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1. Introduction

Variational inequality problems on finite-dimensional Banach spaces are powerful tools for studying constrained
optimization problems and equilibrium problems as well as complementary problems, and have been studied extensively,
see for example the survey [1,2]. One basic problem for variational inequality problems is the existence issue of solutions,
which has a lot of applications in these fields mentioned above (cf. [2,1]).

Applied problems posed on manifolds arise in many natural contexts. Classical examples are given by some numerical
problems such as eigenvalue problems and invariant subspace computations, constrained minimization problems and
boundary value problems on manifolds, etc, see for example [3-9,31,34]. Recent interests are focused on extending some
classical and important results for solving these problems on Banach spaces to the setting of manifolds. For example, the
well-known Kantorovich theorem and the famous Smale point estimate theory for Newton’s method (for solving equations)
on Banach spaces were established respectively in [10,11] and [10,12,13] for vector fields on Riemannian manifolds; while
the convergence results of the proximal point methods for optimization problems on Hilbert spaces were extended to
the setting of Hadamard manifolds in [14,15]. In particular, Németh introduced the variational inequalities on Hadamard
manifolds and obtained some basic existence theorems and uniqueness theorems in [6], where an open problem on how to
extend the existence and uniqueness results on Hadamard manifolds to Riemannian manifolds is also proposed.

In the present paper, we study the existence and uniqueness problems of the solutions for variational inequality problems
on Riemannian manifolds. The main purpose is to solve completely the open problem proposed in [6]. Some equivalences
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between the variational inequality problem and the constrained minimization problems as well as the projections on
Riemannian manifolds are established in Section 3, which will play a key role in the study of the existence problem. We
introduce new notion of a weak pole for a subset of the underlying manifold and then establish the existence and uniqueness
results for the variational inequality problem on locally convex subsets with weak pole interior points. Also we provide a
simple counterexample to illustrate that, even on a compact totally convex subset, the solution of the variational inequality
problem with a continuous vector field may not exist.

2. Preliminaries

We begin with some standard notions about Riemannian manifolds. The readers are refereed to some text books for
details, for example, [16-19].

Let (M, g) be a complete finite-dimensional Riemannian manifold with the Levi-Civita connection V on M. Let x € M
and let T,M denote the tangent space at x to M. We denote by (-, -), the scalar product on TyM with the associated norm
| - |lx, where the subscript x is sometimes omitted. Forx, y € M, letc : [0, 1] — M be a piecewise smooth curve joining
x to y. Then the arc-length of c is defined by I(c) = f0] ||¢(t)||dt, while the Riemannian distance from x to y is defined by
d(x, y) := inf. I(c), where the infimum is taken over all piecewise smooth curves c : [0, 1] — M joining x to y. Recall that a
curvec : [0, 1] — M joining x to y is a geodesic if

c(0) = x, c(l)=y and V=0 on]O0,1], (2.1)

and a geodesic ¢ : [0, 1] — M joining x to y is minimal if its arc-length equals its Riemannian distance between x and y.
By the Hopf-Rinow Theorem (cf. [17]), if M is additionally connected, then (M, d) is a complete metric space, and there is
at least one minimal geodesic joining x to y. Moreover, the exponential map at xexp,, : M — M is well-defined on T,M.
Clearly, a curve ¢ : [0, 1] — M is a minimal geodesic joining x to y if and only if there exists a vector v € T,M such that
lvll = d(x,y) and c(t) = exp,(tv) foreacht € [0, 1].

For a Banach space or a Riemannian manifold Z, we use Bz (p, r) and Bz (p, r) to denote, respectively, the open metric ball
and the closed metric ball at p with radius r, that is,

B;(p,r)={qeZ: d(p,q) <r} and Bz(p,r)={qeZ: d(p,q) <r}.

We often omit the subscript Z if no confusion arises.

We denote by Iy , the set of all geodesics ¢ := yy, : [0, 1] — M satisfying (2.1). Note that each ¢ € Iy, can be extended
naturally to a geodesic defined on R. Definition 2.1 presents the notions of the different kinds of convexity, where items
(a) and (b) are known in [20] while items (c) and (d) are, respectively, known in [9,21,32].

Definition 2.1. Let A be a nonempty subset of M. A is called

(a) a weakly convex subset if, for any p, g € A, there is a minimal geodesic of M joining p to g lying in A;

(b) a strongly convex subset if, for any p, q € A, there is just one minimal geodesic of M joining p to q and it is in A;
(c) alocally convex subset if, for any p € A, there is a positive ¢ > 0 such that A N B(p, ¢) is strongly convex;

(d) a totally convex subset if, for any p, g € A, every geodesic of M joining p to g is in A.

Clearly, the following implications hold for a nonempty set A in M:

the strong convexity = the total convexity = the weak convexity = the local convexity. (2.2)

Remark 2.1. Recall (cf. [19]) that M is a Hadamard manifold if it is a simple connected and complete Riemannian manifold
with nonpositive sectional curvature. In a Hadamard manifold, the geodesic between any two points is unique and the
exponential map at each point of M is a global diffeomorphism. Therefore, all convexities in a Hadamard manifold coincide.

In the following definition, we introduce the notions of convex functions. The notion of the convex function is taken
from [9], where it was defined in a totally convex subset; while the one of the weakly convex function is new. Let A C M be
a nonempty set and let F,{’*y denote the set of all y4, € I, such that y,, C A.

Definition 2.2. Let A C M be a weakly convex set and f : A — R be a real-valued function. f is said to be

(a) weakly convex on Aif, for any x, y € A, there is a geodesic y,, € I}f‘y such that the composition f o y, is convex on [0, 1];
(b) convex on Aif, for any x, y € A and any geodesic y,, € Fx""y, the composition f o yy, is convex on [0, 1].

3. Variational inequality problems

Let A € M be a nonempty set and let V be a vector field on A. The variational inequality problem considered here on
Riemannian manifold M is of finding x € A such that

(V(X), y%(0)) > 0, foreachy € Aandeach y;, € F,{‘y. (3.1)
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Any point x € A satisfying (3.1) is called a solution of the variational inequality problem (3.1). Clearly, the following
equivalence holds for each r > 0:

X is a solution of (3.1) <= [(r'V(X), y&,(0)) > 0 Vy € Aand V3, € I“,{‘y]. (3.2)

The variational inequality problem is closely connected with the optimization problem on Riemannian manifolds. Let f
be a real-valued function on A. Consider the optimization problem

mi/{lf(x). (3.3)

Then we have the following proposition, which describes the equivalence between the optimization problem (3.3) and the
variational inequality problem (3.1).

Proposition 3.1. Let A C M be a closed weakly convex set and X € A. Suppose that f : M — R is weakly convex and
differentiable. Then X is a solution of the optimization problem (3.3) if and only if X is a solution of the variational inequality
problem (3.1) with V = gradf.

Proof. Suppose that x is a solution of the optimization problem (3.3). Then, for any y € Aand any y3, € I}f‘y. one has that
(f o yx)(0) = f(x) = min (f o yg)(t)
tel0,1]

because y, (t) € A for eacht € [0, 1]. Consequently, t = 0 is a minimizer of the function f o y%, on [0, 1] and so
(f o y%)'(0) > 0. Note that
(f o ¥ (0) = (grad f(X), y4(0)). (34)
It follows that x is a solution of the variational inequality problem (3.1) with V = gradf.
Conversely, let V = grad f and suppose that x is such that (3.1) holds. Let y € A. Since f is weakly convex, there exists
Vay € I}/fy such that f o y4, is convex on [0, 1]. Hence
fO) = ovy)) = (foyy)0)+ (f o vy) (0) =FX) + (f o y)(0).
By (3.1) and (3.4),
(f o v%)'(0) = (grad f (%), ¥4 (0)) = (V (%), y%,(0)) > 0.
It follows that f (y) > f(x) and so x is a solution of the problem (3.3). The proof is complete. O
Let P4 denote the projection on A, that is,
Pax={xecA: dx,x) = in{d(x, z)} foreachx € M. (3.5)
zZe

Then Pax # () for each x € M if A is closed (because A is locally compact). In general, P, is a set-valued map. The following
proposition provides the case when P4x is a singleton, which was proved in [20].

Proposition 3.2. Let A be a locally convex closed subset of M. Then there exists an open subset U of M with A C U such that P,
is single-valued and Lipschitz continuous on U.

Recall that, for a point x € M, the convexity radius at x is defined by

_each ball in B(x, r) is strongly convex }

r(x) := sup :r >0: and each geodesic in B(x, ) is minimal

Clearly, if M is a Hadamard manifold, then r(x) = 4oo for each x € M. The following lemma lists some useful properties
for our study, where item (i) is a direct consequence of [ 19, Theorem 5.3, p.169]; item (ii) is given in [22]; while item (iii) is
refereed to [21,20].

Lemma 3.1. Let D € M be compact and set
r(D) := inf{r(x) : x € D}. (3.6)
Then the following assertions hold.

(i) The function x — r(x) € [0, 4o00] is continuous on M and r (D) > 0.
(i) There exists a real number 6 € [r(D), +oc] (the largest one is denoted by 6 (D)) such that foreach0 < r < 6 and x € D,
the exponential map exp, : B(0, r) — B(x, r) is diffeomorphic.
(iii) There exists a real number p € (0, r(D)] (the largest one is denoted by p(D)) such that foreach0 < r < p,x € D,
each nonconstant geodesic c : [0, 1] — B(x, r) and each minimal geodesic ¢y : [0, 1] — B(x, p(D)) joining x to c(0), if
(c’(0), c5(1)) > 0, then s = d(c(s), x) is strictly increasing on [0, 1].



5698 S.-L. Li et al. / Nonlinear Analysis 71 (2009) 5695-5706

Theorems 3.1 and 3.2, which provide the sufficient and necessary conditions for a point x to be in P4x, will play crucial
roles in our study of the existence of solutions of the variational inequality problems.

Theorem 3.1. Let A C M be a nonempty closed set and let x € A. Let x € M and y,x € I'xx be a minimal geodesic. If X € Pyx,
then

(yx(1), 7%:(0)) = 0 foreachz € Aand each yy, € I}, (3.7)
Proof. Without loss of generality, we assume that x ¢ A. Write x; = y,z(t) for each ¢t € [0, 1]. Since x € Py, it follows that
X € Pax; foreach t € (0, 1). In fact, otherwise, there exists y € A such that d(y, x;) < d(x, x;). Then,

dx,y) < dx,x) +d(x,y) < d(x, y(t)) + d(y(t),x) = d(x, X),

which contradicts thatx € Psx.Fixrg > 0and apply Lemma 3.1 to a compact subset D := B(X, ry) to getr := min{6 (D), ro} >
0.Letty € (0, 1) be such that x € B(p, %), where p := x;, = yx(to). Then exp, : B(0,r) — B(p, r) is diffeomorphic. Now
suppose that (3.7) does not hold. Then there exist z € A and y5, € F){‘Z such that

(rx(1), 7,(0)) < 0. (3.8)
Let sy € (0, 1) be such that q := y%,(so) € B(x, %). Then q € B(p, r). Define the geodesics y,z and yxq by

Ypr(t) = ya(to + (1 — to)t) foreacht € [0, 1]
and

Yzq(£) = vxz(sot) foreacht € [0, 1],
respectively. Then, yz, € 1}%. Moreover, ypx(1) = (1 — o) ¥x(1) and y34(0) = 5o, (0). It follows from (3.8) that

(¥px(1), 7%¢(0)) < 0. (3.9)

Since M is complete, yx,(t) is defined for all t € (—o0, +00). Noting X € B(p, %), there exists 0 < & < 1 such that
Vzq(—¢€,€) C B(p,r).Lety : (—¢, &) x [0, 1] — M be defined by

y (s, t) = exp, t(exp;l Y%q(s)) foreach (s, t) € (—e, &) x [0, 1].

Thus, for each s € (—¢, €), y (s, -) is the geodesic joining p to yz4(s); hence || ‘;—’t’ (s, -)|l is a constant. Note that y (0, -) = ypz(-)

and that exp,, is diffeomorphic by the choice of p. Hence y is a variation of )z and V (t) = ‘;—’s’ (0, t) is the variational field of
y. In particular,

5 5
W@:%@@:OdeU:%@D:%@. (3.10)

LetL: (—e, &) — [0, +00) be defined by

1
L(s) = /
0

that is, L(s) is the arc-length of the geodesic y (s, -). Since || %—’t’ (s, -)|l is a constant for each fixed s € (—e¢, ¢), it follows that

1
ﬁ@:/
0

Applying the first variation formula (cf. [17, Proposition 2.4, p.195]), we get that

dy
E(s, t)| dt foreachs e (—¢,¢)

a 2
8—y(s, t)| dt foreachs e (—¢,ze¢).
s

1

55— = —/ (V(®), Vigzo vpr(D)dt — (V(0), 7px(0)) + (V(1), ppx(1))
0

= (Vx(0), ypx(D)

thanks to (3.10). This together with (3.9) yields that %(0) < 0; hence, the function L(-) is strictly decreasing in a
neighborhood of 0. Consequently, there exists s € (0, ¢) such that L(5) < L(0) and so

d(p, vx(5)) = L(s) < L(0) = d(p,x).
This contradicts that X € P4(p) as yx4(S) € A and completes the proof. O

The converse of Theorem 3.1 is as follows.
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Theorem 3.2. Let A C M be a nonempty closed, weakly convex set and let x € A. Then there exists r; > 0 such that for each
x € B(x, f3) and each minimal geodesic iz € Iy 3

X € Pyx <= (3.7) holds. (3.11)

Proof. Fixry > 0. Then D := B(x, rp) is compact. Set
f)_( = min{r07 p(B(;‘y rO))}'

Then 7z > 0 by Lemma 3.1(iii). Below we show that x is as desired.
Letx € B(x, fz) € B(X, ro) and y,x € Iy x be a minimal geodesic. By Theorem 3.1, it suffices to verify the implication that

(3.7) holds = x € Pux. (3.12)
To do this, suppose that (3.7) holds but there is y € A such that
d(x,y) < d(x,X) < f. (3.13)

AsX,y € Aand A is weakly convex, there exists a minimal geodesic yx; € F{‘y. It follows from (3.7) that

(1D, v5(0)) > 0. (3.14)

Since x € B(x, o), by the definition of 7y, B(, fy) is strongly convex. It follows that y,z, Y& C B(x, x) because X, y € B(x, 7x)
by (3.13). By (3.14), Lemma 3.1(iii) is applicable to y,z, ¥ in place of ¢, ¢y to conclude that the function s = d(yx;(s), X) is
strictly increasing on [0, 1]. This implies that d(x, x) < d(y, x), which contradicts (3.13). Hence (3.12) is proved. O

Corollary 3.1. Let A C M be a nonempty compact, weakly convex set. Then there exists 74 > 0 such that (3.11) holds for any
X € A x € M withd(x, A) < 4 and each minimal geodesic yz € Iy 3.

Proof. By Theorem 3.2, for each X € A, there exists 75 such that (3.11) holds for each x € B(X, ;) and each minimal geodesic

vix € Iyz. Since A is compact, there exist finite points, say {X,...,X;} < A, together with the corresponding positive
numbers y,, ..., fx,, such that A € UL B (X;, 57%,). Define 7, = 1 min;<;<, fx,. Then it is easy to see that 7, is as desired

and the proof is complete. O

Proposition 3.3. Let A C M be a nonempty closed set and V be a vector fieldon A. Let x € Aandr € (O, H\r/((?)\l ) Then

X € Py(expz(—1rV(X))) = X is a solution of (3.1). (3.15)
Proof. Setx = exp;(—rV(x)) and suppose thatx € Pyx.Since d(x, X) < ||[rV(X)|| < r(x), it follows that the minimal geodesic
v € Ty x is unique and satisfies that y,z(1) = rV(x). By Theorem 3.1, (3.7) holds; hence

(rV(x), y%.(0)) > 0 foreachz € Aand 4, € F{"Z
By (3.2), X is a solution of the problem (3.1) and the proof is complete. O

Similar to the proof of Corollary 3.1, one has the following corollary.

Corollary 3.2. Let A C M be a nonempty compact set. Let V be a bounded vector field on A. Then there exists 7y > 0 such that
(3.15) holds for each r € (0, 7] and each X € A.

Theorem 3.3. Let A C M be a nonempty weakly convex set and let x € A. Let V be a vector field on A. Then there exists iz > 0
such that foreachr € (0, 13),

X € Pa(expz(—1V(x))) <= Xxis asolution of (3.1). (3.16)

Proof. Let 7; be given in Theorem 3.2 and set

X =

min{r(x), fz}
IVl
Letr € (0, 13). Then
IV ()| < min{r(x), z}.

Write x = exp;z(—rV(x)). Then d(x,X) < min{r(x), 7x}. Thus, the unique minimal geodesic y,x € [y satisfies that
v (1) = rV(x) and Theorem 3.2 is applicable. Consequently,

X € Pa(expy(—1V (X)) <= (I'V(X), 7%:(0)) = 0 foreachz € Aand y;, € I}y,
From (3.2), it follows that (3.16) holds. O
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Similar to the proof for Theorem 3.3 but using Corollary 3.1 instead of Theorem 3.2, we have the following corollary.

Corollary 3.3. Let A C M be a nonempty compact, weakly convex set and let V be a bounded vector field on A. Then there exists
T4 > 0such that (3.16) holds for each r € (0, r4] and each x € A.
Proof. Setr(A) = minyes r(y) and by = supy, |V (¥)|]. Define
- min{r(A), fa}
bV ’
\l:vhere fa is given in Theorem 3.2. The remainder of the proof is almost the same as that for Theorem 3.3 and so omitted
ere. O

Remark 3.1. In the case when M is a Hadamard manifold, r, ; and 75 appeared respectively in Proposition 3.3, Theorems 3.2
and 3.3 can be taken to be +oc.

4. Existence and uniqueness results

As in the previous sections, we assume that A C M is a nonempty closed subset. This section is devoted to the study of
the existence of solutions of the variational inequality problem (3.1). We begin with the following simple example which
shows that, even in the case when A is totally convex and V is continuous, the problem (3.1) does not have a solution, in
general.

Example 4.1. Consider the 1-dimensional unit sphere M = S' := {(x1, %) : X3 + x5 = 1, X1, X, € R} endowed with the
standard metric. Let A = M = S'. Then A is totally convex, compact subset of M. Define the vector field V by

V(x) = (—xy,x;) foreachx = (x1,x;) € S'.
Clearly V is a continuous vector field on A. By definition, it is easy to verify that the problem (3.1) has no solution.

To study the existence problem of the solutions of the problem (3.1), we recall from [9, p.110] (see also [19, Remark
V.4.2]) that a point 0 € M is called a pole of M if exp, : T,M — M is a global diffeomorphism, which implies that for each
point x € M, the geodesic of M from o to x is unique. Motivated by this notion, we introduce the notion of the weak pole of A.

Definition 4.1. A point o € Ais called a weak pole of A if for each x € A, the minimal geodesic of M from o to x is unique and
lies in A.

Note that if A has a weak pole, then A is connected. For the remainder of this paper we always assume that A has a weak
pole, which is denoted by o. Let x € A. we use ¥, to denote the unique geodesic from o to x. We set

A={},0) eT,M: x €A}

Then, exp, is a continuous bijection from AtoA.

Proposition 4.1. Suppose that A is compact. Then Ais compact in T,M and exp, is a homeomorphism from AtoA.

Proof. It is easy to verify that A is bounded in T,M. Thus it suffices to show that A is closed in T,M. For this purpose, let
{up} € Aand ug € T,M be such that u, — ug. Write x, = exp, Un for each n. Then {x,} € Aand x, — xp := exp, uo. It
follows from the compactness of A that x, € A and so ug € A. The proof is complete. O

The following proposition, taken from [19, pp.169-171], will play a key role in our study. Recall from [17,19,18] that a
submanifold N of M is totally geodesic if for any curve c in N, c is a geodesic in N if and only if it is also a geodesic in M. Thus
if N is totally geodesic and x € N, exp, is a local diffeomorphism from TyN to N at 0. For a subset C of M, define

€(p) = sup{r > 0: C NB(p, r) is strongly convex} foreachp € C.

By definition, if C is locally convex, then €(p) > 0 foreachp € C.

Proposition 4.2. Let C C M be a connected, locally convex closed set. Then there exists a connected (embedded) k-dimensional
totally geodesic submanifold N of M such that C = N and y,([0, 1)) C N foranyp € C,x € B(p, e(p)) NN,y € B(p, e(p)) NC
and yxy € Iy. Further, if y & N, then y,,(t) & C foreach t € (1, to], where to > 1 is such that yx, ([0, to]) C B(p, €(p)).

Following [19], N and C \ N are called the interior and the boundary of C, respectively, which are denoted, respectively,
by int C and dC.

Proposition 4.3. Let A C M be a closed, locally convex set. Then, for each x € A, yox([0, 1)) C intA.
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Proof. Suppose there are some points in y,,([0, 1)) which are in dA. Let p € y,x([0, 1)) be such a point that is the nearest one
fromo.Letsy € (0, 1) be such that ¥,x(So) = p. Then, B¢ ) (p) N Yox([0, So)) C Be(py(p) NintA. Take z € Be () (p) N Yox ([0, So))
such thatd(z, p) < e(p) andy = p. Assume that z = y,x(s;) for some s; € [0, sp). Then define y,, € I}, by

Yoy () = Yox((1 — t)sq + tsg) foreacht € [0, 1].

Then there exists to > 1 such that y,, ([0, to]) C B¢ (p). Since y & intA, it follows from Proposition 4.2 that y,,(t) & A for
eacht e (1, to]. This contradicts that y,x C A and the proof completes. O

For simplicity, we write N for int A, that is, N = intA. Let x € A. Set
Cw = {veTkM\ {0} : exp,tv/|v]| € N forsomet € (0, e(x))} U {0}
and let E(X) denote the subspace of TyM spanned by C). Then, by [19, p. 171],

X €N <= Cp = Ci = TN. (4.1)

Moreover, since N is totally geodesic, the mapping exp, is a local diffeomorphism at 0 from TN to N if x € N (cf. [19,18]).
This means that

X € intA <= exp,(Br,n (0, §)) C intA for some § > 0. (4.2)

Consequently, if A is closed, 0A is also closed in M.
For the following key result, we set E := T,N. Let intA and A denote the interior and the boundary of Ain the space E,
respectively.

Proposition 4.4. Let A C M be a closed, locally convex set and suppose that the weak pole o € int A. Then,

exp; '(intA) C intA C E, (4.3)

Proof. Since o € int A is a weak pole of 4, it is easy to verify by definition that C,, = coneA and it follows from (4.1) and
(4.2) that

coneA = Cop=E and 0Oe intA. (4.4)
Letx € N and set [,(A) = exp, E. Then
€ =dx, ,(A)\A) > 0. (4.5)

In fact, otherwise, there exists a sequence {x,} < l,(A)\A such thatlim, d(x,, x) = 0. By Proposition 4.3, we may assume that,
for each n, x, = exp, tyu, and d(x,, 0) = ||tyuy,||, where t, > 1and u, € E such that exp, u, € dA. Hence {t,u,} is bounded
and so {u,} is bounded too because each t,;, > 1. Since dA is closed, it follows that lim inf,, ||u,|| > 0. This together with the
boundedness of {t,u,} implies that {t,,} is bounded. Consequently, without loss of generality, we may assume that t, — t
and u, — ug. Then ty > 1and exp, uy € dA. Hence exp, toup ¢ N, which is a contradiction because exp,(toug) = x € N.
Therefore, (4.5) is proved.

Since exp, is continuous on E, there exists § > 0 such that

€
d(exp, v, x) = d(exp, v, exp, u) < 3 for each v € B (u, 4).

It follows from (4.5) that exp,(Bg(u, §)) € A and so Bg(u, §) < A. This implies that exp,x = u € intA and the proof is
complete. O

Recall that a topological space has the fixed point property if each continuous map between itself has a fixed point.

Theorem 4.1. Let A C M be a compact, and locally convex subset. Suppose that A has a weak pole o € int A. Then A has the fixed
point property.

Proof. By Proposition 4.1, A is homeomorphic to A. Since the fixed point property is a topological property, it suffices to
verify that A has the fixed point property. To do this, we shall show that A C E (= T,N) is homeomorphic to the closed unit
ball B¢ of E. Granting this, the Brower fixed point Theorem is applicable to completing the proof.

Define the function ¢ : A — R* by

bu) = {HOuﬂaAH ifuz£0,
ifu=0,
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— ~
where Ou := {tu : t > 0} is the ray-line from O through u. By Proposition 4.3, exp, ([0, u)) = y«([0, 1)) € Nifu € A,
where x = exp, u. Hence Proposition 4.4 implies that

[0,u) C intA foreachu € A, (4.6)

where [0, u) := {tu : t € [0, 1)}. This implies that O_L>l NoAisa singleton and so ¢ is well-defined. Below we will show that
~ — ~
¢ is continuous at each point u # 0. Indeed, let ug € A \ {0} and denote u = Ou N dA for any u # 0. Then u = HZ—Hqﬁ(u). Let
{u,} C A be such that u, — ug. Since ¢ is bounded, we can assume without lost of generality that ¢(u,) — r € R™. Then,
— _ Ug
Uy, — Vg =
lluoll

We must prove that r = ¢ (ug) to get the continuity of ¢. To this end, write

r € 9A.

ug r r
Vo ¢ (uo)

= = Ug.
lluol| d(uo)  P(uo)

Ifr < ¢(up), then m < 1. Thus, (4.6) and (4.7) imply that vy € intA because Uug € BZ, which contradicts that vy € 9A.

Similarly, if r > ¢(u), we get that vy ¢ Z which again contradicts that vy € 9A. Therefore ¢ is continuous at each u # 0.
Now define the function h : A — Bg by

(4.7)

1 ~
h(u)y = —u, foreachu € A.

¢u)
Note that ||h(u)| = ﬁ”u” < 1. Thus h is well-defined and continuous, whose inverse function h~'(v) = ¢(v)v is
continuous too. Hence, h is a homeomorphism from Ato Bg, completing the proof. O

Theorem 4.2. Let A C M be a compact, and locally convex subset. Suppose that A has a weak pole o € int A. Let V be a continuous
vector field on A. Then the variational inequality problem (3.1) admits at least one solution X.

Proof. By Proposition 3.2, there exists open neighborhood U of A such that, Py is single-valued and Lipschitz continuous on
U. Since A is compact, there is r; > 0 such that

{xeM:dx,A) <r} CU. (4.8)

Let 4 > 0 be given by Corollary 3.2. Then r := min{74, 1} > 0. Since V is continuous (and so bounded), it follows from
Corollary 3.2 that, for each x € A,

X € Pa(expz(—1V(x))) = X is a solution of (3.1). (4.9)
Define themapf : A — Aby
f(x) = Pa(exp,(—1V(x))) foreachx e A.

Then, by (4.8) and Proposition 3.2, f is well-defined and continuous. Thus Theorem 4.1 is applicable and f has a fixed point
X € A, thatis, X = P4(expz(—1rV(x))). This together with (4.9) implies that x is a solution of the problem (3.1) and the proof
completes. 0O

Note that if M is a Hadamard Manifold, then each point of A is a pole. Hence the following corollary, which was proved
in [6], now is a direct consequence of Theorem 4.2.

Corollary 4.1. Let A C M be a compact, weakly convex set. Suppose that M is a Hadamard manifold and V is a continuous vector
field on A. Then the variational inequality problem (3.1) admits at least one solution X.

We now give an example to illustrate the application of Theorem 4.2.

Example 4.2. Let n > 3 and let M = S" be the n-dimensional unit sphere, that is,

n+1
St = {(x1,x2, ooy Xpyq) € R fo = 1} ,

i=1

endowed with the standard metric. For any two points x and y in S”, all smooth curves connecting x and y and containing in
the great circle through x and y are the geodesics, and the tangent spaces are

M = {v e R"™!: (v,x) =0} foreachx € M.
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Let A = {(X1,X2,...,X01) € M : x; > 0}. Then A is a compact, locally convex subset of M with weak pole 0 =
(1,0,...,0) € intA. Define
V(x) = (—xX2, X1, —X4,X3,0,...,0) foreachx = (x1,x2,...,X,11) €A.

Then V (x) is a continuous vector field on A. Hence by Theorem 4.2, the variational inequality problem (3.1) admits at least
one solution x.

The remainder of the present paper is devoted to the study of the existence and uniqueness of solutions of the variational
inequality problem (3.1) for the case when A is not necessarily bounded. LetR > 0,0 € Aand write Az := ANB(o0, R). Consider
the following variational inequality problem: find xz € Ag such that

(V(xg), yxey(0)) = 0 for eachy € Ag and each yy,y € I}’;‘{"‘y. (4.10)
The following theorem establishes the relationship between the problems (4.10) and (3.1), which is an extension of the
corresponding result in [6] from Hadamard manifolds to Riemannian manifolds.
Theorem 4.3. Let A C M be a closed set and V be a vector field on A. Then the problem (3.1) admits a solution if and only if there
exist R > 0 and a solution xg € Ag of problem (4.10) such that
d(o, xr) <R, (4.11)
for some point 0 € A.

Proof. Suppose that x is a solution to problem (3.1). Then, for each R > d(o, x) and 0 € A, xg := X € Ag is a solution of (4.10)
satisfying (4.11).

Conversely, suppose there exist o0 € A and R > 0 such that the problem (4.10) has a solution xz € Ay satisfying (4.11).
Below we will show that X := xg is a solution of the problem (3.1). In fact, lety € Aand y;, € I}fy. Then there exists § > 0
such that

167 (0) | < min{r(x), R — d(o, xp)},

where r(X) is the convexity radius at X. Set z = exp;(6y4,(0)). Then z € Ag and there exists a unique geodesic yx, € I3,
which is contained in Ag and satisfies that y;,(0) = 8y%,(0). Since x = x is a solution of the problem (4.10), it follows that

(V(X), 8yzy(0)) = (V(xg), 8y (0)) > 0. (4.12)
Consequently,(V(X), ¥x,(0)) > 0 and X is a solution of the problem (3.1) becausey € Aand y;, € ny are arbitrary. O

For the following existence result, we need to introduce the coerciveness condition. Recall that y,, denotes the unique
minimal geodesic from o to x when o is a weak pole of A and x € A.

Definition 4.2. Let A C M be subset with a weak pole o € A. Let V be a vector field on A. V is said to satisfy the coerciveness
condition if

(V(), 7 0x(1)) = (V(0), ¥ 6x(0))
d(o, x)

— —oo asd(o,x) > +ooforx € A. (4.13)

Theorem 4.4. Let A C M be a closed locally convex set with a weak pole o € intA and let V be a continuous vector field on
A which satisfies the coerciveness condition. Suppose that, for any R > 0, there exists a locally convex compact subset of M
containing B(o, R). Then the variational inequality problem (3.1) admits at least a solution.

Proof. Taking H > ||V (0)||, by the assumed coerciveness condition, there is R > 0 such that

(V(X), 75 (1)) = (V(0), ¥ (0)) < —Hd(0,x) for eachx € Awithd(o, x) > R. (4.14)
Hence, for each x € A with d(o, x) > R, one has that

(V). Yox (1) < —Hd(0, %) + [V - |V O]l = (IV(0) | — H)d(0, %) < 0. (4.15)

By assumptions, there exists a locally convex compact subset K of M containing B(o, R). Then ;\R :=ANKg C Misalocally
convex compact set. Moreover, it is easy to see that 0 € int Ag is a weak pole of Ag. Thus Theorem 4.2 is applied to Ag in place
of A to get that there exists xg € Ag such that

(V(xr), yxey(0)) > 0 foreachy e AR and each yy,, € '

XR,Y*

Since A C AR, it follows that xj, is also a solution of the problem (4.10). Furthermore, by (4.15), we have that d(o, xzg) < R.
It follows from Theorem 4.3 that x := xy is a solution of the problem (3.1) and the proof is complete. O
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The following proposition provides two family of manifolds where for each R > 0 there exists a locally convex compact
subset of M containing B(o, R), one of which is the family of Hadamard manifolds.

Proposition 4.5. Suppose that the sectional curvature of M is nonnegative everywhere or nonpositive everywhere. Let o € M.
Then for each R > 0 there exists a totally convex compact subset of M containing B(o, R).

Proof. If the sectional curvature of M is nonpositive everywhere, that is, M is a Hadamard manifold, then the function
x +— d(o, x) is convex on M (cf. [19, P.222, Proposition 4.3]). Hence each closed metric ball B(o, R) is convex and compact,
and the conclusion holds. Now suppose that the sectional curvature of M is nonnegative everywhere. Without loss of
generality, we may assume that M is noncompact. Let y, : [0, +00) — M be a ray through o, that is, y,(0) = o and
d(yo(t1), yo(t2)) = |t1 — o] for all &4, t, > 0. Let F,,, be the Busemann function for the ray y, which is defined by

F,(x) = t—leoo(t —d)(x, y,(t)) foreachx € M.

Define

F(x) :==supF,, (x) foreachx € M,
Yo

where the supremum is taken over all rays through o. It is known in [19, P.212, Proposition 3.1] that F is convex on M.
Furthermore, F~1(R) is compact and contains B(o, R). This shows the conclusion and completes the proof. O

By Proposition 4.5 and Theorem 4.4, the following corollary is immediate.

Corollary 4.2. Let A C M be a closed locally convex set with a weak pole o € intA and let V be a continuous vector field on A
which satisfies the coerciveness condition. Suppose that the sectional curvature of M is nonnegative everywhere or nonpositive
everywhere. Then the variational inequality problem (3.1) admits at least one solution.

The following example shows an application of Corollary 4.2.

Example 4.3. Let M = {(x1,x3,2) : z = x% + x%, X1, X2,z € R} be the paraboloid in R* and endowed with the standard
metric, see for example [9, P.111]. The sectional curvature of M is positive everywhere and the point o0 = (0, 0, 0) is a pole.
The geodesics through o are exactly the intersections of M with the planes containing the z-axis. Let A .= {(xq, X2, 2) : X1 =
0,z = x%}. Then A is a geodesic of M through o and so is closed locally convex. Clearly A is unbound and o € intA is a weak
pole of A. Note that the tangent space of M atx € M is

M= {ve R3: (v, u) = 0 withu = (2xq, 2x,, —1)} foreachx = (x1,x2,2) € M.
Define
V(x) = (0, —xg, —2x§) for each x = (x1, x2, 2) € A. (4.16)

Then, V (x) is a continuous vector field on A. Let x = (x1, X2, z) € Aand let 7, € I'; be the geodesic. Then, 3,,(0) = (0, 1, 0),
J_/ox(1) = (0, 1, 2x;) and

1
d(o, x) = 2 <|2x2| 42+ 1+1In (|2x2| + /4% + 1)) .

By (4.16),

(V9,76 (1D) = (V(0), 76,(0)) —16x5 — 4x3

d(o, %) 12%,1\/4%2 + 1+ In(12%2] + /42 + 1)

hence
(V(X), 7 6x (1)) — (V(0), 7 x (0))
d(o, x)

This shows that V satisfies the coerciveness condition and so Corollary 4.2 is applicable to concluding that the variational
inequality problem (3.1) admits at least one solution.

—> —o00 asd(o,x) — +o00.

The notions of monotonicity in the following definition were given and studied extensively in [23-31,33], which are
extensions of the corresponding ones in Hilbert spaces.
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Definition 4.3. Let A C M be a weakly convex set. A vector field V on A is said to be
(1) monotone if

(V(x), 79(0)) — (V(¥). y4y(1)) <0 forallx,y € Aand each y,, € I} (4.17)
(2) strictly monotone if

(V(x), 7y(0)) — (V(¥). 345 (1)) < 0 forallx,y € Aand each yy, € I} (4.18)
(3) strongly monotone if there exists @ > 0 such that

(V(x), 7y(0)) — (V(¥), $3y(1)) < —ad®(x,y) forallx,y € Aand each y, € I}/, (4.19)

Now we have the following uniqueness result on the solution of the problem (3.1).

Theorem 4.5. Let A C M be a weakly convex set. Suppose that V is strictly monotone vector field on A. Then the variational
inequality problem (3.1) admits at most one solution.

Proof. Suppose on the contrary that the problem (3.1) admits two distinct solutions X and y. Since A is weakly convex, there
exists a minimal geodesic yz; € F){"y. Then

(V®), 75(0)) =0 and (V(¥), —yw(1) = 0. (4.20)
It follows that

(V®), 75(0)) — (V@) 7 (1) = 0.
This contradicts (4.19) and the proof completes. O

It is a routine to verify that if V is strongly monotone, then it satisfies the coerciveness condition. Therefore, the following
corollary is straightforward.

Corollary 4.3. Let A C M be a closed weakly convex set with a weak pole o € int A and let V be a continuous, strongly
monotone vector field on A. Suppose that the sectional curvature of M is nonnegative everywhere or nonpositive everywhere.
Then the variational inequality problem (3.1) admits a unique solution.
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