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Abstract

Let A be a nonempty closed subset (resp. nonempty bounded closed subset) of a metric space (X, d)
and x € X \ A. The nearest point problem (resp. the farthest point problem) w.r.t. x considered here is to
find a point ag € A such that d(x, ag) = inf{d(x,a) : a € A} (resp. d(x, ap) = sup{d(x,a) : a € A}).
We study the well posedness of nearest point problems and farthest point problems in geodesic spaces. We
show that if X is a space of curvature bounded below then the complement of the set of all points x € X
for which the nearest point problem (resp. the farthest point problem) w.r.t. x is well posed is o-porous in
X\ A. Our results extend and/or improve some recent results about proximinality in geodesic spaces as well
as the corresponding ones previously obtained in uniformly convex Banach spaces. In particular, the result
regarding the nearest point problem answers affirmatively an open problem proposed by Kaewcharoen and
Kirk [A. Kaewcharoen, W.A. Kirk, Proximinality in geodesic spaces, Abstr. Appl. Anal. 2006 (2006) 1-10].
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1. Introduction

Let (X, d) be a metric space and A a nonempty closed subset of X. The metric projection (or
nearest point mapping) P4 onto A is defined by

Pa(x) ={y e A:d(x,y) =dist(x, A)}, VxeX,

where dist(x, A) := inf{d(x,y) : y € A} for each x € X. Similarly, if A is additionally
bounded, we use F4 to denote the farthest point mapping onto A defined by

Fa(x) ={ye A: d(x,y) =sup{d(x,z): z€ A}}, VxeX.

Usually, for a point x € X, if P4(x) # 0, any element of P4 (x) (resp. F4(x)) is called a best
approximation or nearest point (resp. a farthest point) to x. The basic and interesting problems
are the problem of existence and the problem of uniqueness of the nearest point (resp. the farthest
point). Recall that the set A is a Chebyshev set if P4 (x) is a singleton for each x € X. In the
case when X is a normed space, it is well-known that any nonempty closed convex subset A of
X is a Chebyshev set if and only if X is reflexive and strictly convex. However, this result is no
longer true for nonconvex subsets, in general. Thus “how many” points x € X there are such
that P4 (x) is a singleton becomes an interesting problem. In the 60’s of last century, Steckin
established in [34] some fundamental generic uniqueness and existence results for nearest points
for arbitrary subsets of normed spaces. In particular, he proved that each closed nonempty subset
of a uniformly convex Banach space is an almost Chebyshev set (by which we mean that the
set of all points x € X such that P4 (x) fails to be a singleton is a first category set in X). This
result was extended to locally uniformly convex reflexive Banach spaces in [21] and to the more
general Kadec and strictly convex Banach spaces in [19]. Moreover, Steckin’s result was also
sharpened by Edelstein in [14], Konjagin in [18], Zamfirescu in [35] and De Blasi, Myjak and
Papini in [4,5]. The key tool used by De Blasi, Myjak and Papini is the so-called Steckin’s lens
Lemma, which gives a quantitative version of a result previously proved in [34] by Steckin, and
ultimately leads to a result stating that the set of all points x € X such that the nearest point
problem w.r.t. x fails to be well posed is, at most, a o-porous set in X \ A.

Issues regarding the farthest point problem are somewhat similar and the readers are referred
to [1,5,6,13,20]. For more developments and extensions in this direction, the readers are referred
to [2,3,7,8,11,22-29,31-33] and the surveys [12,30].

Recent interests are focused on the extension of Steckin’s idea to geodesic spaces regarding
the existence and uniqueness of the nearest point. This line of research was initiated by
Zamfirescu in [17,36]. Then the same author proved in [37, Theorem 1] that if X is a complete
geodesic space without bifurcating geodesics and A is compact, then P4 is single-valued at most
points of X in the category sense; while Kaewcharoen and Kirk proved in [16, Theorems 3.1
and 3.2] that if X is a geodesic space of curvature bounded above by 0 and below by ¥ > —oco
and with the property of the geodesic extension, then P4 is single-valued on a set of second
Baire category, and F4 is single-valued on a dense subset of X. The approach used there depends
closely upon the uniform convexity possessed by the geodesic space with non-positive curvature.

The purpose of the present paper is to extend the porosity results on nearest point problems
and farthest point problems of De Blasi, Myjak and Papini to the geodesic space setting. For
this purpose, we first establish in Section 3 an analogous to the Steckin’s Lemma in geodesic
spaces of curvature bounded below. We also provide an example in Section 6 to show that the
condition on the bound of the curvature cannot be removed from the Steckin’s Lemma. Suppose
that X is a geodesic space of curvature bounded below (but not necessarily bounded above) and
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A is a nonempty closed subset of X. Then we show in Section 4 that the set of all points x € X
such that the nearest point problem w.r.t. x fails to be well posed is a o-porous set in X \ A.
Furthermore, if additionally X enjoys the geodesic extension property, we show in Section 5 that
the set of all points x € X such that the farthest point problem w.r.t. x fails to be well posedis a o -
porous set in X. Clearly, our results extend and/or improve the corresponding ones in [16,36,37].
In particular, our results regarding the nearest point problem give an affirmative answer to an
open problem in [16] (cf. [16, Problem 3.11]); while the ones regarding the farthest point problem
improve [16, Theorem 3.2].

2. Preliminaries

Let (X, d) be a metric space and let x, y € X. A geodesic in X is an isometry from R into
X (we may also refer to the image of this isometry as a geodesic). A geodesic path or geodesic
segment joining x to y isamap ¢ : [0,/]] € R — X such that ¢(0) = x, ¢(I) = y, and
d(c(@®),c(’)) = |t —t'| forall t,t" € [0, []. Clearly, c is an isometry between [0, [] and ¢([0, []),
and d(x, y) = [. Usually, the image c([0, []) of c is called a geodesic segment joining x and y.
A geodesic segment joining x and y is not necessarily unique in general. In particular, if no
confusion arises, we use [x, y] (resp. (x, y)) to denote a geodesic segment joining x and y (resp.
the interior of [x, y]). Thus z € [x, y] (resp. z € (x, y)) if and only if there exists ¢ € [0, 1]
(resp. t € (0, 1)) such that d(z, x) = (1 — t)d(x, y) and d(z, y) = td(x, y), and we will write
z = tx + (1 — t)y for simplicity. The space (X, d) is called a geodesic space if each pair of
two points of X are joined by a geodesic segment. (X, d) is said to have the geodesic extension
property if each geodesic segment is contained in a geodesic.

One classic and important example of geodesic spaces with the geodesic extension property is
the hyperbolic m-space H™, where m is a positive integer, which is defined as follows. Consider
the quadratic form given by

m

. 1

(u, v) ;= E UiVj — Upms1Umsl, Yu,v e R™TL
i=1

Following [9] (see also [10]), the hyperbolic m-space H™ is the set defined by
H" = {u = (u1,uz, ..., ums1) € R™M 2 (u,u) = =1, upqq > 0}

Then H™ is a geodesic metric space (in fact it is a Hadamard manifold) of constant curvature —1
and the hyperbolic distance d : H" x H™ — R™ is given by

coshd(:, ) = — (-, ).
Furthermore, a geodesic ¢ : R — H"™ starting at x € H™ can be given by
c(t) = (cosht)x + (sinht)v, Vit eR, (2.1)

where v € T, H™ is a unit vector. In this case we say that the geodesic (or hyperbolic segment)
¢ has the initial unit vector v. By definition, the hyperbolic angle « € [0, ] between two
hyperbolic segments starting from a point in H, with initial vectors u# and v, is defined by

cosa = (u|v).

Letk < 0and let M denote the metric space obtained from (H™, d) by multiplying the distance
function by 1/4/—k if k < 0 and the m-dimensional Euclidean space R™ if ¥k = 0. Then M is
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a metric space of constant curvature . We use the same symbol d to denote the distance in M}
if no confusion arises.

A geodesic triangle A(x1, x2, x3) in a metric space (X, d) consists of three points in X (the
vertices of A) and three geodesic segments joining each pair of vertices (the edges of A). A com-
parison triangle in M,g for a geodesic triangle A(x1, x2, x3) in (X, d) is a triangle A, (X1, X2, X3)
in M,% such that d(x;, x;) = d(x;, x;) for any i, j € {1,2, 3}. Note that comparison triangles
always exist and are unique up to isometry, see [9, Paragraph 1.2.14]. Let x, y and z be three
points in X and let A, (X, y, ) be a comparison triangle in M 3 We define the k-comparison an-
gle between y and z at x, which is denoted by Z;")(y, 7), to be the interior angle of A, (x, y, 2)
in M2 at x.

The law of cosines, which establishes a relationship between the interior angles and the edges
of a triangle in M, ,%, plays an important role for our study.

Theorem 2.1 (Hyperbolic Law of Cosines). Let A be a triangle in M,? with vertices A, B, C.
Leta = d(B,C), b = d(A, C) and ¢ = d(A, B). Let y denote the vertex angle at C. Then the
following equality holds:

cosh(x/—kc) = cosh(+/—ka) cosh(v/—kb) — sinh(+/—ka) sinh(+/—kb) cos(y).

Following [10], we give in the following definition the notion of the Alexandrov angles for
two geodesic paths in the metric space X.

Definition 2.2. Let X be a metric space and let x € X. Letc : [0,a] - X and ¢’ : [0,d'] —> X
be two geodesic paths with ¢(0) = ¢/(0) = x. For each r € (0,a] and ¢’ € (0,4d’], let
Z)(CO) (c(t), c'(t)) be the 0-comparison angle between c(¢) and ¢’(¢’) at x. The (Alexandrov) angle
or the upper angle Z(c, ¢) between the geodesic paths ¢ and ¢’ is defined by:

L(c, ¢y = limsup /O (c(r), ¢ (1)).

t,t'—0F
In particular, the angle between the geodesic segments [p, x] and [p, y] is denoted by Z,(x, y).

Now we are ready to define the notion of a metric space of curvature bounded below. Among
all the possible equivalent definitions we have chosen the one fitting the best our purposes.

Definition 2.3. Let k € (—o00, 0). The metric space X is said to be a metric space of curvature
bounded below by « if for each triangle A(xy, x2,x3) in X and its comparison triangle
A (X1, X2, X3) in M2, one has that

Lo (xj.x) = L8 (%), %)

for any different i, j, k € {1, 2, 3} and for any two shortest paths [x, y] and [p, ¢] in X with p a
inner point of [x, y], on has that /,(x, g) + £,(q, y) = m. We say that the metric space X is of
curvature bounded below if there exists k € (—oo, 0) such that X is of curvature bounded below
by «.

Remark 2.4. The definition of a metric space of curvature bounded below given here is taken
from [10], which is certainly equivalent to the one in [16]. For other equivalent definitions, the
reader is referred to [10, Chapter 4 and Section 10.1].
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Remark 2.5. A metric space is said to be without bifurcating geodesics, see [37], if for any two
segments with same initial point and having another common point (different to the initial one),
this second point is a common endpoint of both or one segment contains the other. Notice that
if this is not the case then we can find a triangle A(p, x, y) such that p, x and y do not lay on a
same geodesic but /,(x, y) = 0. Therefore a metric space with bifurcating geodesics cannot be
a space of curvature bounded below, see Definition 2.3.

Letx € X and r > 0. We use B(x, r) to denote the open ball with center at x and radius r;
while the corresponding closed ball is denoted by B(x, r). We end this section with the notion of
porosity.

Definition 2.6. A subset C of X is said to be porous in X if there exist 0 < o < 1l and 9 > 0
such that for every x € X and 0 < ¢ < 1y there is y € X such that B(y, ar) € B(x,7) \ C. C is
said to be o-porous in X if it is a countable union of sets which are porous.

Note that in this definition, the statement “for every x € X can be replaced by “for every
x € C”. Moreover, it is clear that a porous set in X is also a set of first Baire category in X, but
the converse is not true in general; see for example [4,5].

3. Steckin’s Lemma in spaces of curvature bounded below

Let (X, d) be a geodesic space. Let
xeX,r>0, yeBx,r/2)\{x} and 0 <o <2d(x,y). (3.2)
Define
D(x,y;r,0) =B(y,r —d(x,y) + o) \ B(x, 7).

Throughout the remainder we always let k € (—o0, 0). The key fact to achieve our results is the
estimation on the diameter of the sets D(x, y; r, o). For this purpose, we need to introduce the
real function F, on Ri, which is defined by

sinh(y/—« (r —d + o))
F.d,r, = arccosh | cosh?(v/— —d+ —
d,r,0) = —= ( V=K (r —d +0)) 0
x [cosh(v/—k r) — cosh(v/—k d) cosh(v/—k (r —d + o))])
for each (d,r,0) € Ri_. For the sake of simplicity we will write F, as F for «k = —1.

Furthermore, for any z € X and A C X, we set r;,(A) = sup{d(z, y) : y € A}.

Lemma 3.1. Ler X = M,?. Let x,y € X and r, o satisfy (3.2). Let z be the point in the geodesic
determined by x and y such that

diz,x)=r+o0 and d(z,y)=r —d(x,y)+o. (3.3)
Then the following equality holds:
FK(d(x’y)ar’G)=2rZ(D(x7y;raG))' (34)



R. Espinola et al. / Journal of Approximation Theory 162 (2010) 1364—1380 1369

Proof. By the definition of the metric in the space M, 3, we may assume, without loss of general-
ity, that k = —1.

By definition, it is easy to see that z € D(x, y; r, o). By assumptions, 0 < o < 2d(x, y);
hence there exists # € X such that d(x, u) = r and d(u, y) = r —d(x, y) + o. We first prove that

r; (D(x, y;r,0)) = d(z, u). (3.5)
To do this, let v € D(x, y; r, o). Then
dw,x) >r =d(u,x) and d(y,v) <r—d(x,y)+o =d(y, u). 3.6)

It suffices to verify that d(v, z) < d(u, z). For this purpose, consider the triangles A(y, z, v) and
A(y,z,u). Lety := /y(z,v) and y = Zy(z, u). Then, from the law of cosines, we have that

coshd(z, v) = coshd(v, y) coshd(z, y) — sinhd(v, y) sinhd(z, y) cos y
and
coshd(z, u) = coshd(u, y) coshd(z, y) — sinhd(u, y) sinhd(z, y) cos y'.
Therefore, by subtracting,
coshd(z, v) — coshd(z, u) = coshd(z, y)(coshd(v, y) — coshd(u, y))
— sinhd(z, y)(sinhd(v, y) cos y — sinhd(u«, y) cos ). 3.7

Similarly, we consider the triangles A(x, y, #) and A(x, y, v). Note that /,(x, u) = 7 — y and
/y(x,v) = — y’. Applying again the cosine law as above and the fact that d(v, x) > d(u, x)
(cf. (3.6)), we obtain that

coshd(x, y)[coshd(y, v) — coshd(y, u)]
> sinhd(x, y)[sinhd(y, u) cos y’ — sinhd(y, v) cos ¥].
Since d(y, v) < d(y, u) by (3.6), it follows that
sinhd(y, u) cos y’ — sinhd(y, v) cosy < 0.
Combining this with (3.7), we have that
coshd(z, v) — coshd(z, u) < coshd(z, y)(coshd(v, y) — coshd(u, y)) < 0;

hence d(v, z) < d(u, z) and the assertion (3.5) holds.
Thus to complete the proof, it suffices to prove that
sinh(r —d(x, y) + o)
sinhd(x, y)

x [coshr — coshd(x, y) cosh(r — d(x, y) + 0)]. (3.8)

coshd(u, z) = cosh?(r — d(x, y)+o)—

To do this, consider again the triangles A(y, z, #) and A(x, y, u) as well as the angles y and
m — y defined above. Then, we apply the law of cosines to conclude that

coshd(u, z) = cosh?(r — d(x, y) + o) — sinh®>(r — d(x, y) + o) cos y
and
coshr = coshd(x, y) cosh(r — d(x, y) + o) + sinhd(x, y) sinh(r — d(x, y) 4+ o) cos y.

Eliminating the term cos y from the above equations, (3.8) holds and the proof is completed.  [J
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Some useful properties of the functions F, are described in the following proposition.

Proposition 3.2. The function F is continuous on Ri and the following statements hold:

(1) Foranyd > 0 and r > 0, we have that F,.(d,r,0) = 0.
(i) Foranyd > 0,r > 0and o > Owithr/2 > d and o < 2d, we have that F.(d, r, c) > 20.
(iii) Foranyr > 0 and o > 0, the function Fy (-, r, o) is nonincreasing on (o /2,r).

Proof. The continuity of the function F is clear. By an elementary calculation, one can check
that cosh(F, (d, r,0)) = 1 for any d > 0 and r > 0. Consequently, the conclusion (i) is proved.

To show (ii) and (iii), observe first that F,.(d(x, y),r, o) = 2r,(D(x, y; r, o)) holds for any
x, y, r and o satisfying (3.2) and z as in the proof of Lemma 3.1. Then, choosing x, y such
that d(x, y) = d and noting that r,(D(x, y; r,0)) > d(z, x) = o, one sees that (ii) holds. As
to (iii), we fix r > 0, 0 > 0 and x. Let zo be the point in the geodesic determined by x and
y such that d(zo, x) = r and d(zo, y) = r — d(x, y). Then the corresponding z is fixed when
y varies in (x, zg). Note the sets D(x, y; r, o) get bigger as y varies in (x, zo) such that d(x, y)
decreases. This implies that r,(D(x, y; r, o)) does not get smaller as d(x, y) decreases and the
conclusion (iii) is easily seen to hold. [

The following lemma is an extension of [4, Lemma 6] from Hilbert spaces to geodesic spaces
with nonpositive constant curvature. Let diam(Z) denote the diameter of the subset Z C X.
Lemma 3.3. Ler X = M,%. Let x,y € X and r, o satisfy (3.2). Then the following inequality
holds:

diam(D(x, y; r,0)) < Fe(d(x, y), r,0). (3.9)
Proof. Let z be the point in the geodesic determined by x and y satisfying (3.3). Then, by
Lemma 3.1, equality (3.4) holds. Note that

d(v, w) < d(v,z) +d(z, w) <2d(u, 2) < 2r(D(x, y;1,0))

forany u, w € D(x, y; r, 0).
This together with (3.4) implies that (3.9) holds. [

Next we show that Lemma 3.3 admits an extension to general spaces of curvature bounded
below.

Proposition 3.4. Let X be a geodesic space of curvature bounded below by k. Let x, y, r and o
satisfy (3.2). Suppose that there exists u € X in a geodesic passing through x and y such that
d(x,u) =r and d(y,u) =r — d(x, y). Then the following estimate holds:

diam(D(x, y; r, 0)) < F(d(x, y),r, 0) + 20. (3.10)
Proof. Let v be any point in D(x, y; r, o) and consider a comparison triangle A, (y, i, v) of the

triangle A(y, u, v) in M,g. Let X be the point in the geodesic line determined by y and u and such
that

d(x,y) =d(x,y) and d(x,u)=d(x, ). (3.11)
We claim that
ve D, y;r o). (3.12)
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In fact, since v € E()’), r — d(x,y) + o) from identities of comparison triangles, it suf-
fices to prove that d(x, v) > d(x, v). Since X is of curvature bounded below, we have that
Ly(x,v) + Ly(u,v) =7 and £y (u, v) > Z(y")(ﬁ, 7). Therefore

Ly(x,v) < L9(%, D) (3.13)

because Z(;)(ﬁ, V) + Z;K)(i, V) = 7.

Consider now a comparison triangle A, (y, x, v) of A(y, x, v) in M,% with the correspond-
ing vertices y, x and v. Then Z,(x,v) > Z;K)()E, v). This together with (3.13) implies that
Z;K)()?, 7) > Zi-,'()()f, v). Since the adjacent sides in A, (y, i, ¥) to the angle Z;K)()E, v) are equal
to the corresponding ones in A, (y, X, v) to the angle Zi—,’()(i, v), it follows from the Hyper-
bolic law of cosines that d(x, v) > d(x, v). Noting that A, (y, X, v) is a comparison triangle of
A(y, x, v), we have that d(x, v) = d(x, v) and so d(x, v) > d(x, v), which completes the proof
of the claim.

To complete the proof of the proposition, let zZ be the point in the geodesic determined by
x and y such that (3.3) holds with X, y, z in place of x, y, z respectively. Then d(z,u) = o.
Furthermore, by (3.4) and (3.12), one has that

FK(d(iv y)’ r, U) _ FK(d(-x’ )’), r, 0)

2 2 ’
where the last equality follows from (3.11) by nothing that d(x, y) = d(x, y). Since A, (y, i, v)
is a comparison triangle of A(y, u, v), it follows that

d(v,2) =rz(D(X, y;r,0)) =

Fe(d(x, y),r,
40 = 4. @) < 4.5 + G i) < AT
Thus the estimate (3.10) is easily seen to hold. [

The following corollary is immediate.

Corollary 3.5. Let X be a geodesic space of curvature bounded below by k with the property of
the geodesic extension. Let x, y, r and o satisfy (3.2). Then the estimate (3.10) holds.

Remark 3.6. Notice that Corollary 3.5 here gives a quantitative version of Proposition 3.3
in [16]; moreover, a number of assumptions of this proposition are dropped. As a matter of
fact, Proposition 3.3 in [16] assumes not only the space X of curvature bounded below by «
but also of curvature bounded above by 0O (i.e., a CAT(0) space). Then assumption that X is a
CAT(0) space turns out to be much stronger than what they actually need. In fact, by the proof of
Proposition 3.3 in [16] one realizes that what is actually required from the CAT(0) assumption is
the uniform convexity of the metric (cf. [15] for more about uniform convexity of metric spaces).
Notice that our Corollary 3.5 does not require any assumption about the uniform convexity of
the metric.

4. Nearest point problems

For the remainder of this paper, we will always assume that X is a complete geodesic space
and A is a nonempty closed subset of X. Following [5], we define

A(x) == dist(x, A) = inf{d(a,x) : a € A}, Vx e X.
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Recall that a sequence {a,} € A is a minimizing sequence of the nearest point problem w.r.t. x
if limd(a,, x) = A(x), and that the nearest point problem w.r.t. x is well posed if x has a unique
nearest point in A and each minimizing sequence of the nearest point problem w.r.t. x converges
to the nearest point.

Let K (A) denote the set of all points x € X \ A such that the nearest point problem w.r.t. x is
well posed. Furthermore, define foreachx € X\ Aando > 0

Yo(x) =B, A(x) +0)N A
and

do(x) == lirng diam(Y, (x)).

Then “by definition” one can verify directly that the nearest point problem w.r.t. x is well posed
if and only if do(x) = 0; hence,

K(A) ={xe X\ A: dy(x) =0)}. (4.14)

In [16, Theorem 3.1] it is proved that if X is a CAT(0) space of curvature bounded below and
the geodesic extension property, then the set K (A) is of the second Baire category in X (note that
there the uniform convexity property of CAT(0) plays a crucial role), and presented the following
open problem (cf. [16, Problem 3.11]):

Does the conclusion remain true if the geodesic extension property is dropped? (4.15)

The following theorem improves [ 16, Theorem 3.1] and, in particular, gives an affirmative answer
to question (4.15).

Theorem 4.1. Suppose that X is a geodesic metric space of curvature bounded below. Then the
set K(A) is a dense Gs-setin X \ A.

Proof. Let o > 0 and let H, := Hy(A) denote the set of all points x € X such that dp(x) > 1/a.
It is not hard to prove (cf., [12, Proposition 3.13]) that the set H,, is closed. Moreover, we have
that

KAy =X\ JH, =X\ H.
n=1 n=1

Since H,, is closed for each n, it is enough to prove that X \ H,, is dense in X \ A for each n.

To do this, letn = 1,2,...andlet x € H,.Let0) < d < A(x)/2and 0 < ¢ < 1/n. By
assumption, let k € (—oo, 0) be such that X is of curvature bounded below by k. Then, by
Proposition 3.2(i), we can fix o9 > 0 such that F,.(r,d,20) + 40 < ¢ forany 0 < o < o0y. Let
0 <o <o0p.Leta € A such that d(x, a) < r + o and choose y € [x, a] such that d(x, y) = d.
Then

Yo (y) C E(y, r—d+20)\Bx,r) =D(, y; r,20).

Note that d(x,a) > r and y € [x,a]. There exists u € [y, a] such that d(x,u) = r and
d(y,u) =r —d(x, y). Therefore we can apply Proposition 3.4 to conclude that

diam(Y, (y)) < diam(D(x, y; r,20)) < F(d,r,20) +40 < F.(d, r,200) + 409 < &,
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where the second inequality holds because of Proposition 3.2(iii). Consequently we have that
do(y) = lim,_, o+ diam(Y,(y)) < € < 1/n. This means that y € X \ H,; hence X \ H, is dense
in X\ Aasd(x,y) =dandd > Ois arbitrary. [

We will show that Theorem 4.1 can be improved in the sense that the set of points where the
nearest point problem (A, x) is well posed has o -porous complement.
Let G, be the function defined by

Gc(d,r,0) == Fc(d,r,0) +20 foreach (d,r,0) e R3.

Then G, is continuous on Ri. For the sake of simplicity we will write G for G_1. Fixedx,y € X

and r > 0, we also define the function 7y, on Ry by

¥..(8) =sup{oc > 0:G,(d(x,y),r,0) <&} foreache € Ry.

xyr

Then it is clear that

€ (¢) >0 foreache > 0. (4.16)

xyr

The proof of our next lemma is similar to that of [4, Lemma 7], but we prefer to write the
proof here for completeness. Recall that P4 stands for the metric projection on A, that is

Ps(x) ={ay € A: d(x,ay) = A(x)} foreachx € X.

Lemma 4.2. Suppose that X is a geodesic metric space of curvature bounded below by k. Let
x € X\Aanday € Po(x). Let e > 0and y € (x, ay). Define

T (&) 2
v¥,(e) = min {% Zdar, y)} :

Then
diam(Y,fv(g) (2)) <& foreachz € B(y, t)'fy (&)).

Proof. Let z € B(y, r)’fy (¢)). Then, for each a € Yo (o) (2),
d(a,y) <d(a,z2) +d(z,y) < A@) + 14,(8) + 1y, (8) < A(Y) + 374, (8),

and $0, Yo (6)(2) S Yarg, ) (v)- Recalling that y € (x, ay) and ax € Pa(x), one sees that
Ay) = A(x) — d(x, y) and so

Yieg 0)(v) = fa € A: d(a,y) < A(x) —d(x, y) + 37, (e)}

C B(y, A(x) —d(x, y) 4+ 37, (e)) \ B(x, A(x))
= D(x, y; A(x), 31y, (8)).

Moreover, the existence of a, guarantees that Proposition 3.4 is applicable, and so
diam(D(x, y; 1(x), 37y, (¢))) < G(d(x, y), A(x), 74, (8)) < &,
which completes the proof. [

Next we prove the main result of this section, whose proof closely follows that of [4, Theo-
rem 8].
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Theorem 4.3. Suppose that X is a geodesic metric space of curvature bounded below. Then the
set X \ K(A) is o-porous in X \ A.

Proof. Recall that K (A) denote the set of all points x € X\ A such that the nearest point problem
w.r.t. x is well posed. Then K (A) is dense in X \ A by Theorem 4.1. For each x € K(A), let
a, € Pa(x) and set I, := (x, XJE”‘]. Let {ex} < (0, 1] be a decreasing null convergent sequence.
Without loss of generality, we assume that X is of curvature bounded below by x = —1. Write

Tyy(&r) = rx_yl (ex), where rx_yl (eg) is defined as in Lemma 4.2 with k = —1. Then we define
X* = ﬂ U U B()’9 Txy(gk))~
keNxeK(A) yel,

We claim that X* C K (A). Indeed, let z € X* and k € N. Then there exist x; € K(A) and
Yk € Iy, such that z € B(yg, Ty, y, (6k)). Without loss of generality, assume that y; # x;. Then,
Ty, (€k) > 0 by (4.16) and diam(Y,Xkyk (e1)(2)) < & by Lemma 4.2. This implies that

do(2) = Tim_diam(¥, (2)) = 0

and so z € K(A) by (4.14). Therefore the claim holds. Thus it suffices to show that X \ X* is
o-porous in X \ A. For this purpose, let k, € N and define

Xe=X\A\ |J UBG (e,  Xun={zeXe: 1/h <A(z) <h}.
xeK(A) yel,
Then
x\AH\Xx* = x = U Xun-
keN keN heN
To complete the proof, we only need to show that Xy, is porousin X \ A.Let0 < p < 1/h and

set

s 7:)cy(gk) .
a:=inf{ = x € K(A), y €l 1/h < A() < handd(x.y) = p/4.

Then a € (0, 1/6). In fact, since x € X \ A, it follows that 74y (ex) < 3d(x,y) < 3h and so

a < %. To see that « > 0, we suppose on the contrary that « = 0. Then there exist
xi € K(A),y; € Iy, with1/h < A(x;) < h and d(x;, y;) > p/4 such that
lim 7y, (gr) = 0. 4.17)
1—> 00
Without loss of generality, we may assume that A(x;) — ro and p; = d(x;, y;) — po with

ro € [1/h, h] and pg > 0. Thus, by the definition of ty,y, (¢x), (4.17) entails that

lim sup{o : G(p;,ri,0) <&} =0.

1—> 00
By the continuity of the function G, we have that G(pg, ro, 0) = &, which contradicts Proposi-
tion 3.2(i) and shows that a > 0.

Let to = 1/(2h). To complete the proof it suffices to prove that for each z € Xj;, and
o € (0, 1] there exists y € X \ A such that

B(y,ap) N (X' \ A) € B(z, p) N[(X \ A) \ Xi]. (4.18)

Granting this, one sees that Xy is porous in X \ A which completes the proof.
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Letz € Xy, and p € (0, tp]. Choose x € K(A) suchthatd(x,z) < p/2and 1/h < A(x) < h.

Leta, € P4(x) and x1 := %x + %ax. Note that
[A(x) = A(z)| <d(x,z) foranyux,ze X.

Then
i _ d(x, z) -
2h 2~
and so there exists y € I, such that d(y, z) = %p. Consequently, d(y, x) > d(y, z) —d(z, x) >
p/4. This together with the definition of « implies that

p 3
fh— =~ >,
0744

1
d(x1, z) = d(ayx, z) — d(ax, x1) > A(z) — Ek(x) >

ap < add(x, y) < adh < 1oy (k)
(noting that 1/h < A(x) < h and o < 1/6). Hence we have that B(y, ap) C B(y, txy(&k)).
Moreover, because, for each w € B(y, ap),
3
d(w,z) <d(w,y) +d(y,2) <ap+ PP
we have that B(y, ap) C B(z, p). Therefore, (4.18) is proved. [J

Remark 4.4. The interested reader may check the close relation relation between Theorem 4.3
and Theorem 2 in [36], both leading to a o-porosity result in connection to related problems.

5. Farthest point problems

This section is devoted to the study of the well posedness of the farthest point problem. The
approach used in this section is similar to the one used in the previous section.

Throughout the whole section, we assume that X is a complete geodesic space and A is a
nonempty bounded and closed subset of X. Define

u(x) :=sup{d(a,x): a € A} foreachx € X.

Similarly to the case for nearest point problems, a sequence {a,} € A such that limd(a,, x) =
w(x) is called a maximizing sequence of the farthest point problem w.r.t. x, and the farthest point
problem w.r.t. x is said to be well posed if x has a unique farthest point in A and each maximizing
sequence of the farthest point problem w.r.t. x converges to the farthest point.

Let L(A) denote the set of all points in X such that the farthest point problem w.r.t. x is well
posed. Given o > 0, we set

Ms(x)={ae A: d@a,x)> ux)—o}

and define
eo(x) == Gl_i)r&_ diam(M, (x)) foreachx € X.

Then the farthest point problem w.r.t. x is well posed if and only if eg(x) = 0; hence,
L(A)={x e X: e(x) =0} (5.19)

The following theorem is an improvement of [16, Theorem 3.2] and plays a key role in the
proof of the main result of this section.
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Theorem 5.1. Suppose that X is a geodesic space of curvature bounded below and with the
geodesic extension property. Then the set L(A) is a dense Gs-set in X.

Proof. Leto > O and let G, := G, (A) denote the set of all points x € X such that eg(x) > 1/a.
Then, in a similar way to the case for nearest point problems, we have that the set G, is closed
and

LA =X\ JG,=[X\Gn.
n=1 n=1

Thus, to complete the proof, it suffices to prove that X \ G, is dense in X for each n.

Letn =1,2,...andlet x € G,. Without loss of generality, assume that A is not a singleton.
Then p(x) > 0.Let0 < d < r/2and 0 < ¢ < 1/n. Assume that X is of curvature bounded
below by k. Then by Proposition 3.2(i), we can fix o9 > 0 such that F (r,d, 20) + 40 < ¢ for
any 0 < o < og.Let0 < 0 < 0p. Leta € A such thatd(x, a) > u(x) —o. Then by the geodesic
extension property, there exists y € X such that x € [y, a] and d(x, y) = d. Clearly, we have
that My (y) € B(x, u(x)) as A € B(x, u(x)). Furthermore, since

p(y) =z d(y,a) =d(x,a) +d(x, y) = pu(x) +d(x, y) —o = u(x) +d —o,
it follows that
Mo (y) € B(x, () \ By, p(x) +d = 20).
Write r := u(x) + d — 20. Then we have that
My (y) SB(x,r —d +20) \B(y,r) =D(y, x; 1, 20).
Consequently, Proposition 3.4 can be applied to conclude that
diam(M, (y)) < diam(D(y, x; r,20)) < Fc(d,r,20) + 40 < F.(d, r,200) + 409 < &,

where the second inequality holds because of Proposition 3.2(iii). This implies that do(y) =
lim, _, g+ diam(M, (y)) <& < 1/n;hence y € X \ H,. Asd(x,y) = d and d > 0 is arbitrary,
one sees that X \ H, isdensein X \ A. O

Recall that F4 is the farthest point mapping defined by
Fa(x) ={y € A: d(x,y) = sup{d(x,z) : z € A}}.

Lemma 5.2. Suppose that X is a geodesic space of curvature bounded below by k with the
geodesic extension property. Let x € X and by € Fy(x). Set I, ={y: y=tx+ ({1 —-1)b,, 1 <
t <3/2). Lete > 0and y € I. Define

Toum©) 2 )

, =d(x,y), .
3 3(xy)6

(Sfy (¢) := min {
Then

diam(Mj« (e)(2)) < & foreachz € B(y, 8’;y (8)).

Proof. For simplicity, we assume that « = —1 and denote 8§y (e) as 8xy(e). Let z € B(y, 8xy ().
As in the proof of Lemma 4.2, we can obtain that

Ms, (e)(2) S M35,,(6)()).
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By Remark 2.5, there are no bifurcating geodesics and it is easy to see that u(y) = u(x) +
d(y, x). Then we have

Mss ) (y) = {fa € A: d(a, y) > pu(x) +d(x, y) — 3dxy(e)}
C B(x, n(0) \ B(y, u(x) + d(x, y) — 38,y(e)).
Now, letting r = pu(x) +d(x, y) — 36y(¢), we have
M3s,,6)(y) S B(x,r —d(x, y) + 38:y(e)) \ B(y. )
= D(y, x; 1, 38, (¢)).

Now, observing that 0 < d(x,y) < r/2 and that 0 < 38,,(¢) < 2d(x,y), we can apply
Corollary 3.5 to deduce that

diam(D(y, x; r, 36xy(¢))) < G(d(x, y), 1, 38xy(e)) < &.
Since z is arbitrary in B(y, dxy(¢)), the conclusion follows. [

Next we show the main result about farthest point problems.

Theorem 5.3. Suppose that X is a geodesic space of curvature bounded below and with the
geodesic extension property. Then the set X \ L(A) is o-porous in X.

Proof. Again we assume that k = —1 and that A is not a singleton. The proof follows the same
patterns than that of Theorem 4.3. From Theorem 5.1 we know that the set L(A) is dense in X.
Let {ex} C (0, 1] be a decreasing null convergent sequence and define

x*= U UB0:suE,
keNxeL(A) yel

where I, and 8§y (ex) are defined as in Lemma 5.2.

As in the proof of Theorem 4.3, we have from (5.19) and Lemma 5.2 that X* C L(A).
Therefore it suffices to prove that X \ X* is o-porous in X. For this purpose, we define, for
k,h eN,

1
X=X\ |J UB0.duyE) and Xu = {z € Xi: 5 <) < h}
xeL(A) yel,

Then

X\X*:UXk=UUth.

keN keN heN

We claim that Xy, is porous in X for each pair (k, h). Letk,h e Nand 0 < p <19 := % Set

. Oxy (ek) .
o = inf - xe€L(A), yel,, 1/h <u(x) <handd(x,y) > p/4;.

Then we have that « € (0, 1/6). Notice here that « is estimated for p(y) € (%, %h).
Letz € Xy and x € L(A) be such that d(x,z) < p/4and 1/h < u(x) < h.Let b, € Fq(x)
and x; € X such that x = %xl + %bx. Then

3

d(x1,z) = d(x1, by) —d(by, 2) > %u(x) —pu(z) = p(x) —d(x,z) >t — i

RS

=
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where the third inequality holds because of the following Lipschitz continuity:
[(x) — u(z)] <d(x,z) foranyx,ze X.

Consequently, there exists y € I, such that d(y,z) = % p and so d(y, x) > p/4. Therefore,
noting that « < 1/4, we have that B(y,¢p) < B(z, p). Also, since p < 4d(x,y) and
1/h < u(x) < h, it follows from the definition of « that

ap < add(x, y) < adh < 8xy(er)
and so B(y, ap) € B(y, 8xy(&x)). Consequently,
B(y,ap) € X\ Xk € X\ Xn-

This shows that X, is porous in X and completes the proof. [
6. Concluding remarks and an example

In view of [16, Example 3.9], the condition that geodesics do not bifurcate is a necessary
condition for Theorems 4.3 and 5.3 to hold. A question raised in [16] asks whether this condition
is also sufficient, that is, whether the condition of curvature bounded below in Theorems 4.3 and
5.3 can be replaced by the weaker one of not having bifurcating geodesics. We do not have an
answer to this question. However, we give in the following an example showing that the Steckin’s
Lemma (Proposition 3.4), which is the main tool in our proof of Theorems 4.3 and 5.3, does not
hold under this weaker condition.

Example 6.1. Consider the collection of model spaces given by Mzn for n € N. Consider a
line (isometric to the real line) in each of these spaces and glue all them through this line
as it is shown in [9, Chapter II.11]. The resulting space, which we denote by | |32, ; M2,
where [ stands for the gluing line, is a geodesic space with no bifurcating geodesics and which
curvature is not bounded below, notice also that this is a CAT(0) space. Let x,y € I such
that d(x, y) = 1/2 and make r = 1 and ¢ > 0. Then, from Lemma 3.1, we know that
diam(D(x, y; 1,0)) > 3F_,(1/2,1,0) foreachn € N.
We are going to show that

1
lim EF_"(I/Z’ l,0)=1+4+20 foreacho > 0, (6.20)

n—oo
granting this, the Steckin’s Lemma fails for this space.
Define a real function y(-) on (0, +00) by
sinh((1 +20)In¢t)
sinh(In ¢)
X [cosh(2(In?)) — cosh(Int) cosh((1 + 20) Int)]

y(t) = coshz((l +20)Int) —

for each t € (0, +00). Then

arccosh[y (e*/ﬁ/Z)]
NG

1
EF_n(l/Z,l,a)z foranyn € Nand o > 0.

Thus it suffices to verify that

arccosh[y(?)]

Jim Tt =1+20 foreacho > 0. (6.21)
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For this purpose, let ¢ > 0. By definitions of the functions sinh and cosh, y can be expressed as

B (240 + yo(1)
O Tay

where yq is of the form

for each ¢ € (0, +00), (6.22)

9
yo(t) = Zaitﬁ" for each t € (0, +00)
i=1

with each g; € [—4 — 20,2 + 20] (only depend on o) and each a; being constant. Therefore we
have that

lim y()= 400 and lim — 200 _ (6.23)
t—>+ooy - t——+oo t2+40 + yo(t) B ’
By L’Hopital’s Rule in element calculus we can obtain that
arccosh[y(?)] — Im arccosh(u) — Lm v _ 6.24)
t—~+oo  In[y(t)] u—+oco  Inu v—+o0 In cosh(v)
Furthermore, by (6.22) and (6.23), we can use L’Hopital’s Rule to conclude that
Infy®] _ . WP 4 0] — 21 — 7))
——— = lim
t—+o00  Int t——+00 Int
1 t2+4o t
T Ui 0 O] B S (6.25)
t—+00 Int

Thus combining (6.24) and (6.25), one sees that (6.21) holds and the proof is complete.

Acknowledgments

The research of the first author was partially supported by DGES, Grant MTM2009-1110696-
C02-01 and Junta de Andalucia, Grant FQM-127. The research of the second author was partially
supported by the National Natural Science Foundation of China (grant 10731060). The research
of the third author was partially supported by DGES, Grant MTM2009-1110696-C02-01 and
Junta de Andalucia, Grant FQM-127.

References

[1] E. Asplund, Farthest points in reflexive locally uniformly rotund Banach spaces, Israel J. Math. 4 (1966) 213-216.

[2] J. Baranger, R. Temam, Nonconvex optimization problems depending on a parameter, SIAM J. Control. 13 (1975)
146-152.

[3] M.E. Bidaut, Existence the theorems for usual and approximate solutions of optimal control problem, J. Optim.
Theory Appl. 15 (1975) 393-411.

[4] ES. de Blasi, J. Myjak, Sur la porosité des ensemble des contractions sans point fixe, C. R. Acad. Sci. Paris I 308
(1989) 51-54.

[5] ES. de Blasi, J. Myjak, PL. Papini, Porous sets in best approximation theory, J. Lond. Math. Soc. 44 (1991)
135-142.

[6] E.S. De Blasi, J. Myjak, On almost well-posed problems in the theory of best approximation, Bull. Math. Soc. Sci.
Math. R.S. Roumanie (N.S.) 28 (1984) 109-117.

[7]1 ES. De Blasi, J. Myjak, On a generalized best approximation problem, J. Approx. Theory 94 (1998) 54-72.



1380 R. Espinola et al. / Journal of Approximation Theory 162 (2010) 1364—1380

[8] ES. De Blasi, J. Myjak, P.L. Papini, On mutually nearest and mutually farthest points of sets in Banach spaces,
J. Approx. Theory 70 (1992) 142-155.
[9] M.R. Bridson, A. Haefliger, Metric Spaces of Non-positive Curvature, Springer-Verlag, Berlin, Heidelberg, 1999.

[10] D. Burago, Y. Burago, S. Ivanov, A course in metric geometry, in: Graduate Studies in Math., vol. 33, Amer. Math.
Soc., Providence, RI, 2001.

[11] S. Cobzas, Generic existence of solutions for some perturbed optimization problems, J. Math. Anal. Appl. 243
(2000) 344-356.

[12] S. Cobzas, Geometric properties of Banach spaces and the existence of nearest and farthest points, Abstr. Appl.
Anal. 2005 (2005) 259-285.

[13] M. Edelstein, Farthest points of sets in uniformly convex Banach spaces, Israel J. Math. 4 (1966) 171-176.

[14] M. Edelstein, On nearest points of sets in uniformly convex Banach spaces, J. Lond. Math. Soc. (Second Series) 43
(1968) 375-377.

[15] R. Espinola, A. Fernandez-Le6n, B. Piatek, Fixed points of single- and set-valued mappings in uniformly convex
metric spaces with no metric convexity, Fixed Point Theory Appl. 2010 (2010) 16 pages. Article ID 169837.

[16] A.Kaewcharoen, W.A. Kirk, Proximinality in geodesic spaces, Abstr. Appl. Anal. 2006 (2006) 1-10.

[17] W.A. Kirk, Nearest and farthest points of closed sets in hyperbolic spaces, in: Th. M. Rassias (Ed.), Constantin
Carathéodory: An International Tribute, vols. I, II, World Scientific, New Jersey, 1991, pp. 581-591.

[18] S.V. Konjagin, Sets of points of nonemptyness and continuity of metric projections, Mat. Zametki. 33 (1983)
641-655 (in Russian).

[19] S.V. Konjagin, On approximation properties of closed sets in Banach spaces and the characterization of strongly
convex spaces, Soviet Math. Dokl. 21 (1980) 418-422.

[20] K.S. Lau, Farthest points in weakly compact sets, Israel J. Math. 22 (1975) 168-174.

[21] K.S. Lau, Almost Chebyshev subsets in reflexive Banach spaces, Indiana Univ. Math. J. 27 (1978) 791-795.

[22] C.Li, On mutually nearest and mutually furthest points of sets in reflexive Banach spaces, J. Approx. Theory 103
(2000) 1-17.

[23] C.Li, G. Lépez, On generic well-posedness of restricted Chebyshev center problems in Banach spaces, Acta Math.
Sin. (Engl. Ser.) 22 (2006) 741-750.

[24] C.Li, R.X. Ni, On well posed mutually nearest and mutually furthest point problems in Banach spaces, Acta Math.
Sin. (Engl. Ser.) 20 (2004) 147-156.

[25] C.Li, L.H. Peng, Porosity of perturbed optimization problems in Banach spaces, J. Math. Anal. Appl. 324 (2006)
751-761.

[26] C.Li, X.H. Wang, Almost Chebyshev set with respect to bounded subsets, Sci. China Ser. A 40 (1997) 375-383.

[27] C.Li, H.K. Xu, On almost well-posed mutually nearest and mutually furthest point problems, Numer. Funct. Anal.
Optim. 23 (3—4) (2002) 323-331.

[28] C.Li, H.K. Xu, Porosity of mutually nearest and mutually furthest points in Banach space, J. Approx. Theory 125
(2003) 10-25.

[29] L.H. Peng, C. Li, Existence and porosity for a class of perturbed optimization problems in Banach spaces, J. Math.
Anal. Appl. 325 (2007) 987-1002.

[30] L.H. Peng, C. Li, Recent development on well-posedness of best approximation problems in Banach spaces, Adv.
Math. (China) 37 (2008) 257-268.

[31] L.H. Peng, C. Li, J.C. Yao, Well-posedness of a class of perturbed optimization problems in Banach spaces, J. Math.
Anal. Appl. 346 (2008) 384-394.

[32] L.H. Peng, C. Li, J.C. Yao, Generic well-posedness for perturbed optimization problems in Banach spaces,
Taiwanese J. Math. 14 (2010).

[33] D.V. Pai, P.T. Nowroji, On restricted centers of sets, J. Approx. Theory 66 (1991) 170-189.

[34] S.B. Steckin, Approximation properties of sets in normed linear spaces, Rev. Roumaine Math. Pures Appl. 8 (1963)
5-18 (in Russian).

[35] T. Zamfirescu, The nearest point mapping is single valued nearly everywhere, Arch. Math. (Basel) 54 (1990)
563-566.

[36] T. Zamfirescu, On the cut locus in Alexandrov spaces and applications to convex surfaces, Pacific J. Math. 217
(2004) 375-386.

[37] T. Zamfirescu, Extending Steckin’s theorem and beyond, Abstr. Appl. Anal. (2005) (2005) 255-258.



	Nearest and farthest points in spaces of curvature bounded below
	Introduction
	Preliminaries
	Stečkin's Lemma in spaces of curvature bounded below
	Nearest point problems
	Farthest point problems
	Concluding remarks and an example
	Acknowledgments
	References


