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Abstract A notion of quasi-regularity is extended for the inclusion problem F(p) ∈ C ,
where F is a differentiable mapping from a Riemannian manifold M to R

n . When C is
the set of minimum points of a convex real-valued function h on R

n and DF satisfies the
L-average Lipschitz condition, we use the majorizing function technique to establish the
semi-local convergence of sequences generated by the Gauss-Newton method (with quasi-
regular initial points) for the convex composite function h ◦ F on Riemannian manifold. Two
applications are provided: one is for the case of regularities on Riemannian manifolds and
the other is for the case when C is a cone and DF(p0)(·) − C is surjective. In particular, the
results obtained in this paper extend the corresponding one in Wang et al. (Taiwanese J Math
13:633–656, 2009).
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1 Introduction

Let F be a nonlinear Fréchet differentiable mapping from R
m to R

n and h be a real-val-
ued convex function on R

n . Consider the following convex composite optimization problem
on R

m :

min
x∈Rm

f (x) := h(F(x)). (1.1)

This problem has received a great deal of attention. A wide variety of its applications can
be found throughout the mathematical programming literature especially in convex inclu-
sion, minimax problems, penalization methods and goal programming [6,14,15,32,44]. As
in [7,24,28], the study of (1.1) naturally relates to the convex inclusion problem

F(x) ∈ C, (1.2)

where C := argmin h, the set of all minimum points of h. In [24], a notion of quasi-regularity
for x0 ∈ R

m with respect to the inclusion (1.2) was introduced. This new notion covers the
case of regularity studied by Burke and Ferris [7] as well as the case when F ′(x0)(·) − C is
surjective, presented by Robinson [41]. More importantly, in [24], the notions of the quasi-
regular radius rx0 and of the quasi-regular bound function βx0 attached to each quasi-regular
point x0 were introduced, and it was established that if the initial point x0 is a quasi-regular
point with (rx0 , βx0) and if F ′ satisfies a Lipschitz type condition, then the Gauss–New-
ton sequence {xn} provided by the following well-known Algorithm GN(η,�, x0) (cf.
[7,21,28,55]) converges at a quadratic rate to some x∗ with F(x∗) ∈ C (in particular, x∗
solves (1.1)).

Algorithm GN(η,�, x0). Let η ≥ 1, 0 < � ≤ ∞, and for each x ∈ Rm define ��(x)

by

��(x) := {d ∈ R
m | ‖d‖ ≤ �, h(F(xk) + F ′(xk)d) ≤ h(F(xk)

+F ′(xk)d
′) ∀d ′ ∈ R

m with ‖d ′‖ ≤ �}.
Let x0 ∈ R

m be given. For k = 0, 1, . . ., having x0, x1, . . . , xk , determine xk+1 as follows.
If 0 ∈ ��(xk) then stop; if 0 /∈ ��(xk), choose dk such that dk ∈ ��(xk) and

‖dk‖ ≤ ηd(0, ��(xk)),

and set xk+1 = xk + dk , where d(x,�) denotes the distance from x to � in R
m .

Note that ��(x) is nonempty and is the solution set of the following convex optimization
problem

min
d∈Rm ,‖d‖≤�

h(F(x) + F ′(x)d).

which can be solved by standard methods such as the subgradient method, the cutting plane
method, the bundle method etc (cf. [20]).

Several problems related to numerical linear algebra can be expressed as optimizing a
smooth function defined on a Riemannian manifold [3,36,37]. Applications appear in various
areas, including computer vision [31], machine learning [34], maximum likelihood estimation
[45,56], electronic structure computation [30], system balancing [19], model reduction [57],
and robot manipulation [18]. A lot of algorithms such as steepest descent method, trust-region
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method, conjugate gradient method and so on have been extended to solve optimization prob-
lems on Riemannian manifolds (see, e.g., [1,23,46,47] and the references therein). Among
these methods, Newton’s method is one of the most powerful and simplest method. The
convergence properties of Newton’s method have been extensively explored in ([9,13,25–
27,33,49] and the references therein). On the other hand, monotonicity notions in Banach
spaces have been extended to Riemannian manifolds and a proximal-type method to find
singular points has been developed for multivalued vector fields on Riemannian manifolds
with nonpositive sectional curvatures, i.e., on Hadamard manifolds; see, e.g., [12,23] with
other references. Furthermore, various derivative-like and subdifferential constructions for
nondifferentiable functions on spaces with no linear structure are developed in ([2,11,22,29]
and the references therein) and applied therein to the study of constrained optimization prob-
lems, nonclassical problems of the calculus of variations and optimal control, and generalized
solutions to the first-order partial differential equations on Riemannian manifolds and other
important classes of spaces with no linearity.

Motivated by what have been mentioned above, the purpose of the present paper is to
extend the Gauss–Newton method to Riemannian manifold to solve the convex composite
optimization on Riemannian manifold M which is formulated as follows:

min
p∈M

f (p) := h(F(p)), (1.3)

where h is same as defined above and F is a differentiable mapping from M to R
n . As

mentioned before, the study of (1.3) naturally relates to the convex inclusion problem

F(p) ∈ C,

where C = argmin h, the set of all minimum points of h. The extended Gauss–Newton
method for convex composite optimization problem on Riemannian manifold (1.3) is defined
as follows.

Algorithm R(η,�, p0). Let η ≥ 1, 0 < � ≤ ∞. Let p0 ∈ M be given. For k = 0, 1, . . .,
having p0, p1, . . . , pk , determine pk+1 as follows.

If 0 ∈ ��(pk) then stop; if 0 /∈ ��(pk), choose vk such that vk ∈ ��(pk) and

‖vk‖ ≤ ηd(0,��(pk)),

and set pk+1 = exppk
vk , where for each p ∈ M,��(p) is defined by

��(p) := {v ∈ Tp M | ‖v‖ ≤ �, h(F(p) + DF(p)v) ≤ h(F(p)

+DF(p)v′)∀v′ ∈ Tp M with ‖v′‖ ≤ �}.
In the present paper, the notions of the quasi-regularity for p0 ∈ M , the quasi-regular

radius rp0 and the quasi-regular bound function βp0 attached to quasi-regular point p0 are
extended to Riemannian manifolds. Our main results presented in section 3 show that if
the initial point p0 is a quasi-regular point with (rp0 , βp0) and if DF satisfies a Lipschitz
type condition, then the Gauss–Newton sequence {pn} generated by Algorithm R(η,�, p0)

converges at a quadratic rate to some p∗ with F(p∗) ∈ C (in particular, p∗ solves (1.3)).
Furthermore, two applications to special cases are provided in section 4: one is for the case
of regularities on Riemannian manifolds and the other is for the case when C is a cone
and DF(p0)(·) − C is surjective. In particular, the results obtained in section 4 extend the
corresponding one in [48].
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2 Notions and preliminaries

The notations and notions about smooth manifolds used in the present paper are standard,
see for example [10,17].

Let M be a complete connected m-dimensional Riemannian manifold with the Levi-
Civita connection ∇ on M . Let p ∈ M , and let Tp M denote the tangent space at p to M .
Let 〈·, ·〉 be the scalar product on Tp M with the associated norm ‖ · ‖p , where the subscript
p is sometimes omitted. For any two distinct elements p, q ∈ M , let c : [0, 1] → M
be a piecewise smooth curve connecting p and q . Then the arc-length of c is defined by
l(c) := ∫ 1

0 ‖ c′(t) ‖ dt , and the Riemannian distance from p to q by d(p, q) := infc l(c),
where the infimum is taken over all piecewise smooth curves c : [0, 1] → M connecting p
and q . Thus, by the Hopf–Rinow Theorem (see [10]), (M, d) is a complete metric space and
the exponential map at p, expp : Tp M → M is well-defined on Tp M .

Recall that a geodesic c in M connecting p and q is called a minimizing geodesic if its
arc-length equals its Riemannian distance between p and q . Clearly, a curve c : [0, 1] → M
is a minimizing geodesic connecting p and q if and only if there exists a vector v ∈ Tp M
such that ‖v‖ = d(p, q) and c(t) = expp(tv) for each t ∈ [0, 1].

Let c : R → M be a C∞ curve and let Pc,·,· denote the parallel transport along c, which
is defined by

Pc,c(b),c(a)(v) = V (c(b)), ∀a, b ∈ R and v ∈ Tc(a)M,

where V is the unique C∞ vector field satisfying ∇c′(t)V = 0 and V (c(a)) = v. Then,
for any a, b ∈ R, Pc,c(b),c(a) is an isometry from Tc(a)M to Tc(b)M . Note that, for any
a, b, b1, b2 ∈ R,

Pc,c(b2),c(b1) ◦ Pc,c(b1),c(a) = Pc,c(b2),c(a) and P−1
c,c(b),c(a) = Pc,c(a),c(b).

In particular, we write Pq,p for Pc,q,p in the case when c is a minimizing geodesic connecting
p and q . Let C1(T M) denote the set of all the C1-vector fields on M and Ci (M) the set of
all Ci -functions from M to R (i = 0, 1, where C0-mappings mean continuous mappings),
respectively. Let F : M → R

n be a C1 function such that

F = (F1, F2, . . . , Fn)

with Fi ∈ C1(M) for each i = 1, 2, . . . , n. Let ∇ be the Levi-Civita connection on M , and
let X ∈ C1(T M). Following [9] (see also [27]), the derivative of F along the vector field X
is defined by

∇X F = (∇X F1,∇X F2, . . . ,∇X Fn) = (X (F1), X (F2), . . . , X (Fn)).

Thus, the derivative of F is a mapping DF : (C1(T M)) → (C0(M))n defined by

DF(X) = ∇X F for each X ∈ C1(T M). (2.1)

We use DF(p) to denote the derivative of F at p. Let v ∈ Tp M . Taking X ∈ C1(T M)

such that X (p) = v, and any nontrivial smooth curve c : (−ε, ε) → M with c(0) = p and
c′(0) = v, one has that

DF(p)v := DF(X)(p) = ∇X F(p) =
(

d

dt
(F ◦ c)(t)

)

t=0
, (2.2)

which only depends on the tangent vector v.
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Let Z be a Banach space or a Riemannian manifold. We use BZ (p, r) and BZ (p, r) to
denote respectively the open metric ball and the closed metric ball at p with radius r , that is,

BZ (p, r) := {q ∈ Z | d(p, q) < r} and BZ (p, r) := {q ∈ Z | d(p, q) ≤ r}.
We often omit the subscript Z if no confusion occurs.

3 Quasi-regularity and convergence criterion

The notion of the quasi-regular point was first introduced by Li and Ng in [24] for the study
of convergence issue of convex composite optimization on R

n . Below we extend this notion
to Riemannian manifolds.

Let C be a closed convex set in R
n . Consider the inclusion

F(p) ∈ C. (3.1)

Let p ∈ M and

�(p) := {v ∈ Tp M | F(p) + DF(p)v ∈ C}. (3.2)

Remark 3.1 In the case when C is the set of all minimum points of h and if there exists
v0 ∈ Tp M with ‖v0‖ ≤ � such that v0 ∈ �(p), then v0 ∈ ��(p) and for each v ∈ Tp M
with ‖v‖ ≤ � one has

v ∈ ��(p) ⇐⇒ v ∈ �(p) ⇐⇒ v ∈ �∞(p). (3.3)

Definition 3.1 A point p0 ∈ M is called a quasi-regular point of the inclusion (3.1) if there
exist r > 0 and an increasing positive-valued function β on [0, r) such that

�(p) �= ∅ and d(0,�(p)) ≤ β(d(p0, p)) d(F(p), C) for all p ∈ B(p0, r). (3.4)

Following [24], let rp0 denote the supremum of r such that (3.4) holds for some increas-
ing positive-valued function β on [0, r). Let r ∈ [0, rp0 ] and let Br (p0) denote the set of all
increasing positive-valued function β on [0, r) such that (3.4) holds. Define

βp0(t) = inf{β(t) : β ∈ Brp0
(p0)} for each t ∈ [0, rp0). (3.5)

Note that each β ∈ Br (p0) with limt→r− β(t) < +∞ can be extended to an element of
Brp0

(p0). From this we can verify that

βp0(t) = inf{β(t) : β ∈ Br (p0)} for each t ∈ [0, r). (3.6)

We call rp0 and βp0 respectively the quasi-regular radius and the quasi-regular bound
function of the quasi-regular point p0.

Let L be a positive-valued increasing integrable function on [0,+∞). The notion of Lips-
chitz condition with the L average for operators from Banach spaces to Banch spaces was
first introduced in [51] by Wang for the study of Smale’s point estimate theory, where the
terminology “the center Lipschitz condition in the inscribed sphere with L average” was used
(see [51]). Recently, this notion has been extended and applied to sections on Riemannian
manifolds in [27]. Note that a mapping F : M → R

n is a special example of sections.
Definition 3.2 below is a slight modification of the corresponding one in [27] for mappings
on Riemannian manifolds.
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Definition 3.2 Let r > 0 and p0 ∈ M . DF is said to satisfy

(i) the center L-average Lipschitz condition on B(p0, r), if for any point p ∈ B(p0, r) and
any geodesic c connecting p0, p with l(c) < r , we have

‖DF(p)Pc,p,p0 − DF(p0)‖ ≤
l(c)∫

0

L(u)du; (3.7)

(ii) the L-average Lipschitz condition on B(p0, r), if for any two points p, q ∈ B(p0, r)

and any geodesic c connecting p, q with d(p0, p) + l(c) < r , we have

‖DF(q)Pc,q,p − DF(p)‖ ≤
d(p0,p)+l(c)∫

d(p0,p)

L(u)du. (3.8)

Obviously, the L-average Lipschitz condition implies the center L-average Lipschitz con-
dition.

Let α > 0, and let rα > 0 and bα > 0 be such that

α

rα∫

0

L(u) du = 1 and bα = α

rα∫

0

L(u)u du (3.9)

(thus bα < rα). Let ξ ≥ 0 and define

φα(t) = ξ − t + α

t∫

0

L(u)(t − u) du for each t ≥ 0. (3.10)

Thus

φ′
α(t) = −1 + α

t∫

0

L(u) dufor each t ≥ 0. (3.11)

Let tα,n denote the sequence generated by Newton’s method for φα with the initial point
tα,0 = 0:

tα,n+1 = tα,n − φ′
α(tα,n)−1φα(tα,n) n = 0, 1, . . . . (3.12)

In particular, by (3.10) and (3.11),

tα,1 = ξ. (3.13)

Below we list a series of useful lemmas for our propose, where Lemma 3.1 is taken from
[51] (see also [24]), while Lemmas 3.2 and 3.3 from [24].

Lemma 3.1 Suppose that 0 < ξ ≤ bα . Then bα < rα and the following assertions hold:

(i) φα is strictly decreasing in [0, rα] and strictly increasing in [rα,∞) with

φα(ξ) > 0, φα(rα) = ξ − bα ≤ 0, φα(∞) ≥ ξ > 0. (3.14)

Moreover, if ξ < bα, φα has two zeros, denoted respectively by r∗
α and r∗∗

α , such that

ξ < r∗
α <

rα

bα

ξ < rα < r∗∗
α , (3.15)

and, if ξ = bα, φα has a unique zero r∗
α in (ξ,∞) (in fact r∗

α = rα).
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(ii) {tα,n} is strictly monotonically increasing and converges to r∗
α .

(iii) The convergence of {tα,n} is of quadratic rate if ξ < bα , and linear if ξ = bα .

Lemma 3.2 Let rα , bα and φα be defined by (3.9) and (3.10). Let α′ > α with the corre-
sponding φα′ . Then the following assertions hold.

(i) The functions α �→ rα and α �→ bα are strictly decreasing on (0,∞).
(ii) φα < φα′ on (0,∞).

(iii) The function α �→ r∗
α is strictly increasing on the interval I (ξ), where I (ξ) denotes

the set of all α > 0 such that ξ ≤ bα .

Lemma 3.3 Define

ωα(t) = φ′
α(t)−1φα(t) t ∈ [0, r∗

α).

Suppose that 0 < ξ ≤ bα . Then ωα is increasing on [0, r∗
α).

We assume throughout the remainder of this paper that C is the set of all minimum points
of h. Let p0 ∈ M be a quasi-regular point of the inclusion (3.1) with the quasi-regular radius
rp0 and the quasi-regular bound function βp0 . Let η ∈ [1,∞) and let

ξ := ηβp0(0) d(F(p0), C). (3.16)

For all r ∈ (0, rp0 ], we define

α0(r) := sup

{
ηβp0(t)

ηβp0(t)
∫ t

0 L(u) du + 1
: ξ ≤ t < r

}

(3.17)

with the usual convention that sup ∅ = −∞.
Now, we are ready to give the main theorem of this section whose proof is a modification

of the one for [24, Theorem 4.1] to suit the Riemannian manifold setting.

Theorem 3.1 Let η ≥ 1 and 0 < � ≤ ∞. Let p0 ∈ M be a quasi-regular point of the
inclusion (3.1) with the quasi-regular radius rp0 and the quasi-regular bound function βp0 .
Let ξ > 0, 0 < r ≤ rp0 and α0(r) be defined by (3.17). Let α ≥ α0(r) be a positive constant
and let bα, rα be defined by (3.9). Let r∗

α denote the smaller zero of the function φα defined by
(3.10). Suppose that DF satisfies the L-average Lipschitz condition on B(p0, r∗

α), and that

ξ ≤ min{bα,�} and r∗
α ≤ r. (3.18)

Let {pn} denote the sequence generated by Algorithm R(η,�, p0). Then, {pn} converges
to some p∗ such that F(p∗) ∈ C, and the following assertions hold for each n = 0, 1, . . . :

d(pn, p∗) ≤ r∗
α − tα,n (3.19)

and

F(pn) + DF(pn)vn ∈ C. (3.20)

Proof To complete the proof, it’s sufficient to prove that for each n = 0, 1, . . . :

d(pn, pn+1) ≤ ‖vn‖ ≤ tα,n+1 − tα,n (3.21)

and (3.20) holds. Granting this, {pn} is a Cauchy sequence by the monotonicity of {tn} and
hence converges to some p∗ such that F(p∗) ∈ C , and (3.19) holds.
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We proceed by mathematical induction. By (3.18), (3.13) and Lemma 3.1, one has that,
for each n,

ξ ≤ tα,n < r∗
α ≤ r ≤ rx0 . (3.22)

By the quasi-regularity assumption, it follows that

�(p) �= ∅ and d(0,�(p)) ≤ βp0(d(p0, p)) d(F(p), C) for each p ∈ B(p0, r).

(3.23)

In particular, �(p0) �= ∅ and

ηd(0,�(p0)) ≤ ηβp0(d(p0, p0)) d(F(p0), C) = ηβp0(0)d(F(p0), C) = ξ ≤ �.

(3.24)

Since η ≥ 1, it follows that d(0,�(p0)) ≤ � and so there exists v ∈ Tp0 M with ‖v‖ ≤ �

such that F(p0) + DF(p0)v ∈ C . Consequently, by Remark 3.1,

��(p0) = {v ∈ Tp0 M |‖v‖ ≤ �, F(p0) + DF(p0)v ∈ C}
and

d(0,��(p0)) = d(0,�(p0)).

Then, by the definition of Algorithm R(η,�, p0) and (3.24), we can choose v0 ∈ ��(p0)

such that

‖v0‖ ≤ ηd(0,��(p0)) = ηd(0,�(p0)) ≤ ηβp0(0)d(F(p0), C) = ξ = tα,1 − tα,0,

which implies that (3.21) and (3.20) hold for n = 0. Assume that (3.21) and (3.20) hold for
each n ∈ {0, 1, . . . , k − 1} and define the geodesic c : [0, 1] → M by

c(τ ) = exppk−1
τvk−1 τ ∈ [0, 1]. (3.25)

Note that

d(p0, pk) ≤
k∑

i=1

d(pi , pi−1) ≤
k∑

i=1

(tα,i − tα,i−1) = tα,k (3.26)

and

d(pk−1, p0) ≤ tα,k−1 ≤ tα,k . (3.27)

It follows from (3.25) and (3.22) that c(τ ) ∈ B(p0, r∗
α) ⊆ B(p0, r) for each τ ∈ [0, 1].

Hence (3.23) holds for p = pk , namely,

�(pk) �= ∅ and d(0,�(pk)) ≤ βp0(d(pk, p0)) d(F(pk), C). (3.28)

We claim that

ηd(0,�(pk)) ≤ tα,k+1 − tα,k . (3.29)
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To do this, using (3.20) for n = k − 1 and the fact that DF satisfies L-average Lipschitz
condition on B(p0, r∗

α), we have by (3.28) that

ηd(0,�(pk)) ≤ ηβp0(d(p0, pk))d(F(pk), C)

≤ ηβp0(d(p0, pk))‖F(pk) − F(pk−1) − DF(pk−1)vk−1‖

≤ ηβp0(d(p0, pk))

∥
∥
∥
∥
∥
∥

1∫

0

(DF(c(τ ))Pc,c(τ ),pk−1 − DF(pk−1))vk−1 dτ

∥
∥
∥
∥
∥
∥

≤ ηβp0(d(p0, pk))

1∫

0

⎛

⎜
⎝

τ‖vk−1‖+d(pk−1,p0)∫

d(pk−1,p0)

L(u) du

⎞

⎟
⎠ ‖vk−1‖ dτ

= ηβp0(d(p0, pk))

⎛

⎜
⎝

‖vk−1‖∫

0

L(d(pk−1, p0) + u)(‖vk−1‖ − u) du

⎞

⎟
⎠

≤ ηβp0(tα,k)

⎛

⎜
⎝

‖vk−1‖∫

0

L(tα,k−1 + u)(‖vk−1‖ − u) du

⎞

⎟
⎠ ,

where the last inequality is valid because L and βx0 are increasing and thanks to (3.26) and
(3.27). Hence, it follows that

ηd(0,�(pk)) ≤ ηβp0(tα,k)

tα,k−tα,k−1∫

0

L(tα,k−1 + u)(tα,k − tα,k−1 − u)du

= ηβp0(tα,k)φα(tα,k)

α
. (3.30)

On the other hand, by (3.22) and (3.17),

ηβp0(tα,k)

α0(r)
≤

⎛

⎝1 − α0(r)

tα,k∫

0

L(u) du

⎞

⎠

−1

.

Since α ≥ α0(r) and by (3.11), it follows that

ηβp0(tα,k)

α
≤

⎛

⎝1 − α

tα,k∫

0

L(u) du

⎞

⎠

−1

= −(φ′
α(tα,k))

−1. (3.31)

Combining (3.30) and (3.31) together with (3.12), (3.29) is seen to hold. Moreover by
Lemma 3.3 and (3.18), we have

tα,k+1 − tα,k = −φ′
α(tα,k)

−1φα(tα,k) ≤ −φ′
α(tα,0)

−1φα(tα,0) = ξ ≤ �,

so (3.29) implies that d(0,�(pk)) ≤ �. Hence there exists v ∈ Tpk M with ‖v‖ ≤ � such
that F(pk) + DF(pk)v ∈ C . Consequently, by Remark 3.1,

��(pk) = {v ∈ Tpk M |‖v‖ ≤ �, F(pk) + DF(pk)v ∈ C}
and

d(0,��(pk)) = d(0,�(pk)).
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Choosing vk ∈ ��(pk) according to Algorithm R(η,�, p0), it follows that (3.20) holds
for n = k. Furthermore, one has that

‖vk‖ ≤ ηd(0,��(pk)) = ηd(0,�(pk)).

This with (3.29) yields that (3.21) holds for n = k. The proof of the theorem is com-
plete. ��

Remark 3.2 A more convenient condition than (3.18) is

ξ ≤ min{bα,
bα

rα

r, �}. (3.32)

In fact, by (3.15) and (3.32), we have

r∗
α ≤ rα

bα

ξ ≤ r. (3.33)

Hence (3.32) �⇒ (3.18).

Remark 3.3 Let 0 < r ≤ rp0 , β0 > 0 and 0 ≤ β ≤ β0. Below we consider one important
class of quasi-regular bound function βp0 satisfying

βp0(t) ≤ β0

1 − β
t∫

0
L(u)du

for each t ∈ [0, r). (3.34)

Then, we have

α0(r) ≤ ηβ0

1 + (ηβ0 − β)
ξ∫

0
L(u)du

. (3.35)

In fact by (3.34), for each t ∈ [ξ, r), we have

η

t∫

0

L(u) du + 1

βx0(t)
≥ 1

β0
+

(

η − β

β 0

) t∫

0

L(u) du ≥ 1

β0
+

(

η − β

β 0

) ξ∫

0

L(u) du,

that is,

βx0(t)

1 + ηβx0(t)
t∫

0
L(u)du

≤ β0

1 + (ηβ0 − β)
ξ∫

0
L(u)du

.

Hence, (3.35) follows by the definition of α0(r) in (3.17).

We specialize our results in two important cases: the classical Lipschitz condition
and the γ -condition, which have been used extensively in the study of convergence of
Newton’s method both in Banach spaces and Riemannian manifolds, see for example
[25–27,48,49,51–54].

First, we consider the classical Lipschitz condition.
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Corollary 3.1 Let η ≥ 1, β0 > 0 and 0 < � ≤ ∞. Let 0 ≤ β ≤ β0.
Let p0 ∈ M be a quasi-regular point of the inclusion (3.1) with the quasi-regular radius

rp0 and the quasi-regular bound function βp0 . Let 0 < r ≤ rp0 . Suppose that

βp0(t) ≤ β0

1 − βLt
for each t ∈ [0, r).

Let ξ = ηβd(F(p0), C),

R∗ = 1 + (ηβ0 − β)Lξ − √[1 + (ηβ0 − β)Lξ ][1 − (ηβ0 + β)Lξ ]
Lηβ0

(3.36)

and

Q = 1 − βLξ − √[1 + (ηβ0 − β)Lξ ][1 − (ηβ0 + β)Lξ ]
Lηβ0ξ

.

Suppose that DF is Lipschitz continuous on B(p0, R∗) with modulus L, that is,

‖DF(p2)Pc,p2,p1 − DF(p1)‖ ≤ Ld(p1, p2) (3.37)

holds for each p1, p2 ∈ B(p0, R∗) and any geodesic c connecting p1, p2. Suppose that

ξ ≤ min

{
1

Lβ0η + Lβ
, �

}

and r ≥ R∗. (3.38)

Let {pn} denote the sequence generated by Algorithm R(η,�, p0). Then {pn} converges to
some p∗ with F(p∗) ∈ C and the following assertion holds:

d(pn, p∗) ≤ Q2n−1

∑2n−1
i=0 Qi

R∗ for each n = 0, 1, . . . . (3.39)

Proof Let α = ηβ0
1+(ηβ0−β)Lξ

. Let α0(r) be defined by (3.17) with L(u) ≡ L . Then, we have
from (3.35) that

α ≥ ηβp0(t)

1 + ηβp0(t)Lt
for each t ∈ [ξ, r).

Hence α ≥ α0(r) by (3.17). Noting that L(u) ≡ L , and by (3.9), (3.10), we have that,

rα = 1

αL
, bα = 1

2αL
(3.40)

and

φα(t) = ξ − t + αL

2
t2 for each t ≥ 0.

Moreover, if ξ ≤ 1
2αL , then the zeros of φα are given by

r∗
α

r∗∗
α

}

= 1 ∓ √
1 − 2αLξ

αL
. (3.41)

It is also known (see for example [16,35,50]) that {tα,n} has the closed form

tα,n = 1 − q2n−1
α

1 − q2n
α

r∗
α for each n = 0, 1, . . . , (3.42)
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where

qα := r∗
α

r∗∗
α

= 1 − √
1 − 2αLξ

1 + √
1 − 2αLξ

. (3.43)

Moreover, by (3.40)–(3.43), one has that

r∗
α = R∗, qα = Q, rα = 1 + (ηβ0 − β)Lξ

Lηβ0
, bα = 1 + (ηβ0 − β)Lξ

2Lηβ0
(3.44)

and

tα,n = 1 − Q2n−1

1 − Q2n R∗. (3.45)

Hence condition (3.18) is equivalent to the three inequalities together:

ξ ≤ 1 + (ηβ0 − β)Lξ

2Lηβ0
, ξ ≤ � and r∗

α ≤ r

and is hence, by (3.44), also equivalent to condition (3.38). Thus we apply Theorem 3.1
to conclude that the sequence {pn} converges to some p∗ with F(p∗) ∈ C and, for each
n = 1, 2, . . . ,

d(pn, p∗) ≤ r∗
α − tα,n .

Noting, by (3.44) and (3.45), that

r∗
α − tα,n =

(

1 − 1 − Q2n−1

1 − Q2n

)

R∗ = Q2n−1

∑2n−1
i=0 Qi

R∗,

it follows that (3.39) holds and the proof is complete. ��
Let k, κ be positive integers such that k ≤ κ . Let F : M → R

n be a Cκ -mapping. Fol-
lowing [27] (see also [9,48]), we define inductively the derivative of order k for F . Recall
that ∇ is the Levi-Civita connection on M . Let Cκ (T M) denote the set of all the Cκ -vector
fields on M and Cκ (M) the set of all Cκ -mappings from M to R, respectively.

Recall from (2.1) that the mapping D1 F = DF : (Cκ (T M))1 → Cκ−1(M) is defined by

DF(X) = ∇X (F) for each X ∈ Cκ (T M).

Define the mapping Dk F : (Cκ (T M))k → Cκ−k(M) by

Dk F(X1, . . . , Xk−1, Xk)

= ∇Xk (D
k−1 F(X1, . . . , Xk−1)) −

k−1∑

i=1

Dk−1 F(X1, . . . ,∇Xk Xi , . . . , Xk−1)

for each X1, . . . , Xk−1, Xk ∈ Cκ (T M).
Then, one can use mathematical induction to prove easily that Dk F(X1, . . . , Xk) is ten-

sorial with respect to each component Xi , that is, k multi-linear map from (Cκ (T M))k to
Cκ−k(M), where the linearity refers to the structure of Ck(M)-module. This implies that
the value of Dk F(X1, . . . , Xk) at p ∈ M only depends on the k-tuple of tangent vectors
(v1, . . . , vk) = (X1(p), . . . , Xk(p)) ∈ (Tp M)k . Consequently, for a given p ∈ M , the map
Dk F(p) : (Tp M)k → R

n , defined by

Dk F(p)v1 . . . vk := Dk F(X1, . . . , Xk)(p) for any (v1, . . . , vk) ∈ (Tp M)k,
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is well-defined, where Xi ∈ Cκ (T M) satisfy Xi (p) = vi for each i = 1, . . . , k.
Let r > 0 and γ > 0 be such that rγ < 1.

Definition 3.3 F is said to satisfy the γ -condition at p0 in B(p0, r), if for any two points
p, q ∈ B(p0, r), any geodesic c connecting p, q with d(p0, p) + l(c) < r , one has

‖D2 F(q)‖ ≤ 2γ

(1 − γ (d(p0, p) + l(c)))3 . (3.46)

Let L be the function defined by

L(u) = 2γ

(1 − γ u)3 for each u with 0 ≤ u <
1

γ
. (3.47)

The following proposition shows that the γ -condition implies the L-average Lipschitz
condition. Noting that the mapping F is a special example of the section, so Proposition 3.1
below is a direct consequence of [27, Proposition 5.1] (see also [48] for a direct proof).

Proposition 3.1 Suppose that F satisfies the γ -condition at p0 in B(p0, r). Then DF satisfies
the L-average Lipschitz condition in B(p0, r) with L given by (3.47).

According to the L defined by (3.47), one has from (3.9), (3.10) and elementary calculation
(cf. [54]) that for all α > 0,

rα =
(

1 −
√

α

1 + α

)
1

γ
, bα =

(
1 + 2α − 2

√
α(1 + α)

) 1

γ
(3.48)

and

φα(t) = ξ − t + αγ t2

1 − γ t
for each t with 0 ≤ t <

1

γ
. (3.49)

Thus, from [51] (see also [24]), we have the following lemma.

Lemma 3.4 Let α > 0. Assume that ξ ≤ bα , namely,

γ ξ ≤ 1 + 2α − 2
√

α(1 + α). (3.50)

Then the following assertions hold:

(i) φα has two zeros given by

r∗
α

r∗∗
α

}

= 1 + γ ξ ∓ √
(1 + γ ξ)2 − 4(1 + α)γ ξ

2(1 + α)γ
; (3.51)

(ii) the sequence {tα,n} generated by Newton′s method for φα with the initial point tα,0 = 0
has the closed form:

tα,n = 1 − q2n−1
α

1 − q2n−1
α pα

r∗
α for each n = 0, 1, . . . , (3.52)

where

qα :=1 − γ ξ − √
(1 + γ ξ)2 − 4(1 + α)γ ξ

1 − γ ξ + √
(1 + γ ξ)2 − 4(1 + α)γ ξ

and

pα :=1 + γ ξ − √
(1 + γ ξ)2 − 4(1 + α)γ ξ

1 + γ ξ + √
(1 + γ ξ)2 − 4(1 + α)γ ξ

. (3.53)
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Corollary 3.2 Let η ≥ 1, β0 > 0 and 0 < � ≤ ∞. Let 0 ≤ β ≤ β0. Let p0 ∈ M be a quasi-
regular point of the inclusion (3.1) with the quasi-regular radius rp0 and the quasi-regular
bound function βp0 . Let 0 < r ≤ rp0 . Suppose that

βp0(t) ≤ β0(1 − γ t)2

(1 + β)(1 − γ t)2 − β
for each t ∈ [0, r).

Let ξ = ηβ0d(F(p0), C) and

α = ηβ0(1 − γ ξ)2

[1 − (ηβ0 − β)](1 − γ ξ)2 + (ηβ0 − β)
. (3.54)

Set

r∗
α = 1 + γ ξ − √

(1 + γ ξ)2 − 4(1 + α)γ ξ

2(1 + α)γ
and

qα = 1 − γ ξ − √
(1 + γ ξ)2 − 4(1 + α)γ ξ

1 − γ ξ + √
(1 + γ ξ)2 − 4(1 + α)γ ξ

.

Suppose that F satisfies the γ -condition at p0 in B(p0, r∗
α), and that

ξ ≤ min

{
1 + 2α − 2

√
α(1 + α)

γ
, �

}

and r∗
α ≤ r. (3.55)

Let {pn} denote the sequence generated by Algorithm R(η,�, p0). Then, {pn} converges
to some p∗ such that F(p∗) ∈ C, and the following assertion holds for each n = 0, 1, . . .:

d(pn, p∗) ≤ qα
2n−1r∗

α. (3.56)

Proof By assumption and Proposition 3.1, we have that DF satisfies the L-average Lipschitz
condition in B(p0, r∗

α) with L given by (3.47). According to the L given by (3.47), we have
∫ ξ

0 L(u) du = (1 − γ ξ)−2 − 1 and so that the α given by (3.54) satisfies α ≥ α0(r) thanks to
(3.35). Furthermore, corresponding to the L given by (3.47), it follows from (3.48) that (3.55)
is equivalent to (3.18). Thus, Theorem 3.1 is applicable to concluding that {pn} converges
to some p∗ such that F(p∗) ∈ C , and d(pn, p∗) ≤ r∗

α − tα,n holds for each n = 0, 1, . . ..
Noting that by (3.52), one has

r∗
α − tα,n = q2n−1

α (1 − pα)

1 − q2n−1
α pα

r∗
α ≤ qα

2n−1r∗
α.

Hence (3.56) follows from (3.19). The proof of the corollary is complete. ��

We end this section with a conclusion remark.

Remark 3.4 It is known in [27] that if F is analytic, then F satisfies the γ -condition with

γ = supk≥2

∥
∥
∥Dk F(p)

k!
∥
∥
∥

1
k−1

p
. Hence, we can also use the standard technique to obtain the

Smale’s type theory and establish the theory about the Smale’s approximate zeros as that in
[27]. However, the technique is very similar and so is omitted here.
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4 Applications

This section is devoted to two applications: one is for the case of regularities on Riemannian
manifolds and the other is for the case when C is a cone and DF(p0)(·) − C is surjective. In
particular, the results obtained in this section extends the corresponding one in [48].

Let � ⊂ R
n and write

�� = {z ∈ R
n | 〈w, z〉 ≤ 0 for each w ∈ �}.

Let A0 ∈ R
n×m . We use ker(A0) to denote the kernel of A0. Recall that F : M → R

n is a
C1 mapping. The following definition extends the notion of regular point in [4,5,38,39,44]
to the Riemannian manifold setting.

Definition 4.1 A point p0 ∈ M is a regular point of the inclusion (3.1) if

ker(DF(p0)
∗) ∩ (C − F(p0))

� = {0}, (4.1)

where DF(p0)
∗ is the conjugate operator of DF(p0).

Proposition 4.1 below extends the corresponding one in [8] to Riemannian manifolds. First,
we need the following lemma which is a consequence of [8, Lemma 3.2 and Proposition 3.3].

Lemma 4.1 Let a0 ∈ R
n and A0 ∈ R

n×m. If ker(AT
0 ) ∩ (C − a0)

� = {0}. Then there exist
β0 > 0 and open neighborhoods U1 ⊂ R

n, U2 ⊂ R
n×m with a0 ∈ U1 and A0 ∈ U2 such

that for each (a, A) ∈ U1 × U2, we have

�̄(a, A) := {u ∈ R
m | a + Au ∈ C} �= ∅ and d(0, �̄(a, A)) ≤ β0d(a, C). (4.2)

Proposition 4.1 Let p0 be a regular point of (3.1). Then there are constants r > 0 and
β0 > 0 such that (3.4) holds for r and β(·) = β0; consequently, p0 is a quasi-regular point
with the quasi-regular radius rp0 ≥ r and the quasi-regular bound function βp0(·) ≤ β0 on
[0, r ].
Proof Let p0 be a regular point of (3.1). Let {e1, . . . , em} be an orthonormal basis of Tp0 M .
Let p ∈ M . Set

ep
i = Pp,p0 ei for each i = 1, . . . , m.

Then it is easy to prove (see [10]) that {ep
1 , . . . , ep

m} is an orthonormal basis of Tp M . The
mapping A : M → R

n×m is defined for each p ∈ M by

A(p)u := DF(p)

(
m∑

i=1

ui e
p
i

)

∀u = (u1, . . . , um)T ∈ R
m . (4.3)

Then, by definition, it follows that

ker(DF(p0)
∗) = ker(A(p0)

T ). (4.4)

Since p0 is a regular point of (3.1), we have from (4.1) and (4.4) that

ker(A(p0)
T ) ∩ (C − F(p0))

� = {0}.
Thus, Lemma 4.1 is applicable to concluding that there exist β0 > 0 and open neigh-

borhoods U1 ⊂ R
n, U2 ⊂ R

n×m with F(p0) ∈ U1 and A(p0) ∈ U2 such that for each
(a, A) ∈ U1 × U2, (4.2) holds. Since F is a C1 mapping, and for each i = 1, . . . , m, the
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mapping p → ep
i is continuous (cf. [23, Lemma 2.4]), one has that A(·) is continuous.

Hence, there exists r > 0 such that A(B(p0, r)) ⊂ U2 and F(B(p0, r)) ⊂ U1. Then for
each p ∈ B(p0, r), we have (F(p), A(p)) ∈ U1 × U2 and so (4.2) holds for a = F(p) and
A = A(p), that is,

�̄(F(p), A(p)) = {u ∈ R
m | F(p) + A(p)u ∈ C} �= ∅ and d(0, �̄(F(p), A(p)))

≤ β0d(F(p), C). (4.5)

Take p ∈ B(p0, r). Note that �(p) = {v ∈ Tp M | F(p) + DF(p)v ∈ C}. Therefore, by
(4.3), the following implication holds:

v =
m∑

i=1

ui e
p
i ∈ �(p) ⇐⇒ u = (u1, . . . , um)T ∈ �̄(F(p), A(p)). (4.6)

Hence, �(p) �= ∅ thanks to (4.5). Since {ep
1 , . . . , ep

m} is an orthonormal basis of Tp M ,
we have

∥
∥
∥
∥
∥

m∑

i=1

ui e
p
i

∥
∥
∥
∥
∥

p

=
√√
√
√

m∑

i=1

u2
i .

This together with (4.27) implies that d(0, �̄(F(p), A(p))) = d(0,�(p)) and so

d(0,�(p)) ≤ β0 d(F(p), C).

Since p ∈ B(p0, r) is arbitrary, we get

�(p) �= ∅ and d(0,�(p)) ≤ β0 d(F(p), C) for all p ∈ B(p0, r). (4.7)

This completes the proof of the proposition. ��

In the case when p0 ∈ M is a regular point of the inclusion (3.1), by Proposition 4.1,
there exist r > 0 and β0 > 0 such that p0 is a quasi-regular point with the quasi-regular
radius rp0 ≥ r and the quasi-regular bound function βp0(·) ≤ β0. Thus, the following two
corollaries follows from Corollaries 3.1 and 3.2 (with β replaced by 0), respectively.

Corollary 4.1 Let p0 ∈ M be a regular point of the inclusion (3.1) with r > 0 and β0 > 0
such that (3.4) holds. Let η ≥ 1, 0 < � ≤ ∞, ξ = ηβ0d(F(p0), C),

R∗ = 1 + Lηβ0ξ − √
1 − (Lηβ0ξ)2

Lηβ0
and Q = 1 − √

1 − (Lηβ0ξ)2

Lηβ0ξ
.

Assume that DF is Lipschitz continuous on B(p0, R∗) with modulus L, and that

ξ ≤ min

{
1

Lβ0η
, �

}

and r ≥ R∗

Then the same conclusions hold as in Corollary 3.1.

Corollary 4.2 Let p0 ∈ M be a regular point of the inclusion (3.1) with r > 0 and β0 > 0
such that (3.4) holds.

Let η ≥ 1, 0 < � ≤ ∞, ξ = ηβ0d(F(p0), C) and α = ηβ0(1−γ ξ)2

ηβ0+(1−ηβ0)(1−γ ξ)2 .
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Set

r∗
α = 1 + γ ξ − √

(1 + γ ξ)2 − 4(1 + α)γ ξ

2(1 + α)γ
and

qα = 1 − γ ξ − √
(1 + γ ξ)2 − 4(1 + α)γ ξ

1 − γ ξ + √
(1 + γ ξ)2 − 4(1 + α)γ ξ

. (4.8)

Assume that F satisfies the γ -condition at p0 in B(p0, r∗
α), and that

ξ ≤ min

{
1 + 2α − 2

√
α(1 + α)

γ
, �

}

and r∗
α ≤ r.

Then the same conclusions hold as in Corollary 3.2.

Recall that the concept of convex process was introduced by Rockafellar [42,43] for
convexity problems (see also Robinson [40] ).

Definition 4.2 Let E be a Banach space, and let W : E → 2R
n

be a set-valued mapping. W
is called a convex process from E to R

n if it satisfies

(i) W (x + y) ⊇ W x + W y for all x, y ∈ E ;
(ii) Wλx = λW x for all λ > 0, x ∈ E ;

(iii) 0 ∈ W 0.

As usual, the domain, range, and inverse of a convex process W are respectively denoted
by D(W ), R(W ), W −1; i.e.,

D(W ) := {x ∈ E | W x �= ∅},
R(W ) := ∪{W x | x ∈ D(W )},
W −1 y := {x ∈ E | y ∈ W x}.

Obviously, W −1 is a convex process from R
n to E . The norm of a convex process W is

defined by

‖W‖ := sup{‖W x‖ | x ∈ D(W ), ‖x‖ ≤ 1},
where, following [24,40] , for a set G in a Banach space, ‖G‖ denotes its distance to the
origin, that is,

‖G‖ := inf{‖a‖ | a ∈ G}.
The convex process W is said to be normed if ‖W‖ < +∞.
Recall that F is a C1 mapping. Let p ∈ M and let C be a closed convex cone in R

n . We
define a set-valued mapping Wp from Tp M into R

n by

Wpv := DF(p)v − C for each v ∈ Tp M. (4.9)

Then, Wp is a convex process. Obviously, for each p ∈ M, D(Wp) = Tp M . The inverse
of Wp is

W −1
p y := {v ∈ Tp M | DF(p)v ∈ y + K } for each y ∈ R

n . (4.10)

Wp is said to carry Tp M onto R
n if D(W −1

p ) = R
n .

The following lemma is taken from [41] and will be useful.
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Lemma 4.2 Let C be a closed convex cone in R
n. Let p0 ∈ M be such that Wp0 carries

Tp0 M onto R
n. Then the following assertions hold:

(i) W −1
p0

is normed.

(ii) If Q is a linear transformation from Tp0 M to R
n such that ‖W −1

p0
‖‖Q‖ < 1, then the

convex process W defined by

W := Wp0 + Q

carries Tp0 M onto R
n. Furthermore, W

−1
is normed and

‖W
−1‖ ≤ ‖W −1

p0
‖

1 − ‖W −1
p0 ‖‖Q‖ .

Proposition 4.2 Let p0 ∈ M be such that Wp0 carries Tp0 M onto R
n. Then the following

assertions hold:

(i) p0 is a regular point of (3.1).
(ii) Suppose further that C is a closed convex cone in R

n and DF satisfies the center
L-average Lipschitz condition on B(p0, r) for some r > 0. Let β0 = ‖W −1

p0
‖ and let

rβ0 be defined by

β0

rβ0∫

0

L(u) du = 1. (4.11)

Then the quasi-regular radius rp0 and the quasi-regular bound function βp0 satisfy
rp0 ≥ min{r, rβ0} and

βp0(t) ≤ β0

1 − β0

t∫

0
L(u) du

for each t with 0 ≤ t < min{r, rβ0}. (4.12)

Proof The proof of (i) is similar to that of [24] and so is omitted here.
Below, we give the proof of (ii), which is a modification to suit the Riemannian mani-

fold setting of the one for [24, Proposition 3.7(ii)]. Now let r > 0 and suppose that DF
satisfies the center L-average Lipschitz condition on B(p0, r). Let p ∈ M be such that
d(p0, p) < min{r, rβ0}, and let c be a minimizing geodesic connecting p0, p. Then

‖DF(p)Pc,p,p0 − DF(p0)‖ ≤
l(c)∫

0

L(u) du =
d(p0,p)∫

0

L(u) du <

rβ0∫

0

L(u) du;

hence, by (4.11),

‖W −1
p0

‖‖DF(p)Pc,p,p0 − DF(p0)‖ < ‖W −1
p0

‖
rβ0∫

0

L(u) du = 1. (4.13)

For each v ∈ Tp M , the convex process

Wpv = DF(p)v − C = [DF(p0)Pc,p0,p + (DF(p) − DF(p0)Pc,p0,p)]v − C. (4.14)
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Since Pc,p0,p is an isomorphism from Tp M to Tp0 M (see [17, p.30]), Wp0 ◦ Pc,p0,p is a
convex process from Tp M into R

n and D f (p) − D f (p0)Pc,p0,p is a linear transformation
from Tp M to R

n . Moreover, ‖Wp0 ◦ Pc,p0,p‖ = ‖Wp0‖ and ‖D f (p) − D f (p0)Pc,p0,p‖ =
‖D f (p)Pc,p,p0 − D f (p0)‖ thanks to the fact that Pc,p0,p is an isometry (see [10, p. 56]).
Thus, by (4.13) and (4.14), Lemma 4.2 is applicable to concluding that Wp carries Tp M onto
R

n and

‖W −1
p ‖ ≤ ‖W −1

p0
‖

1 − ‖W −1
p0 ‖‖DF(p)Pc,p,p0 − DF(p0)‖

≤ ‖W −1
p0

‖

1 − ‖W −1
p0 ‖

d(p0,p)∫

0
L(u)du

.

(4.15)

Since Wp is surjective, we have that �(p) is nonempty; in particular, for each c ∈ C ,

W −1
p (c − F(p)) ⊆ �(p) (4.16)

To see this, let v ∈ W −1
p (c − F(p)). Then, by (4.10), one has that DF(p) v ∈ c − F(p)+

C ⊆ C − F(p) and so F(p) + DF(p) v ∈ C , that is, v ∈ �(p). Hence (4.16) is true.
Consequently,

d(0,�(p)) ≤ ‖W −1
p (c − F(p))‖ ≤ ‖W −1

p ‖‖c − F(p)‖.
Since this is valid for each c ∈ C , it is seen that

d(0,�(p)) ≤ ‖W −1
p ‖d(F(p), C).

Combining this with (4.15) and (4.13) gives the desired result (4.12), and the proof is
complete. ��

To obtain one of the main results in this section, we still need the following lemma.

Lemma 4.3 Let α > 0, β0 > 0, and let r∗
α be given by Lemma 3.1. Let rβ0 be defined by

(4.11). Then rβ0 ≥ r∗
α .

Proof We consider the two cases namely: (i) α ≥ β0 and (ii) α < β0. In (i), since by
Lemma 3.2 rα is decreasing with respect to α, we have that r∗

α ≤ rα ≤ rβ0 . In (ii), since r∗
α

is increasing with respect to α by Lemma 3.2, we have that r∗
α ≤ r∗

β0
≤ rβ0 . The proof is

complete. ��
Then we have the following corollaries.

Corollary 4.3 Let η ≥ 1, 0 < � ≤ ∞ and let C be a cone. Let p0 ∈ M be such that Wp0

carries Tp0 M onto R
n. Let

ξ = η‖W −1
p0

‖d(F(p0), C) (4.17)

and

α = η‖W −1
p0

‖

1 + (η − 1)‖W −1
p0 ‖

ξ∫

0
L(u)du

. (4.18)

let bα, rα be defined by (3.9). Let r∗
α denote the smaller zero of the function φα defined by

(3.10).
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Suppose that DF satisfies the L-average Lipschitz condition on B(p0, r∗
α), and that

ξ ≤ min{bα,�}. (4.19)

Then the same conclusions hold as in Theorem 3.1.

Proof Let β0 = ‖W −1
p0

‖ and let rβ0 be defined by (4.11). Then, by Proposition 4.2(ii), we
know that p0 is a quasi-regular point with the quasi-regular radius

rp0 ≥ min{r∗
α, rβ0} (4.20)

and the quasi-regular bound function

βp0(t) ≤ β0

1 − β0

t∫

0
L(u)du

for each t with 0 ≤ t < min{r∗
α, rβ0}. (4.21)

Let r := min{r∗
α, rβ0}, and let α0(r) be defined by (3.17). Then we have from (3.35) (with β

replaced by β0) that α ≥ α0(r). Furthermore, it follows from Lemma 4.3 that r = r∗
α ≤ rp0 .

On the other hand, we note that βp0(0) ≤ β0 by (4.21) and so the ξ defined by (3.16) is
majorized by that defined by (4.17); thus (4.19) entails that (3.18) holds and Theorem 3.1 is
applicable. The proof is complete. ��

Taking L(u) ≡ L in Corollary 4.3, we get Corollary 4.4 below.

Corollary 4.4 Let η ≥ 1, 0 < � ≤ ∞, and let C be a cone. Let p0 ∈ M be such that Wp0

carries Tp0 M onto R
n. Let ξ = η‖W −1

p0
‖d(F(p0), C). Write

R∗ =
1 + (η − 1)L‖W −1

p0
‖ξ −

√
1 − 2L‖W −1

p0 ‖ξ − (η2 − 1)(L‖W −1
p0 ‖ξ)2

L‖W −1
p0 ‖η (4.22)

and

Q =
1 − L‖W −1

p0
‖ξ −

√
1 − 2L‖W −1

p0 ‖ξ − (η2 − 1)(L‖W −1
p0 ‖ξ)2

L‖W −1
p0 ‖ηξ

. (4.23)

Suppose that DF is Lipschitz continuous on B(x0, R∗) with modulus L, and that

ξ ≤ min

{
1

L‖W −1
p0 ‖(η + 1)

,�

}

.

Then the same conclusions hold as in Corollary 3.1.

Corollary 4.5 follows from Proposition 3.1 and Corollary 4.3.

Corollary 4.5 Let η ≥ 1, 0 < � ≤ ∞, and let C be a cone. Let p0 ∈ M be such that Wp0

carries Tp0 M onto R
n. Let ξ = η‖W −1

p0
‖d(F(p0), C) and

α = η‖W −1
p0

‖(1 − γ ξ)2

(η − 1)‖W −1
p0 ‖ + (1 − (η − 1)‖W −1

p0 ‖)(1 − γ ξ)2
.
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Set, as in (4.8),

r∗
α = 1 + γ ξ − √

(1 + γ ξ)2 − 4(1 + α)γ ξ

2(1 + α)γ
and

qα = 1 − γ ξ − √
(1 + γ ξ)2 − 4(1 + α)γ ξ

1 − γ ξ + √
(1 + γ ξ)2 − 4(1 + α)γ ξ

. (4.24)

Suppose that F satisfies the γ -condition at p0 in B(p0, r∗
α), and that

ξ ≤ min

{
1 + 2α − 2

√
α(1 + α)

γ
, �

}

. (4.25)

Then the same conclusions hold as in Corollary 3.2.

Recall that in [48], Robinson’s generalized Newton’s method is extended to solve the
inclusion problem on Riemannian manifolds, i.e., finding a point p∗ ∈ M such that

F(p∗) ∈ C, (4.26)

where C is a nonempty closed convex cone in R
n and F is a C1 mapping from a manifold

M onto R
n . The extended Newton’s method for the inclusion problem (4.26) is defined as

follows.
Algorithm N(p0). Let p0 ∈ M be given. For k = 0, 1, . . ., having p0, p1, . . . , pk ,

determine pk+1 as follows. If θ(pk) �= ∅, choose vk ∈ θ(pk) such that

‖vk‖ := min{‖v‖ | v ∈ θ(pk)} and set pk+1 = exppk
vk, (4.27)

where, for each p ∈ M, θ(p) is defined by

θ(p) := {v ∈ Tp M | F(p) + DF(p)v ∈ C}.
Hence, by Corollary 4.3 (with η and � replaced by 1 and ∞, respectively), we obtain

Corollary 4.6 below, which has been presented in [48, Theorem 3.1].
Let r0 and b > 0 be such that

r0∫

0

L(u)du = 1 and b =
r0∫

0

L(u)udu.

Let ξ > 0 and define the majorizing function φ by

φ(t) = ξ − t +
t∫

0

L(u)(t − u)du for each t ≥ 0.

Thus

φ′(t) = −1 +
t∫

0

L(u)du.

Let {tn} denote the Newton sequence for φ with initial point t0 = 0 generated by

tn+1 = tn − φ′(tn)−1φ(tn) for each n = 0, 1, . . . .
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Recall from [51] (see also Lemma 3.1), if ξ < b, φ has two zeros, denoted respectively by
r1 and r2, such that

ξ < r1 <
r0

b
ξ < r0 < r2,

and if ξ = b, then φ has a unique zero r1 in (ξ,+∞) (in fact r1 = r0).

Corollary 4.6 Let C be a cone, and let p0 ∈ M be such that Wp0 carries Tp0 M onto R
n.

Suppose that

ξ = ‖W −1
p0

‖d(F(p0), C) ≤ b

and that

‖W −1
p0

‖ · ‖DF(q)Pc,q,p − DF(p)‖ ≤
d(p0,p)+l(c)∫

d(p0,p)

L(u)du (4.28)

holds for any p, q ∈ B(p0, r1) and any geodesic c connecting p, q with d(p0, p)+l(c) < r1.
Then, Algorithm N(p0) is well-defined and any sequence {pn} so generated converges to
some p∗ such that F(p∗) ∈ C, and the following assertion holds for each n = 0, 1, . . .:

d(pn, p∗) ≤ r1 − tn .

Proof Define

L(u) = 1

‖W −1
p0 ‖ L(u) for each u ≥ 0.

Let α = ‖W −1
p0

‖. Replacing L(u) and α in (3.9) and Lemma 3.1 by L(u) and ‖W −1
p0

‖,
respectively, we get

bα = b, tα,n = tn and r∗
α = r1.

Furthermore, by (4.28), DF satisfies the L-average Lipschitz condition on B(p0, r∗
α).

Thus, Corollary 4.3 (with η and � replaced by 1 and ∞, respectively) is applicable to con-
cluding that any sequence {pn} generated by Algorithm R(1,∞, p0) converges to some p∗
such that F(p∗) ∈ C , and the following assertions hold for each n = 0, 1, . . .:

d(pn, p∗) ≤ r1 − tα,n = r1 − tn

and

F(pn) + DF(pn)vn ∈ C. (4.29)

To complete the proof, it’s sufficient to prove that Algorithm N(p0) is well-defined and
any sequence so generated is also a sequence generated by Algorithm R(1,+∞, p0). Since
Wp0 carries Tp0 M onto R

n , we have θ(p0) �= ∅. Hence, there exists v0 ∈ θ(p0) such that
‖v0‖ = d(0, θ(p0)) and p1 = expp0

v0. Noting that θ(p0) = �∞(p0), by Remark 3.1,
p1 can be regarded as a point obtained by Algorithm R(1,+∞, x0) at its first iteration.
Therefore, (4.29) holds for n = 1. Then, it follows from Remark 3.1 that there exists v1 ∈
θ(p1) = �∞(p1) such that ‖v1‖ = d(0, θ(p1)) and p2 = expp1

v1. Hence, p2 is also a
point obtained by Algorithm R(1,+∞, x0) at its second iteration. Inductively, we see that,
for each n,∅ �= θ(pn) = �∞(pn), and this means that Algorithm N(p0) is well-defined and
any sequence {pn} so generated is also a sequence generated by Algorithm R(1,∞, p0). The
proof is complete. ��
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