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1 Introduction

The resolvent of a monotone operator in the setting of Banach spaces was introduced
by Brezis et al. in [1]. In this seminal paper, the fundamental properties for the
resolvent are set up, with special emphasis on the strong connection between its
fixed points and the zeros of the monotone operator. From this starting point, the
asymptotic behavior of the resolvent has awakened the interest of many researchers.
See, for instance, [2, 7, 8, 16, 17, 21, 25, 35, 37-39] and references therein.

In the framework of a Hilbert space H, given a set-valued maximal monotone
operator A: H — 2H and x > 0, the resolvent of order A associated to A is the
single-valued mapping J, : H — H defined by

Jx) = +24)" (), (1)

for any x € H. Clearly, the set of singularities of A, A~'(0), coincides with the fixed
point set of J;, Fix(J,). Moreover, it is well-known (see, for instance, [7]) that the
resolvent is firmly nonexpansive; that is,

I1950) = LIIP < (x =y, () = L),

for all x, y € H. On the other hand, any firmly nonexpansive mapping is the resolvent
of a monotone operator. It is this approach, applicable to other related problems as
well, which renders firmly nonexpansive mappings an important tool in monotone
operator theory.

Regarding the asymptotic behavior, Reich showed in [38] that for every x € H,
J.(x) converges strongly to P 4-1)x as . — oo, where P 4-1(g) is the metric projection
onto A~!(0). More precisely, Reich proved this result in the framework of uniformly
smooth Banach spaces for m-accretive operators; the counterpart for maximal
monotone operators was provided later by Kido in [17]. The strong convergence of
J;(x) as A — 0 was studied by Takahashi and Ueda in the case of either uniformly
convex or uniformly smooth Banach spaces; see [45]. Recall that the notions of
monotone operators and accretive operators coincide in the framework of Hilbert
spaces.

Out of the setting of linear vector spaces, Hoyos introduced in [24] the con-
cept of accretive type vector fields on Finsler manifolds; while the definition of
monotone vector fields in the setting of Riemannian manifolds was introduced by
Németh in [32]. The study of accretive and monotone type operators in metric
spaces has been the focus of many authors in the last decades; see, for example,
[10,12,13,22, 23,27, 28, 30, 32, 34, 40, 44]. It is worth mentioning that, as happens in
the case of Hilbert spaces, in Hadamard manifolds, which are Riemannian manifolds
of nonpositive sectional curvature, the class of maximal monotone vector fields
coincides with the class of m-accretive vector fields, see [48].

The purpose of this paper is to introduce and study the concepts of firmly
nonexpansive mappings and the resolvents of a set-valued vector field in the setting
of Hadamard manifolds. The former is studied following consistently the definition
given in the Hilbert ball by Goebel and Reich; see [15]. The latter coincides with the
notion implicitly defined on Hilbert manifolds by Iwamiya and Okochi in [26].

The organization of the paper is as follows. Section 2 is devoted to basic notions,
results and notations on Hadamard manifolds. In Section 3, the concept of firmly
nonexpansive mappings in this setting is introduced and a relevant characterization
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Resolvents of Monotone Vector Fields in Hadamard Manifolds

inequality for this mappings is provided. The resolvent and Yosida approximation
of a set-valued vector field are defined in Section 4. Additionally, it is proved that
they both enjoy as “good” properties as they do in the case of Hilbert spaces.
As a consequence of these properties, in Section 5, the asymptotic behavior of
the resolvent is studied and existence results for singularities of monotone vector
fields and fixed points of continuous pseudo-contractive mappings are proved under
certain boundary condition. Section 5 finishes with an example where it is shown how
the previous results can be applied in optimization theory.

2 Preliminaries

In this section we introduce the fundamental definitions, properties and notations
needed for a comprehensive reading of this paper. This can be found in any text
book on Riemannian geometry, for example, [11, 42, 46].

Let M be a simply connected m-dimensional manifold. Given x € M, the tangent
space of M at x is denoted by T, M and the tangent bundle of M by TM =
Uyenm TxM, which is naturally a manifold. We always assume that M can be endowed
with a Riemannian metric to become a Riemannian manifold. We denote by (-, -),
the scalar product on 7, M with the associated norm || - ||, where the subscript
x will be omitted. Given a piecewise smooth curve y : [a,b] — M joining x to y
(i.e. y(a) = x and y(b) = y), by using the metric, we can define the length of y as
L(y) = fab lly’(®||dt. Then, for any x, y € M the Riemannian distance d(x, y), which
induces the original topology on M, is defined by minimizing this length over the set
of all such curves joining x to y.

Let V be the Levi—Civita connection associated with (M, (, )). Let y be a smooth
curve in M. A vector field X is said to be parallel along y if V,, X = 0. If y itself is
parallel along y, we say that y is a geodesic, and in this case ||y’|| is constant. When
Iyl =1, y is said to be normalized. A geodesic joining x to y in M is said to be
minimal if its length equals d(x, y).

A Riemannian manifold is complete if for any x € M all geodesics emanating
from x are defined for all —oo < ¢ < co. By the Hopf-Rinow Theorem, we know
that if M is complete then any pair of points in M can be joined by a minimal
geodesic. Moreover, (M, d) is a complete metric space and bounded closed subsets
are compact.

We use P, .. to denote the parallel transport on the tangent bundle 7'M along y
with respect to V, which is defined by

P,yt)y@@) =V(y((b)) Va,b eRandv € TeyM,

where V is the unique vector field satisfying V.,V = 0 for all t and V(y(a)) = v.
Then, for any a, b € R, P, , %), is an isometry from 7T, M to T,y M. Note that,
foranya, b, by, b, € R,
—1
Pyywnyen o Pryvoy@ = Pryooyw and P, = Pyy@.ye)-

We will write P, . instead of P, , . in the case when y is a minimal geodesic joining
X to y so no confusion arises.

Assuming that M is complete, the exponential map exp, : TyM — M at x is
defined by exp, v = y, (1, x) for each v € T, M, where y(.) = y,(., x) is the geodesic
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C.Lietal.

starting at x with velocity v (i.e. ¥(0) = x and y’(0) = v). Then exp, tv = y,(t, x) for
each real number .

A complete simply connected Riemannian manifold of nonpositive sectional
curvature is called a Hadamard manifold. Throughout the remainder of the paper,
we always assume that M is a m-dimensional Hadamard manifold. The following
result is well-known and essential for our work.

Proposition 1 [42] Let x € M. Then exp, : TyM — M is a dif feomorphism, and for
any two points x, y € M there exists a unique normalized geodesic joining x to y, which
is minimal.

So from now on, when referring to a geodesic joining two points we mean the
unique minimal one. This proposition also says that M is diffeomorphic to the
Euclidean space R™. Thus M has the same topology and differential structure as
R™. Moreover, Hadamard manifolds and Euclidean spaces have similar geometrical
properties. Some of them are described next.

Recall that a geodesic triangle A(xj, x;, x3) of a Riemannian manifold is a set
consisting of three points x;, x,, x3 and three minimal geodesics joining these points.

Proposition 2 (Comparison theorem for triangles) [42] Let A(xy, x2, x3) be a geo-
desic triangle. Denote, for eachi =1, 2,3 (mod 3), by y; : [0, ;] — M geodesic joining
X; to xiq1, and set l; :== L(y;), a; == Z(y{(0), —y/_,(li-1)). Then

o +oy+a3 <7, )
112 + lt'2+l —2liliy  cosaipy < 11-271. (3)

In terms of the distance and the exponential map, inequality (3) can be rewritten as
d® (e, xip1) + d* (g, Xia) — 2(expy!| xi, expy! xia) < d(xio1, x), 4)
since
—1 —1
(expy!, xi,expy ! Xiya) = d(xi, Xip1)d(Xig1, Xis2) COS Qi1

Lemma 1 [3, pag. 24] Let A(x, y, z) be a geodesic triangle in a Hadamard manifold
M. Then, there exists X', y', 7' € R? such that

/

dix, ) =X =yl dy, =1y =2, dzx =z -¥I

The triangle A(x’, ', 7’) is called the comparison triangle of the geodesic triangle
A(x, y, z), which is unique up to isometry of M. The next result shows the rela-
tion between a geodesic triangle and its comparison triangle involving angles and
distances between points. This relation expresses the geometric idea of a manifold
having nonpositive sectional curvature.

Lemma 2 [29] Let A(x, y, z) be a geodesic triangle in a Hadamard manifold M and
A(X', Yy, 7)) be its comparison triangle.
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Fig. 1 Comparison triangles z z

(1) Leta,B,y (resp. &', B, y') be the angles of A(x, y, z) (resp. A(X', y', 7)) at the
vertices x, y, z (resp. X', y', 7). Then

’

o >a, B=B, ¥ =y (%)

(2) Given any point q belonging to the geodesic which join x to y, its comparison
point is the point q' in the interval [x',y'] such that d(q,x) = ||q' — x| and
d(g,y) = |l¢’ — ¥'|; see Fig. 1. Then

d(z,q) <12 = 4I. (6)

The following lemma is a consequence of inequality (6) and the parallelogram
identity in a Euclidean space R":

lIx = yI% + lIx + y17 = 2(Ixl* + 1y1%),  Vx,y € R" ™)
Lemma 3 Forall x,y,z € Mand q € M with d(x, q) = d(y, q) = d(x, y)/2, one has

2 1 2 l 2 _l 2
d(z,q)szd(z,x)Jrzd(z,y) 4d(x,y)- (8)

Inequality (8) also appears in the context of the Hilbert ball and hyperbolic spaces
(cf. page 541 of [40]). From the “law of cosines” in inequality (4) it readily follows the
following inequality which is a general characteristic of the spaces with nonpositive
curvature (see [3]).

(exp;1 y, expy’ 7)+ <exp;' X, exp;1 7) > d*(x,y), VYx,y.zeM 9)

A subset K € M is said to be convex if for any two points x and y in K, the
geodesic joining x to y is contained in K; thatis, if y : [a, b] — M is a geodesic such
thatx = y(a) and y = y(b), then y((1 —t)a+tb) € K for all ¢ € [0, 1]. From now we
will use K to denote a nonempty, closed and convex set in M.

A real-valued function f defined on M is said to be convex if for any geodesic y
of M, the composition function f oy : R — R is convex; that is,

(foy)ta+ (1 —0b) <t(foy)a)+ (A —-0(foy)b)

for any a,b € R, and 0 <t < 1. The following proposition describes the convexity
property of the distance function.

Proposition 3 [42] Let d : M x M — R be the distance function. Then d is a convex
function with respect to the product Riemannian metric; that is, given any pair of
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geodesics y; : [0, 11 > M and y, : [0, 1] — M the following inequality holds for all
te[0,1]:

dn @, 2(0) = (A = 0d(1(0), y2(0)) + td(y1 (1), y2(1)).

In particular, for each p € M, the function d(-, p) : M — R is a convex function.

Let Pk denote the projection onto K defined by
Px(x) ={xp € K:d(x,x0) <d(x,y)forally e K}, Vxe M.

The following proposition is well-known, see for example [27] and [47].

Proposition 4 Let K be a closed convex subset of M. Then Py is single-valued and,
forany x € M, z = Pg(x) if and only if

(exp;1 X, exp;l y> <0, Vyek.

Using the properties of the parallel transport and the exponential map the
following lemma was proved in [28].

Lemmad4 Let xo € M and {x,} C M such that x, — x,. Then the following assertions
hold.

(i) Foranyye M,
exp;n1 y— exp;o1 y and exp;1 Xp — exp;1 X0-

@) Ifv, € Ty, M and v, — vy, then vy € T, M.
(iii) Given up, v, € Ty, M and uy, vy € Ty, M, if u, — uy and v, — vo, then

{(Un, va) — (uo, vo).

(iv) For any u € T M, the function F: M — TM defined by F(x) = Py u for
each x € M is continuous on M.

3 Firmly Nonexpansive Mappings

In this section we introduce the definition of firmly nonexpansive mappings on
Hadamard manifolds. This notion was previously defined on a Banach space (cf.
[4, 6, 7, 36]) and the Hilbert ball with the hyperbolic metric (cf. [15]), so-called
firmly nonexpansive mapping of the first kind in the latter case. In fact, the following
analysis shows that in this framework these mappings verify similar properties to
those ones well-known in Hilbert spaces.

Definition 1 Given a mapping 7 : K € M — M, we say that T is firmly nonexpan-
sive if for any x, y € K, the function @ : [0, 1] — [0, oo] defined by

® (1) ;= d(exp, texp, ' Tx,exp,texp,' Ty), Viel0,1], (10)

is nonincreasing.
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Remark 1 By the definition, it is clear that any firmly nonexpansive mapping 7 is
nonexpansive.

Proposition S Let T : K € M — M. Then the following assumptions are equivalent.

(i) T is firmly nonexpansive.
(i) Foranyx,y e Kandt € [0,1]

d(T(x), T(y)) < d(exp, texp,' Tx, exp, texp;1 Ty). (11)
(iii)) Foranyx,y e K
(exp}(lx) T(y), exp}gx) x> + (exp}}y) T(x), exp}(ly) y> <0. (12)

Proof Given x,y € K, let @ : [0, 1] — [0, oco] be the function defined by (10). Note
that from Proposition 3 we deduce that ® is a convex function.

Let us start by proving that the derivative at 1~ of the function ® can be expressed
as

@' (1) = (expriy, T(), expry X) + (expr(,, T(X), expr(,, ¥)- (13)
Letu = exp}(lx) xand v = exp}(ly) y. Then the function ® can be written as
@ (1) = d(exprq, (1 — Ou, expr,, (1 —Hv), Ve e [0, 1]. (14)
Let y be the geodesic joining 7'(x) to T (y) defined by
y(0) = expr, texpry T(), Ve [0, 1]. (15)
Given ¢ > 0, we define the function f : (—¢, ¢) x [0, 1] - M by
f(5,1) = eXPeyp, u t( exp;&)nw expry sv),  V(s.0) € (—¢, &) x [0, 1]. (16)

Note that f(0,:) = y(-). Since the exponential map is differentiable and f is a
variation of y, it follows that V(-) = %(0, -) is the variational field of f. In particular,
d 0
V() = a—f(O, 0O)=u and V()= a—f(O, 1) =v. 17)
s s

Let s € (—¢, ). Note that the parameterized curve f;:[0,1] - M given by f(-) =
f(s, -) is a geodesic and therefore H % (s, )| is a constant. In particular, from (14),

” (s, )H = || expexplm su €XPT(y) sv|| = d(expr(y) S, €Xpr(y) V) = P(1 — ). (18)

Define L : (—¢,¢) - R by

1 af
L(s) :/ — (s, 1) dt, Vs e (—¢,e). (19)
o | ot
Then
1 8f 2
L2(s):/ —(s,0)| dt = ®*(1 —y)
o | ot
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C.Lietal.

(recalling that || 2 (s, )| is a constant). Therefore, by the first variation formula stated
in [42, p. 89, Proposition 2.2] (where E denotes the energy integral E(s) = %Lz ),

we have that
1/d , ! Ddy dy dy

(8)_ = o S5 o o) o

f af

0
- <7a 0,0, )/(0)> + <f(0, D, V’(1)>
s as

_ <exp}(1x) X, exp;(lx) T(y)> + (exp}(ly) v, — exp}(ly) T(x)>, (20)

where the second equality holds because %%}; =0, since y is a geodesic. Then the
fact that

i 2 — E 2 _ N _ /
(dsL (S)>s_o = <dtq) (t))[_l = —(P7)(1) = —29°(D), (21)

together with inequality (20), implies equality (13).

By definition, the mapping 7 is firmly nonexpansive if and only if the convex
function @ is nonincreasing. This is equivalent to ®(1) < &(¢) for any ¢ € [0, 1], which
is exactly inequality (11), proving the equivalence between (i) and (ii). On the other
hand, since @ is convex and differentiable at 1, the definition of firmly nonexpansive
mapping is equivalent to ®’(1) < 0, and then to inequality (12) because of equality
(13). Then (i) is proved to be equivalent to (iii). O

The following corollary provides us with an important class of firmly nonexpansive
mappings.

Corollary 1 The metric projection onto a closed convex subset K € M is a firmly
nonexpansive mapping.

Proof Let T = Pk be the metric projection onto K. For any x, y € M, by Proposition
4, we have that

(exp}(lx) T(y), exp}(lx) x)<0 (22)
because T (y) € K, and analogously, since 7'(x) € K,

<exp}(1y) T(x), exp}zw y) <0. (23)
By summing inequalities (22) and (23) we obtain inequality (12) which implies the

firmly nonexpansivity of Px from Proposition 5. O

As another example of class of firmly nonexpansive mappings, we can prove that,
for any nonexpansive mapping 7" defined on M, there exists an associated family
of firmly nonexpansive mappings {G,: 0 <t < 1} whose fixed point sets, Fix(Gy),
coincide with the fixed point set of the mapping 7, Fix(7T). Indeed, given 7 : K — K
and x € K, forany ¢ € [0, 1) let T, be the mapping defined by

T(y) :=exp,texp;' Ty, VyeK. (24)
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T, is a contraction for any ¢ € [0, 1), i.e., there exists « € (0, 1) such that
d(Ti(y), T1(2)) < ad(y,2), Vy,ze K.

Then the Banach contraction principle implies that there exists a unique fixed point
of T;, which is being denoted by x;. By means of the so-called approximating curve
{x;}, for any ¢ € [0, 1), we define the mapping G, : K — K by

Gi(x) =: x, = exp, texp;1 T(G;(x)), VxeKk.
Both the Banach space and the Hilbert ball analogs of these mappings are discussed
in [15].
Proposition 6 Lett € [0, 1). Then the following assertions hold.
(i) The mapping G, is firmly nonexpansive.
(i) Fix(G;) = Fix(T).
Proof
(i) Letx,ye K. From the convexity of the distance, we have that
d(G((x), G,(y) = (1 = nd(x, y) +1d(G(x), Gi(y)),

which implies the nonexpansivity of G,. Now consider the geodesics y; and y,
joining x to G;(x) and y to G,(y), respectively. Let s € [0, 1]and set r := (=2 €
[0, 1). Then r € [0, 1) and satisfies that

Gi(x) = exp,, 5, 7 exp,, ) T(G,(x)) (25)
and
Gi(y) = exp,, T exp;zl(s) T(G(y)). (26)

To show this fact, note that by the definition of the mapping G, the geodesics
y; and y, are contained in the geodesics «; and «; joining x to 7(G,(x)) and y
to T(G,(y)), respectively. In particular, the point y;(s) belongs to the geodesic
a;. Since

d(x, y1(5)) = sd(x, Gi(x)) = std(x, T(Gs(x))), (27)
it follows that
d(y1(), T(G;(x)))) = (1 —st)yd(x, T(G(x))). (28)

Therefore, using the definitions of y,(s), inequalities (27) and (28), we obtain
that

d(y1(®), Gi(x) = (1 =5 d(x, G,(x))
=1 —-s)tdx, T(G:(x)))

1
1 d(y1(s), T(G,(x)))
— st

=rd(y(s), T(G,(x))).

=(1-9t
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This means that (25) is satisfied. Similarly, (26) is satisfied. Thus, by the
convexity of the distance and the nonexpansivity of G,, we obtain that

d(Gi(x), Gi(y)) < (1 = r)d(y1(5), y2(5)) +r d(G,(x), G,(y)).
This implies that, for any s € [0, 1]
d(Gi(x), Gi(y) < d(y1(5), y2(5)). (29)

Hence, inequality (11) holds and G is firmly nonexpansive by Proposition 5.
(ii) It follows from the following equivalences:

x=Gix) & x=exp, (1 —1) exp;l Tx
& 0= exp;1 Tx
< x=Tx.
O

Remark 2 1f we fix a point x € C, the approximating curve {x,} defined by the unique
fixed point of the contraction T in (24), that is x, = G,(x) for all ¢ € [0, 1), converges
to Prix(m)X, the unique nearest point to x in Fix(7'). This was proved by Kirk in the
more general setting of CAT(0) spaces; see [18]. The Banach space and the Hilbert
ball analogs of this result can be found in [38] and [15], respectively.

4 Resolvents and Yosida Approximations of Vector Fields

Let X (M) denote the set of all set-valued vector fields A : M — 27M such that
A(x) € Ty M for each x € D(A), where D(A) denote the domain of A defined by

D(A) ={x e M| A(x) # ¢}.

Definition 2 [9, 10, 28, 32] A vector field A € X' (M) is said to be
(a) monotone if for any x, y € D(A)
(u, exp ' y) < (v, —exp;1 x), Vu e A(x)and Vv € A(y); (30)
(b) strongly monotone if there exists p > 0 such that for any x, y € D(A),
(u, exp, ! y) — (v, —exp;1 x) < —pd?(x,y), VYue A(x)andVv e A(y); (31)

(¢) maximal monotone if it is monotone and for any x € M and u € T, M, the
condition

(u, exp, ! y) < (v, — exp;1 x), VyeD(A)andv € A(y), (32)

implies that u € A(x).
The concept of accretivity of vector fields on Riemannian manifolds was intro-
duced in [48] and previously studied in other nonlinear metric spaces in [23, 40, 44].

In [48] the authors proved that in the setting of Hadamard manifolds the notions of
monotonicity and accretivity are equivalent.
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Definition 3 A vector field A € X' (M) is said to be accretive if given x, y € D(A), for
any u € A(x) and v € A(y) we have that

d(x, y) < d(exp, (ru), exp,(rv)), Vr>0.
Theorem 1 [48] A vector field A € X (M) is monotone if and only if it is accretive.

Given a single-valued function 7 defined on a Hadamard manifold, Németh, in
[33], introduced an associated vector field A called complementary vector field of T,
which establishes a connection between nonexpansivity and monotonicity. The same
concept can be defined in the set-valued case.

Definition4 Let 7: K € M — 2M. We say that A € X(M) is the complementary
vector field of T if

Alx) = —exp;1 T(x), VxeK.

Theorem 2 [33] Given a nonexpansive mapping T : K € M — M, its complementary
vector field A is monotone.

The existence of singularities of vector fields will be a crucial fact for the resolvent
to be well-defined.

Definition 5 Given a vector field A € X' (M), we say that x € D(A) is a singularity of
A if 0 € A(x). The set of all singularities of A is denoted by

ATN0):={xeDA):0e A)).

Theorem 3 [28] Let A € X (M) be a maximal strongly monotone vector field with full
domain, i.e., D(A) = M. Then A='(0) # 0.

We are now in a position to define the notions of resolvents and Yosida approxi-
mations of a vector field A € X(M).

Definition 6 Given A > 0 and A € X (M), the resolvent and the Yosida approxima-
tion of A of order A are the set-valued mappings J; : M — 2™ and A, : M — 2™™
defined respectively by

D(x):={ze M| xeexp, LAz}, Vxe M (33)

and

1
A;(x) = —5 exp,! J,(x), VYxe M. (34)

Clearly, the Yosida approximation of A is the complementary vector field of the
corresponding resolvent multiplied by the constant %

Remark 3 Let A > 0. By the definitions of the resolvent and the Yosida approxima-
tion of a vector field, the following assertions hold.
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(a) The rang of the resolvent J, is contained in the domain of A and
Fix (J,) = A7'(0) = A;'(0). (35)

(b) The domains of the resolvent J; and the Yosida approximation A; are the
range of the vector field defined by x — exp, A Ax. We will denote this range as
R(exp. AA(-)). Then we have that

D(J;) = D(Ay) = R(exp. LA(")).

The resolvent and Yosida approximation were implicitly defined in the setting
of differential manifolds, in particular, in Finsler manifold by J. Hoyos in [24] and
in Hilbert manifolds by Iwamiya and Okochi in [26]. In fact, these two definitions
can be proved to coincide with the corresponding concepts defined in Hadamard
manifolds. However, it turns out that in the former settings when the resolvent and
the Yosida approximation have full domain is still unknown, whereas we are proving
next that under certain monotonicity conditions these operators do have full domain
in a Hadamard manifold. Moreover, in the following theorem the relation between
the firm nonexpansivity of the resolvent and the monotonicity of the vector field is
stated as well.

Theorem 4 Let A € X(M). The following assertions hold for any A > 0.

(i) The vector field A is monotone if and only if J, is single-valued and firmly
nonexpansive.
(ii)) IfD(A) = M, the vector field A is maximal monotone if and only if J, is single-
valued, firmly nonexpansive and the domain D(J;) = M.
(iii) If A is monotone, then so is the Yosida approximation A;. Moreover, if A is
maximal monotone with D(A) = M then so is A,.
Proof

(i) Suppose that A is monotone. Let x € D(J;) and define the vector fields
B: M — 2™ by

B(y) = 1Ay —exp,'x, Vye M. (36)

Then B is strongly monotone by inequality (9); see also [10] and [48]. More-
over,

ze,(x) & xeexp, LAz & 0 € B(2). (37)

This implies that J;(x) is at most a singleton since any strongly monotone
vector field has at most one singularity. Hence the resolvent is single-valued.
To prove the firm nonexpansivity, by Proposition 5, it suffices to verify that for
anyx,ye M

(exp;;(x) L), exp})ll(x) x)+ (exp;:(y) J, (%), expzl(y) y)<0. (38)
Considering J; (x), J,(y) € M, by definition of resolvent we know that

exp]ll(x) x e VA (x)), expil(y) y e LAL()).
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(i)

(iii)

Thus the monotonicity of A implies that

_ 1 _ _ 1 _
<eXPJ>~I<x> L. 5 eXPJ, o x> + <CXPJAI<y> 1), + €XPJ, () Y > =0,

and (38) is proved.

Conversely, suppose now that J, is firmly nonexpansive. To show that A is
monotone, let x, y € D(A), u € A(x) and v € A(y). Then by definition of the
resolvent J;, we can write x = J, (exp, Au) and y = J; (exp, Av). By using the
characterization (12) of firmly nonexpansive mappings considering the points
exp, Au and exp, Av we obtain that

(exp;1 v, Au) + <exp;1 X, kv) <0;
that is,

<u, exp;1 y) < (v, —exp;l x).

Hence A is monotone as x, y € D(A),u € A(x) and v € A(y) are arbitrary.
Suppose that A is a maximal monotone vector field with full domain. Then the
vector field B defined by (36) is strongly monotone and maximal monotone;
see for instance [10, 28] and [48]. Then, for any x € M, Theorem 3 ensures the
existence and uniqueness of a singularity of B, thatis, an element of J; (x). Thus
Jy. is single-valued and firmly nonexpansive, as we proved in (i), and moreover
D) = M.

Now, suppose J, is firmly nonexpansive and D(J,) = M. By (i) we know that
J;. is monotone. To prove the maximality, we take x € M and u € Ty M such
that

(u, exp;' y) < —(v,exp, ' x),  Vy e MandVv e A(y). (39)

Define the vector field F : M — 2" by F(y) = A(y) if x # y and F(x) = u.
Since A is monotone, it follows from inequality (39) that F is monotone. Using
the equivalence between monotonicity and accretivity established in Theorem
1, we have that F is accretive; hence

d(x, y) < d(exp, Au, exp, Av), Vy e Mand Vv € F(y). (40)

(noting that u € F(x)). The assumption on the domain of J;, implies that there
exist y € M and v € A(y) such that J; (exp, Au) = y, that is exp, Au = exp,, Av.
This together with inequality (40) implies that x = y and therefore u =v €
A(x), establishing that A is maximal monotone.

The Yosida approximation A, of A is the complementary vector field of J;
multiplied by a constant. Thus if A is monotone, since J, is nonexpansive by
(i), A; is monotone by Theorem 2. Now suppose that A is maximal monotone
with full domain. Since the resolvent and the exponential map are continuous,
it follows that the Yosida approximation A; is continuous and has full domain.
Thus Theorem 3.7 in [28] is applicable to concluding that A; is maximal
monotone. ]
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Remark 4 Note that in the previous theorem we have proved indeed that, for each
A > 0, any firmly nonexpansive 7 with full domain D(T) = M is the resolvent J{* of
the maximal monotone vector field A defined by

1
A(x) = Xexp;l T 'x, Vxe M. (41)
Indeed, the resolvent of the vector field A is the mapping T

Ji(x) ={z€ M|xeexp, rAz) ={ze€ M|xe T"'z} = Tx.

From Theorem 4 and Remark 3, we have the following result which constitutes a
counterpart in the setting of Hadamard manifolds of Minty’s theorem (cf. [31]).

Corollary 2 Let A € X (M) be monotone such that D(A) = M, and let . > 0. Then A
is maximal monotone if and only if R(exp. AA(-)) = M.

As a byproduct of Theorem 4 (iii) we obtain the following result about the
structure of the set of singularities of a maximal monotone vector field. As far as
we know the only result of this type was proved in [13] under the assumption that A
is smooth.

Corollary 3 Let A € X (M) be a monotone vector field. Suppose that there exists . >
0 such that D(A) N'D(J,) is closed convex (e.g, D(A) is closed convex and D(A) €
D(J,)). Then A='(0) is closed and convex.

Proof Let A > 0be such that D(A) ND(J,) is closed convex. Then A~!(0) = Fix(J,)
by (35). By Theorem 4, we know that J, is nonexpansive. Then the result can be
deduces by the well-known fact that the fixed point set Fix(7T) of a nonexpansive
mapping T on a closed convex subset of M is closed and convex. Since it seems that
this result does not appear proved explicitly, we will enclose it here for the sake of
completeness.

Let T: K — M be a a nonexpansive mapping with the closed convex subset
K C M. The closedness of Fix(T) is obvious from the continuity of 7. In order to
prove the convexity, let x, y € Fix(7T') and let y be the geodesic joining x to y. Given
a point z in the geodesic y, that is z = y(#y) for some ¢, € [0, 1], we just need to
prove that z € Fix(T). To do this, let y; : [0, %] — M and y, : [tp, I] > M be the
geodesics joining x to Tz and Tz to y, respectively. Consider the curve c : [0, 1] - M
defined by

ri(@) t €10, 1],
r2(0) t € [1o, 1].

c(t) = {
Since
d(x, Tz) <d(x,z) and d(Tz,y) <d(z,y), (42)
it follows that the length /(c) of c satisfies that

l(e) =l(y1) +1(y2) =d(x, Tz) + d(Tz, y) = d(x, 2) + d(z, y) = d(x, y).
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This means that c is the geodesic joining x to y and so ¢ = y. Consequently, 7z €
v ([0, 1]). This together with (42) implies that Tz = z, that is, z € Fix(7). O

5 Asymptotic Behavior of the Resolvent and Singularities of Vector Fields

The asymptotic behavior of the resolvent has been studied in the setting of Banach
spaces regarding the problem of approximating zeros of monotone and accretive
operators; see [17, 38, 45]. In this section a parallel analysis is carried out in
Hadamard manifolds.

We first prove some technical lemmas. Define

|Ax| := inf{|Jv]| | v € Ax}

and adopt the convention that inf # = 4o0.

Lemma 5 Let A € X(M) be monotone, A > 0 and let x € D(A,). Then we have that
Ay(x) € Py jyonAJy(x) and || A, (0| < [Ax]. (43)
Proof Since A is monotone and D(A;) = D(J,), it follows that the resolvent and the

Yosida approximation of A are single-valued. By definition of resolvent, we have
that x € exp,, () A AJ;(x), or equivalently, exp}ll(x) x € LAJ, (x). Therefore,

1 1 .
A, (x) = Y exp, ' J;(x) = XPXJ.A(X) expjkl(x) x € Py jAlL(x)

and the first assertion of (43) is proved. To show the second assertion, we assume
that x € D(A) without loss of generality. Let u € A(x). Then exp, Au € exp, L A(x);
hence x = J, (exp, Au) by definition. Since

1 1
1401 = ~llexpy ! L) = +-d(x, J3(0),
it follows from the nonexpansivity of the resolvent that
1 1
ALl = X d(Jx(exp, Aw), J5(x)) < 5 d(exp, Au, x) = [lul|.
Thus the second assertion of (43) is seen to hold because u € A(x) is arbitrary. O

For the next lemma we need the definition of upper Kuratowski semicontinuity
for vector fields in the setting of Hadamard manifolds which was introduced in
[28] following of the corresponding notions for operators in Banach spaces (cf. [43,

pag. 55]).

Definition 7 Let A € X'(M) and x € D(A). The vector field A is said to be

(a) upper semicontinuous at x, if for any open set V satistying A(xg) € V C T, M,
there exists an open neighborhood U (xy) of x; such that P, A(x) € V for any
x € U(xo);

(b) upper Kuratowski semicontinuous at x, if for any sequences {xz} C D(A)
and {u;} € TM with each u; € A(xy), the relations limg_ . X = X9 and
limg_, o Ux = up imply uy € A(xo);
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(c) upper semicontinuous (resp. upper Kuratowski semicontinuous) on M if it is
upper semicontinuous (resp. upper Kuratowski semicontinuous) at each x, €
D(A).

Remark 5 Clearly, the upper semicontinuity implies the upper Kuratowski semi-
continuity. The deep relationship between upper semicontinuity and maximal
monotonicity has been studied in [28].

Define
—
D)) :=limsupD(J,) = DJy.d
(/) = lim sup D(J3) UM o

A>0 1>

Lemma 6 Let A € X (M) be monotone and x € 5) (J). Suppose that A is either upper
Kuratowski semicontinuous or there exists r > 0 such that D(A) C D(J,). Then the

following assertions hold.
(i) If there exists a sequence {t,} with t, — oo, such that lim J; (x) =y, then the
limit y € A~Y(0) and satisfies that o
(expy ' x, exp;1 7)<0, Vze AN(0). (44)
(ii) If there exist two sequences {t,} and {s,} with t, — oo and s, — oo, such that
nll>n;o Ji,(x) =y and nli)nolo Js, (x) =z, then y = z.
Proof
(i) Let{t,} be asequence witht, — oosuch that lim J; (x) = y. Then the sequence
{J;, (x)} is bounded and therefore there existsr,l;;o 0 such that || exp;1 J, (0 <p

for all n > 0. By Lemma 5 we have that

1
AU = 1AL @) = —llexp; " J,, ()] < tﬁ (45)

n

If we assume that A is upper Kuratowski semicontinuous, by letting n — oo in
(45) we obtain that A(J,,(x)) — 0 and therefore y € A~1(0).

Suppose now that there exists r > 0 such that D(A) € D(J,). Then, by Remark
3(a), we have that

R(J,) € D(A) € DW,), Vn=0.
Let n > 0. Then, Lemma 5 is applied to get that
Py, A, (x) € AJ,(x) and || A(J, (D)) = AU, (D))
hence, by inequality (45),

LA (J, GOl < |A(, ()] < §

It follows from the definition of the Yosida approximation A, that
_ 170
d(J;(J;, (), Jy, (x)) = || eXP,,:(x) Jr (s, I = rll Ay (J;, ) < P

Letting n — oo, we obtain that y = J,(y), that is, y € Fix(J,) = A~'(0).
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To show (44), let z€ A7'(0) and n>0. Since A is monotone and
Py, A, (x) € AJ;, (x), we have that

(P, 0.0 A, (), expj ) () 2) < O;

hence
(exp7,) (o) . XD} () 2) < O
as A, (x) = —exp; ! J,, (x). Taking limit when n — oo we obtain
(exp;' X, exp;1 7) <0. (46)
Thus (44) is seen to hold.

(i) Let {t,} and f{s,} be sequences with f, — oo and s, — oo such that
lim J, (x) = y and lim J;, (x) = z. Then by (i) we know that y,z € A~!(0)

satisfying (46) and
(exp.'x,exp.' y) <0. (47)

Thus, by using inequality (9), the law of cosines for Hadamard manifolds, the
previous inequalities (46) and (47) implies that
d*(y,2) < (exp;1 X, exp;1 z) + <expz_1 X, expz_1 y) <0.

Hence y = z. O

Theorem 5 Let A € X (M) be a monotone vector field. Suppose that A is either upper
Kuratowski semicontinuous or there exists r > 0 such that D(A) € D(J,). Then the
following assertions are equivalent.

i A0 #6
(ii) 7_))(J) # (¥ and limsup, _, ||/, (x)|| < oo for each x € 5(]);

(iii) D) # ¥ and liminf,_. . |1, ()| < oo for some x € D (J);
(iv) (o0 D)) # @ and for each x € (,., D(J,) we have that

Jlim Ju(x) =y e AN0). (48)

Furthermore, if A~1(0) # @ is convex, then we have that

lim J;,(x) = Paoo) (). Vxe Q D(J)). (49)
Proof
(i)=(ii) Assume that A~!(0) # ¢. Since A~'(0) = Fix(J,) for any A > 0,
A7) € (DU (50)
A>0

Hence B(J) #0. Let x € 5)(]) and let A > 0 be such that x € D(J;).
Since A is monotone, it follows from Theorem 4 that J; is nonexpansive.
Take p € Fix(J;). Then

d(Ji(0), p) = d(x, p).
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Therefore, the set {J,(x):x € D(J;)} is bounded; consequently (ii)
holds.

(i)=(iii) Itis trivial.

(iii)=(iv) Assume that (iii) holds. Then, there exists a sequence {t,} C (0, +00)
with £, — oo such that lim,_,« J;,(x) = y. By Lemma 6(i), y € A~1(0).
Hence A~'(0) # ¢ and by (50) it follows that (,_, D(J;) # ¥. Then, if
x € (),-0 P(J) Lemma 6 implies (48).

(iv)=(i) Itisclear.
Finally, we assume that A~'(0) # @ is convex and let x € My=0 D(J5).
Then (iv) holds and so {J;(x)} is bounded as A — +o0. Using Lemma
6(i) we have that the limit y = limy_., J5 (x) satisfies (44). Since A~!(0)
is closed and convex, it follows from Proposition 4 that y = P 4-1()(x).
O

The Banach space analog of the previous theorem can be found in [38]. The
following result is direct from Corollary 3 and Theorem 5.

Corollary 4 Let A € X(M) be monotone with closed convex domain D(A) and
nonempty A~'(0). Suppose that D(A) C D(J,) for some % > 0. Then (49) holds, i.e.,

lim J,() = Paog(x). Vxe ﬂo D(J,).
A>

The following theorem describes the behavior of the resolvent J, as A — 0.

Theorem 6 Let A € X (M) be monotone. Then, if x € D(A) (\D(Jy), forall » > 0,
lim J; (x) = x.
1—0
Proof By the definition of Yosida approximation A; and inequality (43), we have
that
d(x, x) = lexp, ' Juxll = Al Asx|| < A| Ax.

Since |Ax| = inf{||v|| | v € Ax}, there exists M > 0 such that |A(x)| < M. Thus, let-
ting A — 0 the statement of the theorem is proved. O

The existence of singularities of a strongly maximal monotone vector field was
proved in [28] as Theorem 3 establishes. From Lemma 6 and Theorem 4 existence
results for monotone vector fields under certain boundary condition are next proved.
A similar result was obtained in Banach spaces in [20, 41].

Let xo € M and € > 0. We denote

B(xg, €) :={y € M|d(x, y) < €}
and

0B(xg, €) :={y € M|d(x, y) = €}.
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Theorem 7 Let A € X (M) be an upper Kuratowski semicontinuous monotone vector
field. Suppose that there exist xo € (,., D(J;) and € > 0 such that

|[A(xp)| < |A(X)|, Vx e B(xp,¢€). (51)

Then there exists a singularity y € B(xo, €).

Proof Let xy € (,.,D(J,) and € > 0 be such that (51) is satisfied. By Theorem 5,
it suffices to verify that J;(xg) € B(xo, €) for all A > 0. To do this, let A > 0. From
Proposition 5, we know that Py, r,).x, Ax(x0) € AJ,(xo) and

AL (xo)| = [Px, 1,00 A3 (X0))| = 1AL (x0) | < [A(x0)]. (52)

So our boundary condition implies the fact that J, (x¢) ¢ dB(xo, €) for each 1 > 0.
Below we show that the function A — J; (x¢) is continuous on [0 + oo). Granting this,
one sees that J; (xo) € B(xy, €) for any A > 0 because Jy(xy) = x¢ € B(xo, €); hence
{J1(x0)} is bounded and the proof is complete. Let Ay € [0 4 00). By Theorem 6, we
only need to consider the case when Ay > 0. Since

d(J5, (x0), X0) = [l expy, T, (X0) | = Aul A (x0)| < Anll Ax0) I, (53)

it follows that {J;(xo)} is bounded as A — A¢. Suppose that there exists subse-
quence {A,} with A, — Ao such that J,, (xo) — zo. By the definition of J,,, xy €
exp};n ) A A(zy,); that is,

n?

Xo = exp])}x (o) AnVn (54)

with y, € A(J;,(xo)) for each n. This implies that {y,} is bounded as A, — A9 > 0
and J;, (xo) = zo. Thus, without loss of generality, we assume that y, — yo. By
the assumed upper semicontinuity, yo € A(zo). Taking limit in the equality (54) we
obtain that

Xo = expz_o1 AoYo € expz‘o1 A A(zo). (55)
This means that zo = J;,(xo) by definition and the function A - J; (xy) is continuous
at Ap. O
Corollary 5 Let A € X(M) be maximal monotone with full domain D(A) = M.
Suppose that there exist xo € M and € > 0 such that
[A(xo)| < [A(MX)|,  Vx € IB(xo, €). (56)
Then there exists a singularity y € B(xy, €).
In the setting of Hilbert spaces there is a class of nonexpansive type mappings,
the so called pseudo-contractive mappings, which are closely related to the class

of monotone operators. Recall that a set-valued mapping T : H — 2% is said to be
pseudo-contractive if, for any r > 0, for all x, y € X and forany u € Tx,v € T(y),

x =yl =1 +1x—y) —ru—vl (57)

holds. This concept was introduced by Browder and Petryshyn, in [5], and they
proved that a mapping T is pseudo-contractive if and only if the operator I — T is
monotone. This means that the problem of solving an equation involving monotone
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operators may be formulated as a fixed point problem for a pseudo-contractive
mapping on a Hilbert space.

Recall that, in a Hadamard manifold, the complementary vector field establishes
a connection between nonexpansive mappings and monotone vector fields; see
Theorem 2. Thanks to this vector field, we can define the concept of pseudo-
contractive mappings as follows.

Definition 8 A set-valued mapping 7: K € M — 2M is said to be pseudo-
contractive if its complementary vector field is accretive; that is, given x, y € K, for
anyu € T(x),v € T(y) and r > 0 we have that

d(x, y) < d(exp,(—rexp; ' u), exp,(—r exp;1 v)). (58)

Remark 6 Note that, indeed, when M is an Euclidean space, inequalities (57) and
(58) coincide. On the other hand, by Theorem 1, a mapping 7 is pseudo-contractive if
and only if its complementary vector field is monotone. This together with Theorem
2 implies that any nonexpansive mapping is pseudo-contractive.

The notion of pseudo-contractive mappings was previously introduced in hyper-
bolic spaces in [40] but defined as co-accretive operators.

The following result about the existence of fixed points of continuous pseudo-
contractive mappings is the counterpart of Theorem 1 in [19], proved by Kirk and
Schoneberg in the setting of Hilbert spaces.

Corollary 6 Let T : M — M be a continuous pseudo-contractive mapping. Let x, €
M and € > 0 such that

d(xo, T(x0)) < d(x, T(x)), (59)

for any x € 9B (xq, €). Then there exists a fixed point of T in B(xy, €).

Proof Let A be the complementary vector field of T; that is, A(x) = —exp;! T(x),
for any x € M. Since T is single-valued, so is A, then this means that |A(x)| =
[| exp;l T(x)| = d(x, T(x)), for any x € M. Therefore, by hypothesis (59), condition
(51) in Theorem 7 is satisfied. On the other hand, the fact that T is a continuous
pseudo-contractive mapping implies that A is maximal monotone. Thus Theorem 7
assures the existence of a singularity of A in B(xy, €) which can be proved to be a
fixed point of 7. O

The following example illustrates an application of the previous results to approx-
imate the solution of a convex minimization problem on M.

Example 1 Let f: M — M be a convex function. The Moreau-Yosida regulariza-
tion R{ : M — M of fisdefined by

: 1
R{(x) = argmin lkf(y) + 3 d?(x, y)}. (60)
yeM
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It was proved in [14] that R{ is a single-valued mapping with D(R{) = M for each
A > 0, which is characterized by

exp;kl xe€df(y,), Vxe M, (61)
where df denotes the subdifferential vector field of f defined by
af(x) = {u e T\M| (u,exp;l y> < f(y)— fx), Vy e M}

Consider the set-valued vector field A = df. It was proved in [28] that A is maximal
monotone with full domain. By the characterization (61) we can readily check that
the resolvent of A coincides with the Moreau—Yosida regularization, that is, R =

J#, and therefore Theorem 4 recovers the fact that R{ has full domain, and implies
its firm nonexpansivity.
Furthermore, consider the minimization problem

min f(x) (62)

and denote its solution set by S. Assume that S # . Then by the asymptotic behavior
of the resolvent stated in Theorem 4 we obtain an iterative method for approximating

a minimizer of f. More precisely, for any x € M, the net {R{ (x)} converges to Pg(x)
as A — oo.
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