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1 Introduction

Let F be a nonlinear Fréchet differentiable mapping from R” to R" and & be a real-val-
ued convex function on R". Consider the following convex composite optimization problem
on R™:

min f(x) i= h(F(x)). (1.1)
xeRm

This problem has received a great deal of attention. A wide variety of its applications can
be found throughout the mathematical programming literature especially in convex inclu-
sion, minimax problems, penalization methods and goal programming [6,14,15,32,44]. As
in [7,24,28], the study of (1.1) naturally relates to the convex inclusion problem

F(x)eC, (1.2)

where C := argmin £, the set of all minimum points of /. In [24], a notion of quasi-regularity
for xo € R™ with respect to the inclusion (1.2) was introduced. This new notion covers the
case of regularity studied by Burke and Ferris [7] as well as the case when F'(xp)(-) — C is
surjective, presented by Robinson [41]. More importantly, in [24], the notions of the quasi-
regular radius ry, and of the quasi-regular bound function 8,, attached to each quasi-regular
point xo were introduced, and it was established that if the initial point xq is a quasi-regular
point with (ry,, Bx,) and if F’ satisfies a Lipschitz type condition, then the Gauss—New-
ton sequence {x,} provided by the following well-known Algorithm GN(n, A, x¢) (cf.
[7,21,28,55]) converges at a quadratic rate to some x* with F'(x*) € C (in particular, x*
solves (1.1)).

Algorithm GN(n, A, xg). Letn > 1,0 < A < o0, and for each x € R™ define W (x)

by
Wa(x) :={d e R"| |d|l < A, h(F(x) + F'(xp)d) < h(F (xy)
+F'(xp)d’) Vd' e R™ with |d'|| < A}.
Let xo € R™ be given. For k =0, 1, ..., having xo, x1, . .., X, determine xz as follows.

If 0 € WA (xx) then stop; if 0 ¢ W (xx), choose di such that dy € Wa (xx) and
ldill < nd(0, Ya(xk)),

and set xx+1 = xg + dk, where d(x, ) denotes the distance from x to € in R"”.
Note that W (x) is nonempty and is the solution set of the following convex optimization
problem
: /
de]R”rlr,lﬁfilngAh(F(X) + F'(x)d).
which can be solved by standard methods such as the subgradient method, the cutting plane
method, the bundle method etc (cf. [20]).

Several problems related to numerical linear algebra can be expressed as optimizing a
smooth function defined on a Riemannian manifold [3,36,37]. Applications appear in various
areas, including computer vision [31], machine learning [34], maximum likelihood estimation
[45,56], electronic structure computation [30], system balancing [19], model reduction [57],
and robot manipulation [18]. A lot of algorithms such as steepest descent method, trust-region
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method, conjugate gradient method and so on have been extended to solve optimization prob-
lems on Riemannian manifolds (see, e.g., [1,23,46,47] and the references therein). Among
these methods, Newton’s method is one of the most powerful and simplest method. The
convergence properties of Newton’s method have been extensively explored in ([9,13,25—
27,33,49] and the references therein). On the other hand, monotonicity notions in Banach
spaces have been extended to Riemannian manifolds and a proximal-type method to find
singular points has been developed for multivalued vector fields on Riemannian manifolds
with nonpositive sectional curvatures, i.e., on Hadamard manifolds; see, e.g., [12,23] with
other references. Furthermore, various derivative-like and subdifferential constructions for
nondifferentiable functions on spaces with no linear structure are developed in ([2,11,22,29]
and the references therein) and applied therein to the study of constrained optimization prob-
lems, nonclassical problems of the calculus of variations and optimal control, and generalized
solutions to the first-order partial differential equations on Riemannian manifolds and other
important classes of spaces with no linearity.

Motivated by what have been mentioned above, the purpose of the present paper is to
extend the Gauss—Newton method to Riemannian manifold to solve the convex composite
optimization on Riemannian manifold M which is formulated as follows:

min f(p) := h(F(p)), (1.3)
pPeM

where / is same as defined above and F is a differentiable mapping from M to R". As
mentioned before, the study of (1.3) naturally relates to the convex inclusion problem

F(p)eC,

where C = argmin A, the set of all minimum points of 4. The extended Gauss—Newton
method for convex composite optimization problem on Riemannian manifold (1.3) is defined
as follows.

Algorithm R(n, A, po).Letn > 1,0 < A < oo.Let pg € M be given. Fork =0, 1, ...,
having po, p1, ..., pk, determine py41 as follows.

If 0 € Aa(pi) then stop; if O ¢ A a(pk), choose vg such that vy € Aa(pr) and

vkl < nd (0, Aa(pr)),
and set pry1 = exp,, vk, where for each p € M, AA(p) is defined by

Aa(p) = {v € T,M| vl < A, h(F(p) +DF (p)v) < h(F(p)
+DF(p)v) V' € T,M with [[v'|| < A}.

In the present paper, the notions of the quasi-regularity for py € M, the quasi-regular
radius rp, and the quasi-regular bound function g, attached to quasi-regular point pg are
extended to Riemannian manifolds. Our main results presented in section 3 show that if
the initial point pg is a quasi-regular point with (rp,, B5,) and if DF satisfies a Lipschitz
type condition, then the Gauss—Newton sequence {p,} generated by Algorithm R(#, A, po)
converges at a quadratic rate to some p* with F(p*) € C (in particular, p* solves (1.3)).
Furthermore, two applications to special cases are provided in section 4: one is for the case
of regularities on Riemannian manifolds and the other is for the case when C is a cone
and DF(po)(-) — C is surjective. In particular, the results obtained in section 4 extend the
corresponding one in [48].
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2 Notions and preliminaries

The notations and notions about smooth manifolds used in the present paper are standard,
see for example [10,17].

Let M be a complete connected m-dimensional Riemannian manifold with the Levi-
Civita connection V on M. Let p € M, and let T, M denote the tangent space at p to M.
Let (-, -) be the scalar product on 7, M with the associated norm || - || ,, where the subscript
p is sometimes omitted. For any two distinct elements p, g € M, letc : [0,1] - M
be a piecewise smooth curve connecting p and ¢. Then the arc-length of ¢ is defined by
l(c) = fol | ¢/(r) || dt, and the Riemannian distance from p to ¢ by d(p, q) := inf.I(c),
where the infimum is taken over all piecewise smooth curves ¢ : [0, 1] — M connecting p
and ¢g. Thus, by the Hopf—Rinow Theorem (see [10]), (M, d) is a complete metric space and
the exponential map at p, exp,, : T, M — M is well-defined on T, M.

Recall that a geodesic ¢ in M connecting p and g is called a minimizing geodesic if its
arc-length equals its Riemannian distance between p and g. Clearly, a curve ¢ : [0, 1] - M
is a minimizing geodesic connecting p and ¢ if and only if there exists a vector v € T, M
such that ||v|| = d(p, ¢) and c(7) = exp,,(tv) foreach s € [0, 1].

Letc: R — M be a C™ curve and let P, .. denote the parallel transport along ¢, which
is defined by

Pc,c(b),c(a)(v) = V(C(b)), Va, beRandv e TC(G)M,

where V is the unique C*° vector field satisfying V)V = 0 and V(c(a)) = v. Then,
for any a,b € R, P ¢p),c(a) 1 an isometry from T,,)M to T.;yM. Note that, for any
a, b, by, by € R,

Pe.c(by).c(by) © Pe.ctv).ca) = Pectvny.c a0d P o = Pescay.cv)-

In particular, we write P, , for P 4, , in the case when c is a minimizing geodesic connecting
p and g. Let C'(T M) denote the set of all the C!-vector fields on M and C’ (M) the set of
all C’-functions from M to R (i = 0, 1, where C°-mappings mean continuous mappings),
respectively. Let F : M — R" be a C! function such that

F=(F,Fy,....,Fy)

with F; € C! (M) foreachi = 1,2,...,n.Let V be the Levi-Civita connection on M, and
let X e CH(TM). Following [9] (see also [27]), the derivative of F along the vector field X
is defined by

VxF = (VxF1,VxF, ..., VxFy) = (X(F1), X(F2), ..., X(Fn)).
Thus, the derivative of F is a mapping DF : (C/(TM)) — (C%(M))" defined by
DF(X) = VxF foreach X € C'(TM). 2.1)

We use DF(p) to denote the derivative of F at p. Let v € T,M. Taking X € cl(rm
such that X (p) = v, and any nontrivial smooth curve ¢ : (—¢, &) — M with ¢(0) = p and
¢’(0) = v, one has that

d
DF(p)v :=DF(X)(p) = VxF(p) = (E(F o C)(t)) , (2.2)
t=0

which only depends on the tangent vector v.
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Let Z be a Banach space or a Riemannian manifold. We use Bz(p, ) and Bz (p, r) to
denote respectively the open metric ball and the closed metric ball at p with radius r, that is,

Bz(p.r):={qe€Z|d(p.q) <r} and Bz(p.r):={q € Z|d(p,q) <r}.

We often omit the subscript Z if no confusion occurs.

3 Quasi-regularity and convergence criterion

The notion of the quasi-regular point was first introduced by Li and Ng in [24] for the study
of convergence issue of convex composite optimization on R”. Below we extend this notion
to Riemannian manifolds.

Let C be a closed convex set in R". Consider the inclusion

F(p)eC. 3.1
Let p € M and
A(p) :={veT,M| F(p)+DF(p)v € C}. (3.2)

Remark 3.1 In the case when C is the set of all minimum points of 4 and if there exists
vg € Ty M with [Jug|| < A such that vy € A(p), then vg € Aa(p) and for each v € T,M
with |[v]| < A one has

vEAA(p) = veEA(p) < veEA(p). (3.3)

Definition 3.1 A point py € M is called a quasi-regular point of the inclusion (3.1) if there
exist > 0 and an increasing positive-valued function 8 on [0, ) such that

A(p) #¥ and d(0, A(p)) < B(d(po, p))d(F(p),C) forall p € B(po,r). (3.4)

Following [24], let r, denote the supremum of r such that (3.4) holds for some increas-
ing positive-valued function 8 on [0, ). Let r € [0, rp,] and let B,(po) denote the set of all
increasing positive-valued function g on [0, r) such that (3.4) holds. Define

Bpo (1) = inf{B(1) : B € Br, (po)} foreacht € [0, ¥ p). (3.5)

Note that each 8 € B, (po) with lim,_,,—- B(f) < 400 can be extended to an element of
Brpo (po). From this we can verify that

Bpo(1) = inf{B(1) : B € By(po)} foreacht € [0, r). (3.6)

We call rp, and B, respectively the quasi-regular radius and the quasi-regular bound
function of the quasi-regular point po.

Let L be a positive-valued increasing integrable function on [0, +00). The notion of Lips-
chitz condition with the L average for operators from Banach spaces to Banch spaces was
first introduced in [51] by Wang for the study of Smale’s point estimate theory, where the
terminology “the center Lipschitz condition in the inscribed sphere with L average” was used
(see [51]). Recently, this notion has been extended and applied to sections on Riemannian
manifolds in [27]. Note that a mapping F' : M — R”" is a special example of sections.
Definition 3.2 below is a slight modification of the corresponding one in [27] for mappings
on Riemannian manifolds.
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Definition 3.2 Let» > 0 and pg € M. DF is said to satisfy
(i) the center L-average Lipschitz condition on B(py, r), if for any point p € B(po, r) and
any geodesic ¢ connecting po, p with [(c) < r, we have
I(c)
IDF(p)Pe,p,py = DF (po)ll < /L(u)du; (3.7
0
(ii) the L-average Lipschitz condition on B(po, r), if for any two points p, g € B(po, r)
and any geodesic ¢ connecting p, g with d(po, p) + [(c) < r, we have
d(po.p)+l(c)
IDF@Peg, ~DFGI = [ Laodu, (338)
d(po.p)

Obviously, the L-average Lipschitz condition implies the center L-average Lipschitz con-
dition.
Leto > 0, and let r, > 0 and b, > 0 be such that
Ty Ta
a/L(u) du =1 and b, =oz/L(u)u du 3.9)
0 0
(thus by < ry). Let & > 0 and define

'
Gu(t) =& —1t +Ot/L(u)(t —u) du foreacht > 0. (3.10)
0
Thus
t
L) =—1 +a/L(u) dufor each t > 0. (3.11)
0

Let 4, denote the sequence generated by Newton’s method for ¢, with the initial point
to.0 = O:

Tan+1 = lan — ¢(/x(ta,n)_l¢a(ta,n) n=0,1,.... (312)
In particular, by (3.10) and (3.11),
ty1 =E&. (3.13)

Below we list a series of useful lemmas for our propose, where Lemma 3.1 is taken from
[51] (see also [24]), while Lemmas 3.2 and 3.3 from [24].

Lemma 3.1 Suppose that 0 < & < b,. Then by < rq and the following assertions hold:
(i) ¢q is strictly decreasing in [0, ry] and strictly increasing in [ry, 00) with
$a(§) >0, ¢ure) =§ —by =0, ¢o(00) =& > 0. (3.14)

Moreover, if € < by, ¢o has two zeros, denoted respectively by r} and r}*, such that

E<ry< 2—‘15 <rg <1y, (3.15)
o

and, if & = by, ¢o has a unique zero r}; in (&, 00) (in fact rj = ry).
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(i) {ta.n} is strictly monotonically increasing and converges to r.
(iii) The convergence of {ty ,} is of quadratic rate if & < by, and linear if § = by.

Lemma 3.2 Let ry, by and ¢, be defined by (3.9) and (3.10). Let o' > « with the corre-
sponding ¢. Then the following assertions hold.

(i) The functions a + ry and a > by are strictly decreasing on (0, 00).
(i) ¢o < ¢y 0n (0, 00).
(iii) The function o v« r} is strictly increasing on the interval I1(§), where I(£) denotes
the set of all « > O such that & < by.

Lemma 3.3 Define
wu (1) = ¢ (D go () 1 €10,77).
Suppose that 0 < & < by. Then wq is increasing on [0, r}).

We assume throughout the remainder of this paper that C is the set of all minimum points
of h.Let pg € M be a quasi-regular point of the inclusion (3.1) with the quasi-regular radius
r ), and the quasi-regular bound function B,,. Let n € [1, 00) and let

& :=nBp,(0)d(F(po), C). (3.16)

Forallr € (0, ], we define

t
ap(r) ;= sup m?po( ) E<t<r (3.17)
MBpo (1) fo L) du+1
with the usual convention that supJ = —oo.

Now, we are ready to give the main theorem of this section whose proof is a modification
of the one for [24, Theorem 4.1] to suit the Riemannian manifold setting.

Theorem 3.1 Let n > 1 and 0 < A < oo. Let po € M be a quasi-regular point of the
inclusion (3.1) with the quasi-regular radius r , and the quasi-regular bound function B ,,.
Let& > 0,0 <r <rp, and ay(r) be defined by (3.17). Let a > a(r) be a positive constant
and let by, ro be defined by (3.9). Let r}; denote the smaller zero of the function ¢ defined by
(3.10). Suppose that DF satisfies the L-average Lipschitz condition on B(po, r}), and that

£ <min{by, A} and r*<r. (3.18)

Let { p,} denote the sequence generated by Algorithm R(n, A, po). Then, {p,} converges
to some p* such that F(p*) € C, and the following assertions hold for eachn =0, 1, ...:

d(pn. p*) <1y = tun (3.19)
and
F(pp) + DF (pn)vn € C. (3.20)
Proof To complete the proof, it’s sufficient to prove that foreachn =0, 1, ...:

d(Pns pn+l) <l < tyn+1 — lan (321)

and (3.20) holds. Granting this, {p,} is a Cauchy sequence by the monotonicity of {z,} and
hence converges to some p* such that F(p*) € C, and (3.19) holds.
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We proceed by mathematical induction. By (3.18), (3.13) and Lemma 3.1, one has that,
for each n,

§ <top <ry T =TIy (3.22)
By the quasi-regularity assumption, it follows that

A(p) #9¥ and d(0, A(p)) < Bp,(d(po. p)) d(F(p),C) foreach p € B(po, r).
(3.23)

In particular, A(pg) # ¥ and

nd (0, A(po)) < nBpy(d(po, po)) d(F(po), C) = np,(0)d(F(po),C) =& < A.
(3.24)

Since n > 1, it follows that d(0, A(po)) < A and so there exists v € Tpy M with [[v]] < A
such that F(pg) + DF (po)v € C. Consequently, by Remark 3.1,

Aa(po) ={v e Ty,M|v| <A, F(po)+DF(po)v € C}
and
d(0, Aa(po)) = d(0, A(po)).

Then, by the definition of Algorithm R(n, A, pp) and (3.24), we can choose vg € A (po)
such that

llvoll = nd (0, Aa(po)) = nd (0, A(po)) < nBpy(0)d(F(po), C) =& = ta,1 — a0,

which implies that (3.21) and (3.20) hold for n = 0. Assume that (3.21) and (3.20) hold for
eachn € {0, 1, ..., k — 1} and define the geodesic c : [0, 1] — M by

c(r) =exp,, , tve—1 T €[0,1]. (3.25)
Note that
k k
d(po, pr) < D d(pi, pic1) < D (tai —toi1) = lok (3.26)
i=1 i=1
and
d(pr-1, po) < tak—1 = la k- (3.27)

It follows from (3.25) and (3.22) that ¢(t) € B(po, ry) S B(po, r) for each v € [0, 1].
Hence (3.23) holds for p = pg, namely,

Apr) #9 and d(0, A(pr)) = Bpo(d(pk, po)) d(F(pk), C). (3.28)

‘We claim that

nd (0, A(pi)) < lak+1 = lak- (329
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To do this, using (3.20) for n = k — 1 and the fact that DF satisfies L-average Lipschitz
condition on B(po, ), we have by (3.28) that

nd (0, A(pr)) < nBpy(d(po, pi))d(F(pk), C)
< nBpy(d(po. POIF(pr) — F(pk—1) — DF (px—1)vi—1l
1

IA

1Bpo(d(po, pi)) /(DF(C(T))Pc,cm,pk,l —DF(pk-1))vk—1 dt
0

1 [/ tllvk=1l+d(pr—1,p0)
'lﬂpo(d(Po,Pk))/ / L(u) du | lvg—1]l dz

0 d(pk-1,po)
llox—1ll

IA

nBpo (d(po, pr)) L(d(pk-1, po) + w)(lve—1ll —u) du

o

[lo—1l

1B o () / Lokt + ) (vt | — ) du |,
0

IA

where the last inequality is valid because L and Sy, are increasing and thanks to (3.26) and
(3.27). Hence, it follows that

ok —la,k—1

nd(0, A(pi)) < 77,3])0 (tot,k) / L(tot,k—l + u)(tot,k — tak—1 — u)du
0
_ n.Bpo (ta,k)qboz(toz,k). (3.30)
o
On the other hand, by (3.22) and (3.17),
ta,k -1
17
Mo tak) () _ o) / L(u)du
ap(r)
0
Since o > ap(r) and by (3.11), it follows that
To ke -1
17
W < 1—a/L(u) du = —(¢(;(ta,k))*l. 3.31)
0

Combining (3.30) and (3.31) together with (3.12), (3.29) is seen to hold. Moreover by
Lemma 3.3 and (3.18), we have

Tok+1 — lak = _¢(;(ta,k)_l¢a(ta,k) =< _¢(;(Za,0)_1¢a(ta,0) = g <A,

so (3.29) implies that d(0, A(px)) < A. Hence there exists v € Tj M with ||v]| < A such
that F(py) + DF (pr)v € C. Consequently, by Remark 3.1,

Aa(pr) ={ve Ty, M|v| <A, F(pr)+DF(pv € C}
and

d(0, Aa(pr)) = d(0, A(pr))-
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Choosing vy € Aa(pr) according to Algorithm R(n, A, po), it follows that (3.20) holds
for n = k. Furthermore, one has that

vkl = nd (0, Aa(pir)) = nd (0, A(pk)).

This with (3.29) yields that (3.21) holds for n = k. The proof of the theorem is com-
plete. O

Remark 3.2 A more convenient condition than (3.18) is

& < min{b,, b—ar, A} (3.32)

o

In fact, by (3.15) and (3.32), we have

*
g =

£<r. (3.33)

SHES

Hence (3.32) — (3.18).

Remark 3.3 Let0 <r <rp,, B0 > 0and 0 < B < By. Below we consider one important
class of quasi-regular bound function g, satisfying

Bo

1

1— B [Lu)du
0

Bpo (1) < foreach t € [0, ). (3.34)

Then, we have

nBo

: .
L+ o — B) [ Lw)du
0

ap(r) < (3.35)

In fact by (3.34), for each ¢ € [£, r), we have

Jrwar e (-2 frw = (-2 ) o a
" Bu® = o " Bo) "k "B/ ’

that is,

0 - B

t — £ :
L+ 0By () [ L)du 1+ (o — B) [ L(u)du
0 0

Hence, (3.35) follows by the definition of «(r) in (3.17).

We specialize our results in two important cases: the classical Lipschitz condition
and the y-condition, which have been used extensively in the study of convergence of
Newton’s method both in Banach spaces and Riemannian manifolds, see for example
[25-27,48,49,51-54].

First, we consider the classical Lipschitz condition.
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Corollary 3.1 Letn > 1,80 > 0and 0 < A < o0. Let 0 < B < Bo.
Let po € M be a quasi-regular point of the inclusion (3.1) with the quasi-regular radius
I, and the quasi-regular bound function B,. Let 0 < r < r,,. Suppose that

Bpo (1) < foreacht € [0,r).

0
1—BLt
Let & = npd(F(po). C),

_ 1+ mpo— PLE — VT + Po — BLEIIT — (nPo + P LE]

R* (3.36)
LnBo
and
1 — BLE — T+ (nBo — BYLEI1 — (nPo + B)LE]
0= .
LnBoé
Suppose that DF is Lipschitz continuous on B(pg, R*) with modulus L, that is,
IDF(p2)Pe,py,py — DF(p)Il < Ld(p1. p2) (3.37)

holds for each py, p» € B(po, R*) and any geodesic ¢ connecting py, p2. Suppose that

& < min ‘ and r > R*. (3.38)

o 2
LBon + LB
Let {p,} denote the sequence generated by Algorithm R(n, A, po). Then {p,} converges to
some p* with F(p*) € C and the following assertion holds:

QZ”*I

d(pn, p*) < WQ,R* foreachn =0,1,.... (3.39)
1
i=0

Proof Leta =
from (3.35) that

%. Let ap(r) be defined by (3.17) with L(u) = L. Then, we have

77,8170 (1)
1+ nBp ()Lt
Hence o > «o(r) by (3.17). Noting that L(«) = L, and by (3.9), (3.10), we have that,
1 1

foreachr € [€, r).

= by=—— 3.40
T ol 7 2aL ( )
and
alL ,
Pa(t) =& — 1t + 71‘ foreachr > 0.
Moreover, if £ < ﬁ, then the zeros of ¢, are given by
ry 1F/1—-2aLé
o oL
It is also known (see for example [16,35,50]) that {#,,,} has the closed form
_l-gg _
tan = 5ty foreachn =0,1,..., (3.42)
1 —q5
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where

rg 1 —1-2aL§

qo = r? = ﬁ. (3.43)
Moreover, by (3.40)—(3.43), one has that
SR gm0 rm 1+(an5_0 pLe ., _ 1+<rzzion;0ﬂ>Ls s
and
ton = 11__QQ22:1R*. (3.45)

Hence condition (3.18) is equivalent to the three inequalities together:

1+ (o — PLE

<—" "2 <A d rf<r
R TR §=4 and e s

and is hence, by (3.44), also equivalent to condition (3.38). Thus we apply Theorem 3.1
to conclude that the sequence {p,} converges to some p* with F(p*) € C and, for each
n=1,2,...,

d(pn, P*) =< re— Ta,n-
Noting, by (3.44) and (3.45), that

1— QZ"—] QZ”—]
r; - toz,n = (1 - 1 — Q2n R* = ZZH_l Qi R*a
i=0

it follows that (3.39) holds and the proof is complete. O

Let k, k be positive integers such that k < x. Let F : M — R”" be a C*-mapping. Fol-
lowing [27] (see also [9,48]), we define inductively the derivative of order k for F. Recall
that V is the Levi-Civita connection on M. Let C* (T M) denote the set of all the C*-vector
fields on M and C* (M) the set of all C¥-mappings from M to R, respectively.

Recall from (2.1) that the mapping D! F = DF : (C*(T M))! — C*~ (M) is defined by

DF(X) = Vyx(F) foreach X € C*(TM).
Define the mapping DfF : (CK(TM)F — C<—* (M) by

D*F(X1, ..., Xk—1. Xi)
k—1
=Vx, O 'F(X1. .. X)) = D DM (XL Yk X X))
i=1
foreach X1, ..., Xj—1, Xx € C*(TM).

Then, one can use mathematical induction to prove easily that DFF(Xy, ..., Xy) is ten-
sorial with respect to each component X;, that is, kX multi-linear map from (C*(T M MK to
C*~k(M), where the linearity refers to the structure of C k(M)-module. This implies that
the value of D¥F (X1, ..., X;) at p € M only depends on the k-tuple of tangent vectors
1,0 = (X1(p), ..., Xik(p)) € (T,,M)k. Consequently, for a given p € M, the map
DFF(p) : (T,M)* — R", defined by

DkF(p)vl VS DkF(Xl, ..., Xx)(p) forany (vy,...,vx) € (TpM)k,
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is well-defined, where X; € C*(T M) satisfy X;(p) = v; foreachi =1, ..., k.
Letr > 0and y > 0 be such that ry < 1.

Definition 3.3 F is said to satisfy the y-condition at pg in B(po, r), if for any two points
P, q € B(po, r), any geodesic ¢ connecting p, g with d(po, p) +[(c) < r, one has

2y

ID*F ()|l < : (3.46)
(1 = y(d(po, p) +1(c)))?
Let L be the function defined by
2y . 1
L(u) = — foreach u with0 <u < —. (3.47)
(I —yu) 14

The following proposition shows that the y-condition implies the L-average Lipschitz
condition. Noting that the mapping F is a special example of the section, so Proposition 3.1
below is a direct consequence of [27, Proposition 5.1] (see also [48] for a direct proof).

Proposition 3.1 Suppose that F satisfies the y -condition at po in B(po, r). Then DF satisfies
the L-average Lipschitz condition in B(po, r) with L given by (3.47).

According to the L defined by (3.47), one has from (3.9), (3.10) and elementary calculation
(cf. [54]) that for all o« > 0,

ra:(l—/ * )1, ba:(l+2a—2\/a(l+a))l (3.48)
l+a)y 4

and

e
bl =~

Thus, from [51] (see also [24]), we have the following lemma.

1
foreachr with0 <t < —. (3.49)
14

Lemma 3.4 Let o > 0. Assume that & < by, namely,
yE <1420 —2Va(l + ). (3.50)
Then the following assertions hold:

(i) o has two zeros given by

o | Z LryEF VA EyE)? 4+ o)y 3.51)
Ta 20 +a)y

(ii) the sequence {ty.n} generated by Newton's method for ¢ with the initial pointty o = 0
has the closed form:

1—q5 !

1 - qozl"_lpa

ry foreachn =0,1,..., (3.52)

Tan =

where

_l—yE— /(U +yE? -4 +a)yé
oy VU v — 4 ta)yE

_1+yE— VU +yE? -4 +a)yk
T yE+ A+ —4(0 +a)yE

and

(3.53)
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Corollary 3.2 Letn > 1,80 > 0and0 < A < 0. Let0 < B < Bo. Let po € M be a quasi-
regular point of the inclusion (3.1) with the quasi-regular radius r,, and the quasi-regular
bound function Bp,. Let 0 < r < rp,. Suppose that

Bo(l — y1)?
O=Trpa=yn2—p

Let § = nfod(F(po), C) and

Bpo

foreacht € [0,1).

nBo(l — y€)?
= . 3.54
= = o= PI0 = vE2 + (o — ) G4
Set
e 1HvE — VA + &2 —4(1 + a)yE nd
“ 2(1+a)y
o= LYEZ VYD 40 +a)yd
1—yE+ /(0 +y8)? —4(1 +a)yé
Suppose that F satisfies the y-condition at po in B(po, r}), and that
£ < min 1+2“_2yva(1+“), A] andr? <. (3.55)

Let {p,} denote the sequence generated by Algorithm R(n, A, po). Then, {p,} converges
to some p* such that F(p*) € C, and the following assertion holds for eachn =0, 1, ...

d(pn, p*) < qa® "2 (3.56)

Proof By assumption and Proposition 3.1, we have that DF satisfies the L-average Lipschitz
condition in B(po, r;) with L given by (3.47). According to the L given by (3.47), we have
f§ Lu)du = (1— yéE)‘2 — 1 and so that the @ given by (3.54) satisfies « > «(r) thanks to
(3.35). Furthermore, corresponding to the L given by (3.47), it follows from (3.48) that (3.55)
is equivalent to (3.18). Thus, Theorem 3.1 is applicable to concluding that {p,} converges
to some p* such that F(p*) € C, and d(py, p*) < r} — ton holds foreachn = 0,1, ....
Noting that by (3.52), one has

21
1 - n
r(;k —lgn = KL (zn_lpa)r; =< Qaz 71";'
1 —q4  po
Hence (3.56) follows from (3.19). The proof of the corollary is complete. ]

‘We end this section with a conclusion remark.

Remark 3.4 It is known in [27] that if F is analytic, then F satisfies the y-condition with
1
k =1 . .
b {l(p 1 Hence, we can also use the standard technique to obtain the

Y = SuPg>> H
Smale’s type theory and establish the theory about the Smale’s approximate zeros as that in
[27]. However, the technique is very similar and so is omitted here.
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4 Applications

This section is devoted to two applications: one is for the case of regularities on Riemannian
manifolds and the other is for the case when C is a cone and DF (pg)(-) — C is surjective. In
particular, the results obtained in this section extends the corresponding one in [48].

Let @ C R” and write

Q° ={zeR"(w,z) <0 foreachw € Q}.

Let Ag € R™ ™, We use ker(Ag) to denote the kernel of Ag. Recallthat F : M — R"isa
C! mapping. The following definition extends the notion of regular point in [4,5,38,39,44]
to the Riemannian manifold setting.

Definition 4.1 A point po € M is a regular point of the inclusion (3.1) if
ker(DF (po)*) N (C — F(po))® = {0}, 4.1)
where DF (pg)* is the conjugate operator of DF (pg).

Proposition 4.1 below extends the corresponding one in [8] to Riemannian manifolds. First,
we need the following lemma which is a consequence of [8, Lemma 3.2 and Proposition 3.3].

Lemma 4.1 Let ag € R" and Ag € R"™™, Ifker(Ag) N (C — ap)®© = {0}. Then there exist
Bo > 0 and open neighborhoods Uy C R", U, C R"™™ with ag € U} and Ag € U, such
that for each (a, A) € Uy x U,, we have

A, A) :={u e R"|a+ Au € C} # ¥ and d(0, A(a, A) < Pod(a,C).  (4.2)

Proposition 4.1 Let po be a regular point of (3.1). Then there are constants r > 0 and
Bo > 0 such that (3.4) holds for r and B(-) = Bo, consequently, py is a quasi-regular point
with the quasi-regular radius r ,, > r and the quasi-regular bound function Bp,(-) < Bo on
[0, r].

Proof Let pg be a regular point of (3.1). Let {ey, ..., e;,} be an orthonormal basis of T),, M.
Let p € M. Set
e/ = Py pei foreachi=1,....,m.
Then it is easy to prove (see [10]) that {e{J ,...,eb) is an orthonormal basis of T,M. The

mapping A : M — R is defined for each p € M by
m
A(p)u :=DF(p) (Z u,'eip) Yu = (up,..., uy)! €R". (4.3)
i=1
Then, by definition, it follows that
ker(DF (po)*) = ker(A(po)"). (4.4)
Since pg is a regular point of (3.1), we have from (4.1) and (4.4) that
ker(A(po)") N (C = F(p0))® = {0}.

Thus, Lemma 4.1 is applicable to concluding that there exist fp > 0 and open neigh-
borhoods U; C R", Uy € R™™ with F(pg) € U; and A(pg) € U, such that for each
(a, A) € Uy x Uy, (4.2) holds. Since F is a c! mapping, and for eachi = 1, ..., m, the
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mapping p — el.p is continuous (cf. [23, Lemma 2.4]), one has that A(-) is continuous.

Hence, there exists r > 0 such that A(B(pg,r)) C U, and F(B(po,r)) C U;. Then for
each p € B(po, r), we have (F(p), A(p)) € Uy x U; and so (4.2) holds for a = F(p) and
A = A(p), that is,

A(F(p), A(p)) = {u € R"| F(p) + A(p)u € C} # #and d(0, A(F(p), A(p)))
< Bod(F(p), C). (4.5)

Take p € B(po, r). Note that A(p) = {v € T,M| F(p) + DF(p)v € C}. Therefore, by
(4.3), the following implication holds:

v = Zuief e Ap) = u=®ui,....,un)’ € A(F(p), A(p)). (4.6)

i=1

Hence, A(p) # @ thanks to (4.5). Since {ef, ...,elY} is an orthonormal basis of T,M,
we have

P
This together with (4.27) implies that d (0, [\(F(p), A(p))) =d(0, A(p)) and so
d(0, A(p)) = Pod(F(p),C).
Since p € B(po, r) is arbitrary, we get
A(p) #0 and d(0, A(p)) < fod(F(p),C) forall p € B(po,r). 4.7)

This completes the proof of the proposition. O

In the case when pg € M is a regular point of the inclusion (3.1), by Proposition 4.1,
there exist r > 0 and By > O such that pg is a quasi-regular point with the quasi-regular
radius rj,, > r and the quasi-regular bound function 8,,(-) < Bo. Thus, the following two
corollaries follows from Corollaries 3.1 and 3.2 (with g replaced by 0), respectively.

Corollary 4.1 Let py € M be a regular point of the inclusion (3.1) withr > 0 and Bo > 0
such that (3.4) holds. Letn > 1,0 < A < o0, & = npod(F(po), C),

o L Lupog — /1= (Lupo§)? 1= /1= (LnpoE)?
= and Q = .

LnBo LnBo&

Assume that DF is Lipschitz continuous on B(pg, R*) with modulus L, and that

1
& gmin[—, A] and r > R*
LBon
Then the same conclusions hold as in Corollary 3.1.

Corollary 4.2 Let py € M be a regular point of the inclusion (3.1) withr > 0 and y > 0
such that (3.4) holds.

_ _ nBo(1-yé)?
Letn>1,0 < A <00, & =npod(F(py),C) and o = ot (=B (I
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Set

e LHyE— VO +yE)? -4 +a)yé
“ 21 + o)y

1y VU +y9)? — 4 +a)yk
o — .
L= y&+V/ 0+ 41 +a)yé
Assume that F satisfies the y-condition at py in B(po, r}), and that

1420 —2Ja(l 4+ @)
” ,

and

(4.8)

.§§min[ A] andr) <r.

Then the same conclusions hold as in Corollary 3.2.

Recall that the concept of convex process was introduced by Rockafellar [42,43] for
convexity problems (see also Robinson [40] ).

Definition 4.2 Let E be a Banach space, and let W : E — 2&" be a set-valued mapping. W
is called a convex process from E to R” if it satisfies

i Wx+y)DWx+ Wyforallx,yeE,;
(i) Wix =AWx forallA > 0,x € E;
>iii) 0 e woO.

As usual, the domain, range, and inverse of a convex process W are respectively denoted
by D(W),R(W), W~ ie.,

DW) :={x € E|Wx # ¢},
R(W) :=U{Wx|x e D(W)},
W_ly ={xeE|ye Wx}.

Obviously, W~! is a convex process from R” to E. The norm of a convex process W is
defined by

W := sup{[[Wx]|[ [x € D(W), [lx]| < 1},

where, following [24,40] , for a set G in a Banach space, |G| denotes its distance to the
origin, that is,

Gl == inf{llal|| a € G}.

The convex process W is said to be normed if |W| < +o0.
Recall that F is a C! mapping. Let p € M and let C be a closed convex cone in R*. We
define a set-valued mapping W), from 7, M into R" by

Wyv:=DF(p)v—C foreachv e T,M. 4.9)

Then, W), is a convex process. Obviously, for each p € M, D(W),) = T, M. The inverse
of W, is

Wp_ly:= {veT,M| DF(p)vey+ K} foreachy e R". (4.10)

W, is said to carry T, M onto R" if D(W, 1) = R”.
The following lemma is taken from [41] and will be useful.
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Lemma 4.2 Let C be a closed convex cone in R". Let py € M be such that Wp, carries
Ty, M onto R". Then the following assertions hold:

1) Wp_ol is normed.

(ii) If Q is a linear transformation from T, M to R" such that || W],_O1 el < 1, then the

convex process W defined by
W =Wy + 0

carries Tp, M onto R". Furthermore, Wﬁl is normed and
1 W,

W < ——2——.
L= Wyl

Proposition 4.2 Let pg € M be such that W, carries T,yM onto R". Then the following
assertions hold:

(i) po is a regular point of (3.1).

(i) Suppose further that C is a closed convex cone in R" and DF satisfies the center
L-average Lipschitz condition on B(pg, r) for some r > 0. Let o = || Wp_ol || and let
rg, be defined by

"By
ﬁo/L(u) du = 1. @.11)
0

Then the quasi-regular radius rp, and the quasi-regular bound function B, satisfy
Iy, > min{r, rg,} and

Bpo (1) < 13—0 foreacht with0 <t < min{r, rg,}. (4.12)

l—ﬁofL(u) du
0

Proof The proof of (i) is similar to that of [24] and so is omitted here.

Below, we give the proof of (ii), which is a modification to suit the Riemannian mani-
fold setting of the one for [24, Proposition 3.7(ii)]. Now let » > 0 and suppose that DF
satisfies the center L-average Lipschitz condition on B(pog, 7). Let p € M be such that
d(po, p) < min{r, rg,}, and let ¢ be a minimizing geodesic connecting pg, p. Then

() d(po.p) "Bo
IDF(p)Pe.p,py — DF(po)ll < / L(u) du = / L(u) du < /L(u) du;
0 0 0
hence, by (4.11),
"Bo
”W;Ol””DF(p)Pc,p,po —DF(po)l < IIW,TUIII/L(M) du = 1. (4.13)
0

For each v € T, M, the convex process

va =DF(p)v—-C = [DF(PO)PL',po,p + (DF(p) — DF(pO)Pc,po,p)]v - C. (4.14)
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Since P, p is an isomorphism from 7, M to Tp, M (see [17, p.30]), Wp, o Pe py.pisa
convex process from 7, M into R" and D f(p) — D f(po) Pe, p,, p 1s a linear transformation
from T, M to R". Moreover, |W,, o Pe py pll = IIWp,ll and |D f(p) — D f(po) Pe, py.pll =
IDf(p)Pe,p,py — Df(po)ll thanks to the fact that P p,, , is an isometry (see [10, p. 56]).
Thus, by (4.13) and (4.14), Lemma 4.2 is applicable to concluding that W), carries T, M onto
R” and

-1 —1
W5 5 Wl

L= IWpo IIDF (p) Pe.p.py — DF (o)l ~ 4(po-p)

w, < :
L= Wyl [ Ludu
0

(4.15)
Since W, is surjective, we have that A(p) is nonempty; in particular, for each ¢ € C,
W, (c = F(p) € A(p) (4.16)

To see this, let v € W[jl (c— F(p)). Then, by (4.10), one has that DF (p) v € c — F(p) +
C CC—-F(p)andso F(p) + DF(p)v € C, thatis, v € A(p). Hence (4.16) is true.
Consequently,

d0, A(p)) < W, c = F(p)Il < W, llle = F(p)II.
Since this is valid for each ¢ € C, it is seen that
d0, A(p)) < W, |d(F(p). C).
Combining this with (4.15) and (4.13) gives the desired result (4.12), and the proof is
complete. O

To obtain one of the main results in this section, we still need the following lemma.

Lemma 4.3 Let « > 0, By > 0, and let r; be given by Lemma 3.1. Let rg, be defined by
(4.11). Then rg, > r.

Proof We consider the two cases namely: (i) « > fo and (i) « < Bp. In (i), since by
Lemma 3.2 r, is decreasing with respect to o, we have that r)y < r, < rg,. In (ii), since r};
is increasing with respect to & by Lemma 3.2, we have that r} < r;() < rg,. The proof is
complete. O

Then we have the following corollaries.

Corollary 4.3 Letn > 1,0 < A < oo and let C be a cone. Let py € M be such that W,
carries Tp, M onto R". Let

£ =W, Ild(F (po), C) (4.17)

and

W—l
o= MWy | ) (4.18)

&
1+ — DIW' I [ Lw)du
0

let by, ro be defined by (3.9). Let r} denote the smaller zero of the function ¢y defined by
(3.10).
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Suppose that DF satisfies the L-average Lipschitz condition on B(po, r’), and that

§ < min{by, A}. (4.19)

Then the same conclusions hold as in Theorem 3.1.

Proof Let By = || Wp’ol | and let rg, be defined by (4.11). Then, by Proposition 4.2(ii), we
know that pg is a quasi-regular point with the quasi-regular radius

rp, > min{ry, rg,} (4.20)

and the quasi-regular bound function

Bo

Bpo(t) < ———————— foreacht with0 <1 < min{r}, rg,}. 4.21)
1-— ﬂofL(u)du
0

Letr := min{r}, rg,}, and let ao(r) be defined by (3.17). Then we have from (3.35) (with g
replaced by By) that @ > «(r). Furthermore, it follows from Lemma 4.3 thatr = 7} <.
On the other hand, we note that 8,,(0) < By by (4.21) and so the & defined by (3.16) is
majorized by that defined by (4.17); thus (4.19) entails that (3.18) holds and Theorem 3.1 is

applicable. The proof is complete. O
Taking L(u) = L in Corollary 4.3, we get Corollary 4.4 below.

Corollary 4.4 Letn > 1,0 < A < oo, and let C be a cone. Let py € M be such that W,
carries TpoM onto R". Let & = r)IIWp_Ol ld(F(po), C). Write

R*_1+%n—lﬂMW@WE—JI—HWW%WS—MZ—DUMWﬁwaz

— 4.22)
LWy lIm

and

L= LIWRUE — /1= 2LIW, 1§ — G — DLIW,, 15)?
LWy Iné '

Suppose that DF is Lipschitz continuous on B(xg, R*) with modulus L, and that

1
f<min{————— A}
LWy ll(n+ 1)

Then the same conclusions hold as in Corollary 3.1.

(4.23)

Corollary 4.5 follows from Proposition 3.1 and Corollary 4.3.

Corollary 4.5 Letn > 1,0 < A < oo, and let C be a cone. Let py € M be such that W,
carries TpoM onto R". Let § = 77||Wp’0l ld(F(po), C) and

. Wy, (1 = y§)?
= DIWpl + (1= = DIWR DA — y8)2
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Set, as in (4.8),

e LHyE— VO +yE)? — 40 +a)yé
“ 2(1 +a)y

1= yE— V(U +yE)? -4+ a)yé

and

a = . (4.24)
L= 6+ (1 +y8)? -4 +a)yé
Suppose that F satisfies the y-condition at po in B(po, r}), and that
1+ 20 —2a(1
éfmin[ T o +a), A]. (4.25)
14

Then the same conclusions hold as in Corollary 3.2.

Recall that in [48], Robinson’s generalized Newton’s method is extended to solve the
inclusion problem on Riemannian manifolds, i.e., finding a point p* € M such that

F(p*) eC, (4.26)

where C is a nonempty closed convex cone in R” and F is a C! mapping from a manifold
M onto R". The extended Newton’s method for the inclusion problem (4.26) is defined as
follows.

Algorithm N(pg). Let po € M be given. For k = 0, 1, ..., having po, p1, ..., Pk,
determine py.1 as follows. If O (py) # ¥, choose vy € 6(py) such that

llvell := min{||v]| | v € 6(pk)} and set pri1 = exp,, vk, (4.27)
where, for each p € M, 6(p) is defined by
O(p) :={veT,M|F(p)+DF(p)veC}.

Hence, by Corollary 4.3 (with  and A replaced by 1 and oo, respectively), we obtain
Corollary 4.6 below, which has been presented in [48, Theorem 3.1].
Let rg and b > 0 be such that

ro ro

/L(u)du =1 and b:/L(u)udu.

0 0
Let £ > 0 and define the majorizing function ¢ by
t
¢(t) =& —t+ / L(u)(t —u)du foreacht > 0.
0
Thus

1

(1) =—1 +/L(u)du.

0

Let {z,} denote the Newton sequence for ¢ with initial point 7o = O generated by

il =ty — ¢ (1ty) '@ (1,) foreachn =0,1,....
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Recall from [51] (see also Lemma 3.1), if £ < b, ¢ has two zeros, denoted respectively by
r1 and rp, such that

ro
E<n <Z$<ro<r2,
and if & = b, then ¢ has a unique zero r in (&, +00) (in fact r; = rg).

Corollary 4.6 Let C be a cone, and let py € M be such that W, carries TpyM onto R".
Suppose that

& = I, Id(F(po), C) < b
and that
d(po.p)+L(c)
IWpo Il - IDF(q)Pe.g,p = DF(p)]| < / L(u)du (4.28)
d(po.p)

holds for any p, g € B(po, r1) and any geodesic c connecting p, q withd(po, p)+1(c) < r1.
Then, Algorithm N(po) is well-defined and any sequence {p,} so generated converges to
some p* such that F(p*) € C, and the following assertion holds for eachn =0, 1, .. .:

d(pn, P*) =ry —1In.
Proof Define

L(u) =

— L(u) foreachu > 0.
[Wpo ll

Let o = ||W,,‘O1 II. Replacing L(u) and « in (3.9) and Lemma 3.1 by L(u) and || Wp‘o1 Il
respectively, we get

boy =b, tyn=1, and r) =rj.

Furthermore, by (4.28), DF satisfies the L-average Lipschitz condition on B(py, ry).
Thus, Corollary 4.3 (with n and A replaced by 1 and oo, respectively) is applicable to con-
cluding that any sequence {p,} generated by Algorithm R(1, oo, pg) converges to some p*
such that F(p*) € C, and the following assertions hold for eachn =0, 1, .. .:

d(Pn,P*) Sr1—lagn=711—1I
and
F(pn) +DF (py)vy € C. (4.29)

To complete the proof, it’s sufficient to prove that Algorithm N(po) is well-defined and
any sequence so generated is also a sequence generated by Algorithm R(1, +o00, pg). Since
Wp, carries Tp, M onto R", we have 6(pg) # . Hence, there exists vg € 6(po) such that
lvoll = d(0,68(po)) and p; = exp y, 0. Noting that 8(pg) = Ao(po), by Remark 3.1,
p1 can be regarded as a point obtained by Algorithm R(1, 400, xo) at its first iteration.
Therefore, (4.29) holds for n = 1. Then, it follows from Remark 3.1 that there exists v; €
0(p1) = Axo(p1) such that ||vi|| = d(0,0(p1)) and pr = exp,, V1. Hence, p» is also a
point obtained by Algorithm R(1, +00, xo) at its second iteration. Inductively, we see that,
foreachn, ¥ # 6(p,) = Aoco(pn), and this means that Algorithm N(po) is well-defined and
any sequence { p, } so generated is also a sequence generated by Algorithm R(1, oo, pp). The
proof is complete. 0
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