of X.
(ii) For each vy € V and each F € B,(X), vy is a strongly unique restricted
p-center of I with respect to 'V if and only if there exists y > 0 such that

max{(w — v,2) 1 2 € Apy} = yp(v —1w), YvelV.
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Theorem 4.6. Let V C X be such that NN (V —v) = {0} for each ve V.
Then the following statements are equivalent.

(i) V is a strong wp-CS-sun (resp. strong wp-MS-sun) of X.

(ii) For each vy € V and each I € wp-K(X) [resp. I € wpsup-K(X, V)], v is
a strongly unique restricted p-center of F with respect to V if and only if there
exists Y > 0 such that

max{(v — v,2) 1 2 € Apy} = yp(v— 1), VYveV.

Let v,vy € X, and F € %,(X). Let r[;(F; 1y, v) denote the directional
derivative of the convex function r,(F;-) at v in the direction v defined by

7, (F; v + tv) — 1,(F; v
1 (Fw, ) = lim 200 = w)
t—0+ t

Then, by Proposition 2.5, we have
1, (F; v, v) = t([F] = [w], —[v]). (4.5)
Consequently, by Lemma 3.5 and Lemma 4.1,
7;:(F; v, v) = max{(—v,z) 1 z € Apy}. (4.6)
Because a linear subspace V of X satisfying NNV = {0} is a strong p-S-
sun, by Theorem 4.5 and (4.6), we have the following corollary, which was

proved in [9, Theorem 4.4].

Corollary 4.7. Let V be a subspace of X such that VNN = {0}. Let vy € V
and F € B,(X). Then the following statements are equivalent.

(1) vy is a strongly unique restricted p-center of F with respect to V.
(ii) There exists y > 0 such that

r[;(F; w, v) > yp(v), YvelV.
(iii) There exists y > 0 such that
max{(v,z) : z € Apy,} > yp(v), VYvelV. (4.7)
(iv) There exists y > 0 such that

max{(v,z) : z € 2p,} = yp(v), YveV,
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where
Srw =1{z€0p(0) : sf(2) — (w,z) = r,(F;v)}.

Furthermore, in the case when F € wpsup-K(X, V), the set Ay, in (4.7)
can be replaced by Ay ., .

In order to establish the result on the strong uniqueness of a restricted
p-center with respect to a p-RS-set, we need the following lemmas.

Lemma 4.8. Let z,...,2, € N*. Then {2}, is linearly independent in Z if
and only if {J (%)}, is linearly independent in (X /N)*.

Proof. 1t follows from the fact that J is a topological isomorphism from
N+ onto (X/N)*. O

Lemma 4.9. (i) Let V be an n-dimensional subspace of X. Then V is an n-
dimensional p-interpolating (vesp. strictly p-interpolating) subspace of X if and only
if [V] s an n-dimensional interpolating (vesp. strictly interpolating) subspace of
X /N. Moreover, in this case, N NV = {0}.

(ii) Let V be defined by (2.3). Then V is a p-RS-set (resp. strict p-RS-set)
of X implies that [V] is an RS-set (resp. a strict RS-set) of X/N.

Proof. (i) Suppose that wv,...,v, € X are n linearly independent
elements and that V is spanned by {v,...,v,}. Suppose that V is an
n-dimensional p-interpolating (resp. strictly p-interpolating) space of X.
We claim that NNV ={0}. In fact, let v=7 ., @v; € NN V. Choose
n-linearly independent members

z € ext 0p(0) (resp. z € ext 0p(0) ﬂZ;X)).

Then (v,z) =0 for each j=1,...,n by Proposition 2.4(i), which
means that Y " (v;,z)a =0 for each j=1,...,n. Because V is an n-
dimensional p-interpolating (resp. strictly p-interpolating) subspace of X,
we have that ¢; =0 for each i=1,2,...,n. Therefore, the claim is
proved. In particular, [v],...,[v,] are linearly independent in X/N. By
Definition 2.15, Proposition 2.4 and Lemma 4.8, it is easy to verify that
[V] =span{[u],...,[v,]} is an n-dimensional interpolating (resp. strictly
interpolating) subspace of X/N. Hence the necessity part is proved. The
sufficiency part can be proved similarly.

(i) Let

V = {U:Xn:c,-vl-:cie]i},
i=1
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where v, v, ..., v, are linearly independent and each J; is a subset of IR
of one of types (I), (II), and (III) as given in Definition 2.16. Suppose
that V is a p-RS-set (7resp. strict p-RS-set) of X. Without loss of generality,
we assume that J;,..., J; are of type (I) or type (II) and Ji41,...,J, type
(IIT), where k with 0 <k < n is a fixed integer. Let {[v],...,[v,]} be a
maximum linearly independent subsystem of {[u],...,[v,]}. Because V is
a p-RS-set (resp. strict p-RS-set) of X, the subspace spanned by {vi,..., v}
is a k-dimensional p-interpolating (resp. strictly p-interpolating) subspace of
X. This together with (i) implies that the subspace spanned by [v],. .., [v]
is a k-dimensional interpolating (resp. strict interpolating) subspace of
X/N. In particular, [v],...,[v] are linearly independent and k < m. Now
assume that

[v:] = ZOC;‘;[U]‘], Vi=m+1,...,n.
j=1

Let [v] € [V] and assume that [v] = ZLI ¢;[v;]. Because for each k < ¢ < n,
J: is a singleton, we may assume that ; = {¢;}. Then, [v] can be rewritten as

[v] = Z (Ci + Z Cj@ﬁ) [vi]
i=1 Jj=m+1
k n m n
= Z (Ci+ Z Ej%) [v;] + Z (Ei + Z zj“ji) [v;].

i=1 j=m+1 i=h+1 j=m+1

Let
]/ Z;l:m-H E]O(]Z +], if 1 <1< k,

Then

m

[V]= {[v] = Zﬂ’f[vz‘] e ef/}'

i=1

Moreover, by (i), it is easy to show that every subset of {[vi],...,[u]}
consisting of all [v;] with J! of type (I) and some [v;] with J/ of type (II) spans
an interpolating (7esp. a strictly interpolating) subspace of X/N. Therefore,
[V]is an RS-set (resp. a strict RS-set) of X/N. The proof is complete. O

Remark 4.10. In general, the converse of Lemma 4.9(ii) is not true. For
example, let IR? be the three-dimensional Euclidean space. Define

p(x) = ||+ 6], VYx= (4, bk t) R
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Then p is a continuous seminorm on X,
N =ker(p) = {(0,0,¢) : t e R} and 3p(0) = {(4,%,0) : |4] <1,|6] <1}.
It is easy to see that

extdp(0) = {(1,1,0),(1,-1,0),(—-1,1,0),(—1,-1,0)}

and the dimension of the subspace spanned by extdp(0) is 2. Set

1
v {(ro) =0l
1+

Then [V] = {¢[(1,0,0)] : ¢ > 0} is a strict RS-set, but V is not. However, the
following result holds: If [ V] is an RS-set (7esp. a strict RS-set) of X /N, then
there exists a subset V; of X such that [Vj] =[V] and V; is an RS-set (7resp.
a strict RS-set) of X. In fact, suppose that

n

[V]= {Zci[vz-] X eﬁ}

i=1

is an RS=set (resp. a strict RS=set) of X/N, where [v],...,[v,] are linearly
independent in X/N, and J,...,J, a subset of R of one of types (I),
(II), and (III) as given in Definition 2.16. Then wvy,...,v, are linearly
independent in X because [v],...,[v,] are in X/N. Let

n

Vl={ZCiUi36i€]i}-

i=1

It is easy to verify that V; is an RSwset (resp. a strict RS-set) of X and
[(iI=[V].

Theorem 4.11.  Let V be a p-RS-set (resp. strict p-RS-set) of X. Let F € wp-sup-
K(X,V) [resp. F € B,(X)] be such that rad,(F; V) > rad,(F; X). Then F has
a strongly unique restricted p-center with respect to V.

Proof. Suppose that V is a p-RS-set (resp. strict p-RS-set) of X. Then [V]
is an RS-set (resp. a strict RS-set) of X /N by Lemma 4.9(ii). Let F € wp-sup-
K(X,V) [resp. F € B,(X)] be such that rad,(F; V) > rad,(F; X). Then, we
have that [F] is an M-compact subset with respect to [V] (7esp. a bounded
subset) of X/N by Proposition 2.8 (resp. 2.1), and that rad ,([F1;[V]) >
rad“.“p([F];[X]) by Proposition 2.5. By Theorem 3.8, [F] has a strongly
unique restricted Chebyshev center with respect to [V], which is denoted
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by [u]. Consequently, there exists y > 0 such that

N, (LE L [oD) = 7, (LFT: [o]) + 9lILe] = [wolll,, - VIwl € [V]. (4.8)

Without loss of generality, we may assume that vy € V. Then (4.8) is
equivalent that

7, (F;0) = n(F;0) + yp(v —w), VvelV.

To complete the proof, it suffices to show that N N (V — ) = {0}. For this
purpose, assuming that V is defined by (2.3), let V; be the subspace of X
spanned by the subset of {v,...,v,} consisting of all v; with J; of type (I)
or (II). Then Vj is an interpolating (resp. a strict interpolating) subspace of
X and hence, by Lemma 4.9(i), N NV, = {0}. Noting that, if v € V, then
v—1 € Vpand so NN (V — ) = {0}. This completes the proof. O

In particular, for a p-interpolating (resp. strictly p-interpolating)
subspace V of X, we have the following corollary from Theorem 4.11.

Corollary 4.12. Let V be a p-interpolating (resp. strictly p-interpolating)
subspace of X. Let F € wp-sup-K(X,V) [resp. F € B,(X)] be such that
rad,(F; V) > rad,(F; X). Then F has a strongly unique restricted p-center with
respect to V.

Remark 4.13. In the case when p is a norm and F is a totally bounded
subset of X, Corollary 4.12 was first obtained by Li in [10]. For a general
seminorm p, Corollary 4.12 was established by Laurent and Pai in [9]
under the additional assumptions that V is p-inf-bounded (i.e., for each
A>0, {xeV:p(x) <A} is bounded in X) and that ker(p) NV = {0}. It
should be noted that the proof used in [9] would be invalid if the above
assumptions are dropped.
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