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With the classical assumptions dna convergence criterion of Newton’s method (independent of affine
connections) to find zeros of a mappihdrom a Lie group to its Lie algebra is established, and estimates

of the convergence domains of Newton’s method are obtained, which improve the corresponding results
in Owren & Welfert(2000,BIT Numer. Math.40, 121-145) antVang & Li (2006,J. Zhejiang Univ. Sci.

A, 8, 978-986). Applications to optimization are provided and the results dMalony(1996,Linear
Algebra Appl, 248, 67-89) are extended and improved accordingly.
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1. Introduction

Recently, there has been an increased interest in studying numerical algorithms on manifolds. Classical
examples are given by eigenvalue problems, symmetric eigenvalue problems, invariant subspace com-
putations, optimization problems with equality constraints, etc. (see, for exammaberger1972;
Gabay,1982; Smith, 1993,1994; Mahony, 1994, 1996; Udriste, 1994; Edelmanet al., 1998; Owren

& Welfert, 2000; Adler et al., 2002; Absil et al., 2007;Li et al., 2009a). In particular, optimization
problems on Lie groups or homogeneous spaces have been studied recently in the context of using
continuous-time differential equations for solving problems in numerical linear algebra. For example,
let$: G — R be given by

$(x) = —tr(x’ QxD) for eachx € G, (1.1)
whereG = SON, R) := {x € RN*N|xTx = Iy and detx = 1}, D € RN*N s the diagonal matrix
with diagonal entries 22, ..., N andQ is a fixed symmetric matrixBrockett(1988,1991) andChu &

Driessel(1990) considered the following optimization problem:

)r(r;ig¢(x). (1.2)
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Brockett (1988,1991) showed that the minimunt € G occurswhenx*T Qx* is a diagonal matrix
with diagonal entries (eigenvalues @) in ascending order. Thus solving the nonlinear optimization
problem is equivalent to solving the numerical linear algebra problem of computing the eigenvalues
and eigenvectors of the matr@. There are many other examples where the linear algebra problems are
formulated as optimization problems on Lie groups or homogeneous spad@sy(ef.& Lagarias1989;
Helmke & Moore,1990;Smith,1991;Mahonyet al.,1993). For a general differentiable functigron a

Lie group some numerical optimization algorithms for solvie@] have been studied extensively (see,

for example Brockett 1993;Mahonyet al., 1993; Shub & Smale1993;Smith,1993; Mahony,1994;

Moore et al., 1994). In particular, Mahony used one-parameter subgroups of a Lie group to develop
a version of Newton’s method on an arbitrary Lie grougMahony (1996), where the approach for
solving (L.2) via Newton’s method was explored and the local convergence was analysed. In this manneg
the algorithm presented is independent of affine connections on the Lie group.

On the other hand, motivated by looking for approaches to solving ordinary differential equations
on Lie groupsOwren & Welfert(2000) considered the implicit method for Lie groups, where they used
the implicit Euler method as a generic example of an implicit integration method in a Lie group setting.
Consider the initial value problem dB

moq

[X/:X.Q(X)’ (1.3)

x(0) = x©@,

whereg: G — G is a differentiable map and@ is a random starting point. The application of one step
of the backward Euler method oh.8) leads to the fixed-point problem

x = x© . exp(Ig(x)), (1.4)

wherel represents the size of the discretization step. Clearly, solving the probldjri{ equivalent to
solving the equation

f(x)=0, (1.5)
wheref: G — G is the mapping defined by
f(x) = exp H(x@) 1. x) —Ig(x) foreachx e G.

Owren & Welfert (2000) introduced Newton’s method, independent of affine connections on the Lie
group, for solving the equatiorl 5) and showed that Newton’s method for the map with its differential
satisfying the classical Lipschitz condition is locally convergent quadratically. Recently, the authors 13
of the present paper studied the problems of existence, uniqueness of solutions of (1.5) and estimatds
of convergence balls of Newton’s method for (1.5)Wang & Li (2007), where, however, all results
except Theorem 2 ofVang & Li (2007) on the convergence of Newton’s method were for Abelian
groups. Extensions of Smale’s point estimate theory for Newton's method on Lie groups were presented
in Li et al. (2009b).

In a vector space framework, as is well known, one of the most important results on Newton’s
method is Kantorovich’s theorem (dfantorovich & Akilov, 1982). Under the mild condition that the
second Fechet derivative of is bounded (or, more generally, the first derivative is Lipschitz contin-
uous) on a proper open metric ball of the initial poigt Kantorovich’s theorem provides a simple
and clear criterion, based on the knowledge of the first derivative around the initial point, ensuring the

¥T Areniga uo sfeuss Arelqi] [esipawolg Je 6io'sjeuinolpiojxo-eufewr woly pape


http://imajna.oxfordjournals.org/

324 J.-H.WANG AND C. LI

existence, uniqueness of the solution of the equation and the quadratic convergence of Newton’s method.

Another important result on Newton’s method is Smal®%36) point estimate theory (i.e.;theory and

y -theory), where the notion of approximate zeros was introduced and the rules for judging an initial
point Xg to be an approximate zero were established, depending on the information of the analytic non-
linear operator at this initial point and at a solutioh There has been a lot of work on the weakness
and/or the extension of the Lipschitz continuity made on the mappings (see, for exaabptejko

& Nguen (1987),Gutiérrez & Herrandez(2000),Wang(2000),Ezquerro & Herandez(2002a,b) and

the references therein). In particul@abrejko & Nguen(1987) parameterized the classical Lipschitz
continuity. Wang(2000) introduced the notion of Lipschitz conditions with laraverage to unify both
Kantorovich’s and Smale’s criteria.

In a Riemannian manifold framework an analogue of the well-known Kantorovich’s theorem was
given in Ferreira & Svaiter(2002) for Newton’s method for vector fields on Riemannian manifolds,
while extensions of the famous Smale’s (1986)heory andy -theory to analytic vector fields and
analytic mappings on Riemannian manifolds were providddddieuet al. (2003). In the recent paper
Li & Wang (2006) the convergence criteria [edieuet al. (2003) were improved by using the notion
of the y -condition for the vector fields and mappings on Riemannian manifolds. The radii of uniqueness
balls of singular points of vector fields satisfying theconditions were estimated iWang & Li (2006),
while the local behaviour of Newton’s method on Riemannian manifolds was studigd8inVang
(2005). Recently, inspired by the previous workZatbrejko & Nguer(1987) on Kantorovich’s majorant
method Alvarezet al. (2008) introduced a Lipschitz-type radial function for the covariant derivative of
vector fields and mappings on Riemannian manifolds and established a unified convergence criterion
for Newton’s method on Riemannian manifolds.

In the spirit of the works mentioned above, a natural and interesting problem is whether an ana-
logue of the well-known Kantorovich’s theorem (independent of the connection) can be established for
Newton’s method (for solvingl(5) and/or the optimization probleri.2)) on Lie groups. On a finite-
dimensional completed and connected Riemannian manifgltilewton’s method is defined in terms
of geodesics, and the property that there is at least one geodesic to connect any two pdiptays a
key role in the study. Newton’s method on a Lie group is defined in terms of one-parameter subgroups.
However, there is no similar property for one-parameter subgroups in an arbitrary Lie group, which
makes the study on a Lie group more complicated. In the recent fépey & Li (2007) we gave a kind
of Kantorovich’s theorem forl(.5) by using the following metric Lipschitz condition:a:

dexgl(d fo —dfo| < Ld(X,x) VX, x e G with d(xo, X) + d(x, X) < r1, (1.6)

whered(-, -) is the Riemannian distance induced by the left-invariant Riemannian metric. Clearly, this
kind of Lipschitz condition is still dependent on the metric on the underlying group and is generally
very difficult to verify in a noncompact group (cf. Exam@de3in Section3).

The purpose of the present paper is to establish Kantorovich’s theorem (independent of the connec-
tion) for Newton’s method on a Lie group. More precisely, under the assumption that the differetfitial of
satisfies the Lipschitz condition around the initial point (which is in terms of one-parameter semigroups
and is independent of the metric and weaker than the metric Lipschitz condit®)), the convergence
criterion of Newton’s method for solvindL(5) is established in Sectid As a consequence, estimates
of the convergence domains are also obtained. The main feature of our results (Th&dranas3.3) is
that they are completely independent of the metrics on the groups. In particular, TH&dliemproves
and extends Theorem 2 ©¥ang & Li (2007), while Theoren3.3 (and its corollaries) improves and
extends the corresponding resultOmvren & Welfert(2000). In Sectiort we will show that Newton'’s
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methodfor solving the problem (1.2) is equivalent to the one for solvihg), wheref is a map from

a Lie group to its Lie algebra associateddtpand, as applications, the convergence criterion and the
estimates of the convergence domains of Newton’s method for solving the probZnale provided.

The results on the convergence domains improve the corresponding resultdthreotoy(1996), while

the result on the convergence criterion seems new for Newton’s method for solving the prakitem (
Examples are provided to show that our results in the present paper are applicable but not the results in
Mahony(1996) andOwren & Welfert(2000).

2. Notions and preliminaries

Most of the notions and notation that are used in the present paper are standard (see, for exampl
Helgason1978;Varadarajan1984). A Lie group(G, -) is a Hausdorff topological group with countable
bases that also has the structure of an analytic manifold such that the group product and the inversion are
analytic operations in the differentiable structure given on the manifold. The dimension of a Lie group &
is that of the underlying manifold, and we shall always assume thanitdémensional. The symbol
e designates the identity element®f Let G be the Lie algebra of the Lie group that is the tangent
spaceleG of G ate, equipped with the Lie bracket[]: G x G — G.

In what follows we will make use of the left translation of the Lie gra@pWe define for each
y € G the left translatiorLy: G — G by

JjPapedfamoq

Ly(zy=y-z foreachze G. (2.1)

The differential ofLy at z is denoted by(L{);, which clearly determines a linear isomorphism from
T,G to the tangent spac&y.,G. In particular, the differentia(L/y)e of Ly at e determinesa linear
isomorphism frong to the tangent spack,G. The exponential map exg: — G is certainly the most
important construction associated@andg and is defined as follows. Givane G letoy: R — G be
the one-parameter subgroup @fdetermined by the left-invariant vector fiek|,: y — (L/y)e(u), i.e.,

oy satisfieghat

su@) =e and o/ (t) = Xy(ou()) =( ;u(t)) (u) foreacht € R. 2.2)
e
The value of the exponential map expuas then defined by

exp(u) = oy(2).

Moreover, we have that

TTOZ ‘vT Aenigad uo sjeuas Areiqi] [eaipawolg e Hio sreulnolployxoeufewr wo.

exp(tu) = oty(1) = ay(t) foreacht e Randue g (2.3)

and

exp(t + s)u = exp(tu) - exp(su) for anyt,s € Randu € G. (2.4)

Note that the exponential map is not surjective in general. However, the exponential map is a diffeomor-
phism on an open neighbourhood 0é€@. In the case whef is Abelian, exp is also a homomorphism
fromGtoG,i.e.,

exp(u + v) = exp(u) - exp(v) forallu,v € G. (2.5)
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In the non-Abelian case exp is not a homomorphism and, by the Baker—Campbell-Hausdorff formula

(cf. Varadarajan1984, p. 114),%.5) must be replaced by
exp(w) = exp(u) - exp(v) (2.6)

for all u ando in a neighbourhood of @ G, wherew is defined by
1 1
w=Uu+ov+ E[ua 1)] + 1—2([U, [u7 U]] + [09 [D: U]]) +e (27)

Let f: G —» G be aCl-mapand letx € G. We usef, to denote the differential of atx. Then, by
DoCarmo(1992, p. 9) (the proof given there for a smooth mapping still works 16t-anap),for each
Ny € TxG andany nontrivial smooth curve: (—¢, ) — G with ¢c(0) = x andc’(0) = Ay, one has
that

d
fiAx = (—(f o c)(t)) . (2.8)
dt t=0

In particular,

frAx = (% f(x- exp(t(L;_l)XAx))) for eachAy € TxG. (2.9)
t=0

Definethe linear map dx: G — G by

dfyu = (% f(x- exp(tu))) for eachu € G. (2.10)
t=0
Then, by (2.9), we have
dfy = f) o (L))e. (2.11)
Also, by definition, we have for ali > 0 that
%f(x - exp(tu)) = dfy.epeuyu  foreachu e G (2.12)
and
t
f(x-exptu)) — f(x) =/ dfy.expsyuds foreachu e G. (2.13)
0

For the remainder of the present paper we always assumg,thas an inner product of and|| - ||
is the associated norm gh We now introduce the following distance @that plays a key role in the
study. Letx, y € G and define

k
o(x,y) i=inf IZ i |
i=1

wherewe adopt the convention that iif= +oc. It is easy to verify thap(., -) is a distance o5 and
that the topology induced by this distance is equivalent to the original oG on
Letx € G andr > 0. We denote the corresponding ball of raditeroundx of G by C; (x), that is,

Cr(x) :=={y e Gla(x,y) <r}.

Let £(G) denote the set of all linear operators @nBelow we shall use the notion of theLipschitz
condition and a useful lemma.

, (2.14)

thereexistk > 1 anduy,...,ux € G suchthat}

y = X - expuy - - - eXpU
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DEFINITION 2.1 Letr > 0, letxg € G andlet T be a mapping fronG to £(G). ThenT is said to
satisfy thel -Lipschitz condition orC; (xp) if

IT(X-expu) = T)[ < Lifull (2.15)
holds for anyu € G andx € C; (Xg) suchthat|ju|| + o(X, Xg) <.

LEMMA 2.2 Let0O <r < % andlet xp € G besuch that dxgl exists. Suppose thatfgj;ldf satisfies

the L-Lipschitzcondition onC; (Xg). Let X € C; (Xg) besuch that there exist > 1 andug, ..., ux € G
satisfyingx = Xp - expug - - - - - eXpUk andZ!‘zo lui|l <r.Then dfx‘1 exists and
dex‘ldfxo H < 1k . (2.16)
1—L(Xolluill)

Proof. We write yp = Xp andyj+1 = Vi - expu; for eachi = 0,...,k. Since @.15) holds with
T =df1df, one has that

dexgl (dfyexpus — dfyi)H < L|ui|l foreach0<i <k. (2.17)
Noting thatyk+1 = X, we have that

o001 o1 0 0]

k
<] dex_ol (dfy-epu — dfy.)”
i=0
k
=L (Z lui ||)
i=0
<1
Thusthe conclusion follows from the Banach lemma and the proof is complete. O

3. Convergence criteria

Following Owren & Welfert(2000), we define Newton’s method with initial poixg for f ona Lie
group as follows:

Xn41 = Xn - EXP (—dfx‘nlf(xn)) foreachn = 0,1, .... (3.1)

Letp > 0 andL > 0. The quadratic majorizing functidm which was used itantorovich & Akilov
(1982) andWVang(2000), is defined by

L
h(t) = Et2 —t+p foreacht > 0. (3.2)

Let {t,} denotethe sequence generated by Newton’s method with initial vialee0 for h, that is,

the1 = th — W (t) "*h(t,) foreachn=0,1,.... (3.3)
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Assumethat/] := LS < % Thenh has two zeros; andr; given by

1-J1-21 1+4/1-24
f=—"7— and rzz%. (3.4)

Moreover, {tn} is monotonic increasing and convergent fandsatisfies that

n-1
r—ts= Tléjrl foreachn =0,1, ..., (3.5)
j=0
where
1-J1-22
g=—__Y—_ =2 (3.6)
1+J1-24

Recallthat f: G — G is aC'-mapping.In the remainder of this section we always assume that
Xo € G is such that d, ! exists and sep := |[d . f (x0)|.

THEOREM 3.1 Suppose that tj<‘01 df satisfieghe L-Lipschitz condition orC;, (xo) andthat
1
=L < > (3.7

Thenthe sequencéx,} generatedy Newton’s method3.1) with initial pointxg is well defined and
converges to a zeno* of f. Moreover, for eacim = 0, 1, . . . the following assertions hold:

0012 %) < AT Om)| < thi = to, (38)
, g1
2(Xn, X¥) < mrl- (3.9)
Proof. We writeov, = —dfx—nlf(xn) for eachn = 0,1, . ... Below we shall show that eaceh is well
defined and
0(Xn+1, Xn) < [lonll < the1 —tn (3.10)

holdsfor eachn = 0,1, .. .. Given this, one sees that the sequepgé generatedy Newton’s method
(3.1) with initial pointxg is well defined and converges to a zetbof f becauseby (3.1),

Xnt+1 = Xn - &Xpon foreachn =0,1,....

Furthermore, assertions (3.8) arxd9) hold for eactm and the proof of the theorem is completed.

Note thatog is well defined by assumption and = xg - expog. Hencep (X1, Xo) < |lvol|. Since
ool = || — dfgt(f(x0))| = B = t1 — to, it follows that (3.10) is true fon = 0. We now proceed by
mathematical induction on. For this purpose we assume thatis well defined and3.10) holds for
eachn < k—1. Then

=~
=

loil <tk —to=1tk <r1 and Xx = Xo- €XPovg - - - EXPOK—1. (3.11)

Il
o
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Thuswe use Lemma.2to conclude that cﬂx‘kl exists and

1
1— Lty

dex‘kld fro — —N(t)™. (3.12)

<

Thereforevy is well defined. Observe that

f(x0) = F ) — F(xk—1) — dfx_j0k-1
1
= /O d ka_l.@(p(tl)k_l)l)k_l dt - d ka_ll)k_l
1
:/o [d Fxie1-expito_1) — dka—l] vk-1dt,
wherethe second equality is valid because fI3). Therefore, applyind@(15), one has that

Jatgtrow| < [ 855 [0ty — A Tl

1
< / L litorca llok_z dlt
0
L 2
< = (tk — tk—
2(k k—1)

1
=h(tk—1) + h'(tc—1) (tk — t—1) + Eh”(tk—l)(tk —t1)?

— h(t), (3.13)

wherethe first equality holds becaubéiy—_1) +h’(tk—1) (tk —tk—1) = 0by (3.3) andh” = L. Combining
this with (3.12) yields that

lowll = | —d 52 040

< dex;ld o

ot o]
< =N (t) " h(t)
=tk — tk. (3.14)

Sincexkt+1 = Xk - eXpok, we havep (Xk+1, Xk) < |lok||. This together with§.14) gives that3.10) holds
for n = k, which completes the proof of the theorem. O
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The remainder of this section is devoted to an estimate of the convergence domain of Newton'’s

method onG around a zero* of f. Below we shall always assume thet e G is such that d ;*
exists.

LEMMA 3.2 Let0 <r < % andlet xo € C(x*) besuch that there exigt > 1 andws,...,wj € G
satisfying

Xo = X" - eXpws - - - eXpwj (3.15)
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andzij:l llwi]l < r.Suppose that q(:l df satisfieghe L-Lipschitz condition orC; (x*). Then dfx—ol
exists and

@+L23ﬂwmz.wwn

df 1 f (x0)| < (3.16)
ot | 21— LX) lwill)
Proof. By Lemma2.2, df, ! exists and
1
dex‘oldfx* <— - (3.17)
1-LX ) lwill

We writeyp = x* andy; = yj_1 - expwj for eachi = 1,...,j. Thus, by 8.15), we havey; = Xo.
Fixingi, one has fromZ.13) that

f<w>—f(w_ﬂ=141dwpramumwndn
which implies that
dfZt(fF(yi) = f(¥ie1) = /1dfx_,,1 (dfy_sexpiew) — dfxe) widr + wy. (3.18)
Sinced f, ~1df satisfieghelL- -Lipschitz condition orC; (x*), it follows that

[aft @y, epu, = dfy, )| < Lllwxll - foreache =1,....j.

This gives that

i—1
< Z ”d fx_*l (d fy,(_l-@(p wx — d fyx—l)
k=1

H d fx_*l (d fyi_l.exp(‘[wi) - d fx*)

+ H df,. d fy, rexp(rw) — dfy —1)

i—1

<L llwell + Lefwil. (3.19)
k=1

Notingthat f (xg) = Zijzl(f(yi) — f(yi-1)), we have from 8.18) and 8.19) that

J
1d 4 (o)l < 2:(/Hduﬁdwlammu—dnqnwAM+me)
i=1

j 1 i—1
(/ L(Z lws || + 7]l wi II)IIwi ldz + ||wi II)
i=1 \’0 k=1

( Eﬂmm+1)§]mm

N

I\)ll_
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Combingthis with (3.17) yields that
(+L2lilwil) 2w
2(1- L3y o)

which completes the proof of the lemma. O

Idf 1 f (xo)ll <

dex_olf(xo)H de 14 f,.

THEOREM3.3 Let0 < r < 4,_ Suppose thaf (x*) = 0 and that d.. 1df satisfiesthe L- Lipschitz

condition onCsr /(1-Lr)(X*). Let xo € C; (x*). Then the sequenden} generatedby Newton’s method

(3.1) with initial pointxg is well defined and converges quadratically to a zgtof f ande(x*, y*) <
3r

1-Lr-
Proof. Sincexg € C; (x*), there existj > 1 andw;, ..., wj € G satisfying

Xo = X" - eXpwy - - - Xpwj

andzij:1 lwi|| <r.By Lemma3.2, df, ! exists and

(2+ Lzl Lllwil) z, _q llwi ||

= |df 1 f(xo0)| < (3.20)
Jots H 21-L3)_; llwil)
Setl = m andf = G0 Then df 1 df satisfiesthe L-Lipschitz condition orCr (xo).
To see this Ieklzl Cr(Xg) andu € G besuch that|u] + g(Xo, X) < F. Thus
_ 3r
ull + o (x, x*) < [lull + 2(X, X0) + 2 (X0, X*) < T +r < L1
Since df . Ldf satisfieghe L- -Lipschitz condition orCs; ;(1—Lr)(X*), it follows that
1d .= (d Freepu — df) Il < Liull. (3.21)
Consequentlyby Lemma2.2, one has that
Jdfict@ feepu — dbo| < it | Idtei@ feepu — dbol
< —jIIUII
1-L Zi:l llwi |l
= Lull.
This shows that clx—o1 df satisfieghe L-Lipschitz condition orCr(xo). Let
- o 1-V1-2i 2p
A=Lp and f= = = = (3.22)
L 1+V1-22
Then,by (3.20), we have
2+ L
<2< @+L3lwil) Xy o I (3.23)

1- L3 lwi)
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Moreover, sincelL Zijzl lwi| < Lr < }1, it follows that

@+ LphL 2+3)3 1
1< @HLIsbLiol ( +4)42 _1 (3.24)
20— Lol " 21-1)2 2

ThusTheorem3.1is applicable and the sequeniog} generatedby Newton's method3.1) with initial
point Xg corverges to a zero, say', of f andp(xo, y*) < 1. Furthermore,

o(X*,y") < o(X*, X0) + o(X0, Y*) <r+f1<r+7<

1—1Lr’

The proof of the theorem is complete. O
In particular, taking = ﬁ in Theorem3.3 the following corollary is obvious.

COROLLARY 3.4 Suppose thaff (x*) = 0 and that d‘x_*ldf satisfiesthe L-Lipschitz condition on
C1/L (X*). Letxg € Cy/aL (X*). Then the sequenden} generatedy Newton’s method3. 1) with initial
point g is well defined and converges quadratically to a zgref f with p(x*, y*) < %

Theorem3.3 aswell as Corollary3.4 gives an estimate of the convergence domain for Newton’s
method. However, we do not know whether the ligiitof the sequence generated by Newton’s method
with initial point xg from this domain is equal to the zepd. The following corollary provides the
convergence domain from which the sequence generated by Newton’s method with initiadypont
verges to the zerg*. Letr > 0. We useB(0,r) to denote the open ball at 0 with radiu®n G, that
is,

BO,r) :={v e Gl|llv|| <r}.

COROLLARY 3.5 Suppose thaff (x*) = 0 and that dx‘*ldf satisfiesthe L-Lipschitz condition on
C1/L(X*).Letp > Obe the largest number such ti@ai(e) C exp (B(0, £)) andletr = min {3—+% i}
Letus writeN(x*, r) := x* - exp(B(0,r)). Then, for eackxg € N(x*, r), the sequencéx,} generated
by Newton’s methodJ.1) with initial pointxg is well defined and converges quadraticallyxto

Proof. Letxp € N(x*, r). Then there exists € G such thatxg = x* - expv and

ol <r <min] 2 1
) < ,— .
3+ Lp 4L

Thisimplies thatxg € C; (x*) and

3r
1-1Lr

1
< min[t,p}. (3.25)
Hence Theoren3.3 can be applied to conclude that the sequexge generatedy Newton’s method

(3.1) with initial pointxg is well defined and converges to a zero, sdyof f andp(x*, y*) < 13'“ .

Thistogether with (3.25) implies that(y*, x*) < p. Hence there exists € G such thatju| < % and

TTOZ ‘vT Aeniga4 uo sjeuas Areiqi] [eaipawolg 1e 61o°sreuinolplojxo eulewi woly papeojumoq


http://imajna.oxfordjournals.org/

NEWTON’S METHOD ON LIE GROUPS 333

y* = X* - expu. Since

1 1
df .t /0 d fy exp(euy dz — | H = H /O d f 2 1(d fxe exp(euy — dfxe)dz

1
</ Lellullde
0

<1,

it follows from the Banach lemma thatf)@:l fol d fx-.exp(ruy dr is invertible and so ig’ol d fxr.exp(ruy dr.
Notethat

1

We obtain that = 0 andy* = x*, which completes the proof of the corollary. O

Recall that, in the special case whénis a compact connected Lie grou@, has a bi-invariant
Riemannian metric (cDoCarmo,1992, p. 46). Below we assume tHatis a compact connected Lie
group that is endowed with a bi-invariant Riemannian metric. Therefore an estimate of the convergenc

domain with the same property as in Coroll&is described in the following corollary.

COROLLARY 3.6 Let G be a compact connected Lie group that is endowed with a bi-invariant Rie-

mannian metric. Let < r < ﬁ. Suppose thaf (x*) = 0 and that dx_,,ldf satisfieghe L-Lipschitz
condition onCsr /1—Lr)(X*). Let xg € C; (x*). Then the sequenda,} generateddy Newton’s method
(3.1) with initial pointxg is well defined and converges quadraticallyxto

Proof. By Theorem3.3, the sequendi,} generatedy Newton's method (3.1) with initial pointg is
3r

well defined and converges to a zero, gayof f with o(x*, y*) < =+. Clearly, there is a minimizing

geodesic connectingp<*_l - y* ande. SinceG is a compact connected Lie group that is endowed with
a bi-invariant Riemannian metric, it follows frohtelgason(1978, p. 224) that is also a one-parameter

subgroup ofG. Consequently, there exigtse G such thaty* = x* - expu and

ull = o(x*, y* )
lull = o ,)/)<1_|_r

Since

1 1
df ! /0 dfx*.exp(fu)df—l"zu /0 df 2 1(d e exp(eu) — dfxe)dz

1
</ Le|lufde
0

<1,

1 1

it follows from the Banach Iemmathaf;il/ dfyr.exp(ruy d7 isinvertible and so i% dfyr.exp(ruy dr.
0 0

As

1
/O dfyeoprey dr U= F(y*) — F(X") =0,

we have thau = 0, and soy* = x*. This completes the proof of the corollary. O

eulewr wouy papeojumoq
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In particular, taking = ﬁ in Corollary3.6, one has the following result.

COROLLARY 3.7 Let G be a compact connected Lie group that is endowed with a bi-invariant Rieman-
nian metric. Suppose thdt(x*) = 0 and that dX:1 df satisfiethe L-Lipschitz condition orCy | (x*).

Let Xp € Cy/aL (X*). Then the sequende} generatedy Newton’s method3.1) with initial pointxg

is well defined and converges quadraticallyxto

Clearly, Corollaries3.5 and 3.7 improve the corresponding local convergence resudwren &
Welfert (2000, Theorem 4.6). The following example is devoted to an application of our results in this
section to the initial value problem on the special linear groupNsIK) and the special orthogonal
group SAN, R) that was considered ywren & Welfert(2000). This, in particular, presents an exam-
ple for which our results in the present paper are applicable but not the resiehiony (1996) and
Owren & Welfert(2000).

For the following example we define the second differenttakdg? — G for aC?-mapé: G — G
asfollows:

o2
d?Ouquy = 6(x - exptauy - exptius) ) (3.26)
otooty tp=ty=0

Then,by (2.13), we have that

t
db.exp(tuy — dbx = / POy expsyUds for eachu e G andt € R. (3.27)
0

ExamMPLE 3.8 Let N be a positive integer and lgf; bethe N x N identity matrix. LetG be the special
linear group under standard matrix multiplication (¢iradarajan1984), that is,

G =SL(N, R) := {x e RN*N| detx = 1}.
ThenG is a connected Lie group and its Lie algebra is
G =TeG = sI(N, R) := {v € RN*Njtr(v) = 0},
wheree = | . We endowg with the standard inner product
(u,v)e =tr(u'v) foranyu,v e gG. (3.28)

Hence the corresponding noiim|| is the Frobenius norm. Moreover, the exponential map €xps G
is given by
Dn
expo) = | — foreachweg

n>0

and its inverse is the logarithm (dflall, 2004, p. 34)

(z—1n)K

” for eachz e G with ||z—In] < 1. (3.29)

exp () = D (-1)!

k>1
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Letg: GxR — G bea differentiable map and lef® bea random starting point. Consider the following
initial value problem orG studied inOwren & Welfert(2000):

X=X 900, 3.30
[X(O) =x0, (3.30)

Theapplication of one step of the backward Euler method on (3.30) leads to the fixed-point problem
x = x@ . exp(lg(x)), (3.31)
wherel represents the size of the discretization step.f.e&é — G be defined by
f(x) =exp 2(xX) 1. x) —1g(x) foreachx € G.

Thus solving the equatior8(31) is equivalent to finding a zero éf
Let g be the function considered @wren & Welfert(2000) that is defined by

g(x) = (sinx)(2x — 5x%) — ((sinx)(2x — 5x?))"  for eachx € G,

where

_ i1 (X)Zj—l
sinx = D" (-1) @G- for eachx e G.
=1

Consider the special case wher= 1 andx© = expoo with vo € G satisfying|lvoll < 5. To apply
our results we have to estimate the norm éfd. To do this we writew(-) = exp 1((x@)~1. (-)). Let
X := expvy expoz - - - eXpok for somen1, vo, ..., vk € G with Z:(:o loi || < ;11. Since

5 1
é—-1< 2t for eacht € [O, Z} , (3.32)

onecan use mathematical induction to prove that

k

. 5
Ix — Il < eZi= il -1 < Z;”w I (3.33)
Consequentlywe have
5 & 5
1) ™ = Il < ZEZ Ioill < 75 < L. (3.34)

Thus,by definition and using3.29), one has for eadhe G that

S0 (X ~2x — 1) (@) ~Ixu((x @) ~ix — 1) 171

i
(W) = 3 (~1) 2

i>1 J

(3.35)

Since
I xull = [(x©@)"2xu — u+ull < (IO X = Inl + Dull,
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it follows from (3.35) that

i 01y _ 01 -1y _ j—1
||dwx(u)—u||<<ZJ("(X "X~ Inl -+ DO ™ x ~ Il +||(X(O))_1X—|N||) huil

i>2 J

2 (x9)~1x — lNu

= 1o @) x iy M

Hence by (3.34), we have

21— Inll 103K pluil

Iduwx — Igl| < < :
TS IO X = I S 4- 53K i

(3.36)

wherelg is the identity onG. Similarly, one has
IPwxll < D TAEO) ) = Il + DI @) x — Iy~
i>1
+( = DU X = Inll + DA O — 1N 17

_ 34O =]l
T A= 1) "I — 1|2’

Combiningthis and (3.34) gives that

(6P < 3+ (o lvil)
( _%(Z| o||U|||))

Letxp = Iy andL = 51. Below we verify that cfxgldf satisfieshe L-Lipschitz condition atxg on
C1/50(Xp). For this purpose we let € G andx € Cy/50(Xp). Thenthere exisk > 1 andoy, ...,k € G
suchthatx = xp-expo1 - - - €Xpok and||v||-i-2‘,!‘:1 loi |l < 5_10- Lets € [0, 1] and writey := X-expsv =
expoy - - - expog - expsv. Note that, by 8.36), we have that

(3.37)

10|poll 2
dwy, — Ig| < —%— < = 3.38
?Segz;l;sﬁwon < &< dosince X g lvill + ol < &+ K loill + ol < &, it follows from
that
3+3 144
2wy < e > 20 5 < = 5. (3.39)
(1= 3(55+ 2z lloill +slloll)) 35(1 — 2 (XZq llvill +sllvll))
Onthe other hand, note that
2 _ (v2I\T 2j4+1 _ (y2j+1\T
_ j— —-1X (x ) _ ] —1X (X )
g(x) =2 (-1 N 5> (-1 ~1y (3.40)

=1 =1 J
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Then,by definition, djx, = (—6cos 1—- 16 sin JIg. Hence

1 -1 1
dg !l = I d (Ig—d = Ig. 3.41
% = Zgcosi—16sn1?¢ " (Ig — dg) 1+6cos1+ 16sinlY (3.41)
It follows from (3.38) that
g — dgxo)‘1|| [dfx, — (Ig — dgxo) |l = I (Ig — dgxo)_llllldwxo —Igll
< = — - g <1
1+6cosl+16sinl 7
Thusthe Banach lemma is applied to conclude that
1/14 6cos 1+ 16sinl 1
dex—olu < A+ +20osh 5> < . (3.42)
1-(1/1+6cosl+16sin)-2 10
By definition, we have
2 211v2] 2i 1 211\v2j+1
1Pyl < 222( i) ||y || 522( |+ DAYy (3.43)

2] - 2j — 1)

j=1

Using(3.33), we have thaty' || < %i (Z!‘zl lloi | +sllvl) + 1 for eachi > 1 and it follows from 8.43)
that

K i3 i 3 )2 i 2
> 5 _ 42))°+102j + 1) 42))c+102j + 1)
gyl < Z(§ loi +s||v||)j§ Bm— D +]Z>l oo G4

Notethat for eachj > 1 we have

22))  _ @i-14+D)--@Qj+12j  @2j-2+D)---2j@2] -1
@j-1 2] — 1)! 2j - 2)!

fori =2,3.

Then,by elementary calculations, we have that

Z(Z(Zi)'l <Z“(l""i)'l'l'(l_"l):i!2ie fori =2,3.

— |
i>1 J ) 10

Similarly,

I .
2y gi +3. <(i+12e fori=23
j=>1

Combining(3.44) with the above two inequalities gives the following estimate:

k
ld?gy |l < 1320e(z loill + s||v||) +136e (3.45)

i=1
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Thistogether with (3.39) and3(42) yields that

a0 < [orz] i+ ot |

72 K ) )
< 1320 lloi | + sllo]l }+136). (3.46)
175(1— 22 I ot I+ sliel)? 10( (Zl

Then it follows from (3.27) and the fact that= x - expsv that

dexgl(d Frepo — dfy)

< /l de‘ldzf
A X0 X-expsv

/l( 72 (3zo(§ ) 36)) g
S +—[1 loill +slloll )+ 1 lolds
0 \175(1— (XX, floill +sllo]))® 10

< 51p]. (3.47)

llollds

Thus the claim stands. Moreovet, < % < 5—10, and so that cﬂx‘ol df satisfieghe L-Lipschitz condition
atxg onCy, (Xp). Noting thatf (xg) = —vg, we have by 8.42) that

1
<51.—. —.

51 0 llvoll < 5
ThusTheorem3.1is applied to conclude that the sequence generated.by\With initial pointxg = Iy
converges to a zerg* of f.

To illustrate an application of Corollai.4let us takex® = Iy, thatis, f: G — G is defined by

r=Lp=L|drgt oo < L |dfgt

f(x) = exp 1(x) — (sinx)(2x — 10x?) + ((sinx)(2x — 10x?))T  for eachx € G.
Thenx* := |y is a zero off. Furthermore, by (3.35), we have
dwys =g and dfys = dwxs —dgx = (1+ 6cos 14 16 sin DIg. (3.48)

As before, letv € G andx e Cy50(x*). Then there exisk 1 ando1,v2,...,vk € G suchthat
X = expoiexpoz---expok and Z:‘zl loill + lloll < % Similarly, lets € [0, 1] and writey :=
X EXPSv = expu1 eXpos - - - eXpok exp sv. Note that, by (3.37) (asg = 0), one has that
3+ 7
5
(1= (K loil + sllol))

Note thatx* = Xg = In. Then, using 8.43)—(3.45) and3.49), one can verify (with almost the same
arguments as we did foB(46) and 8.47)) that

121 X
Idf 12 ) < 7 + 5 (1320(2 lloi Il + SIIvII) + 136)

480(1 — S( K _; llvill + slio| ~

2wyl < (3.49)
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and

Idf e (dfeps — df)l < 510,

that s, dfx‘*ldf satisfiesthe L-Lipschitz condition atx* on Cy50(x*) andso onCy, (x*) because

L < &. Takexo = x* - expv with v € G and|jv|| < »5;. Corollary3.4is applied to conclude that the

sequence generated by (3.1) with initial poigtis well defined and converges quadratically to a zero
y* of fin Cl/L(X*).

Furthermoreif we take G to be the special orthogonal group under standard matrix multiplication,
that is,

G = SON, R) := {x e RN*N|xTx = Iy and detx = 1}. (3.50)
ThenG is a compact connected Lie group and its Lie algebra is the set bf allN skew-symmetric
matrices, that is,
G =soN,R) :={o e RN*N|pT 4+ =0} (3.51)
Notethat [u, o] = uo —ou and([u, v], w)e = — (U, [w, v])e fOr anyu, v, w € G. One can easily verify
(cf. DoCarmo,1992, p. 41) that the left-invariant Riemannian metric induced by the inner product in

(3.28) is a bi-invariant metric ofs. Then Corollary3.7 is applicable and the sequence generated by
(3.1) with initial pointxg is well defined and converges quadraticallyxto

We end this section with a remark.

REMARK 3.9 It would be helpful to make some comparisons of TheoBefnwith the corresponding
result given by theorem 2 iwang & Li (2007), where the convergence criterich7) was provided
under the following metrid-Lipschitz condition ako:

dex‘ol(d for — dfy)

< Ld(X,x) VX, x e Gwithd(xg, X) +d(x, x) <ry, (3.52)

whered(-, -) is the Riemannian distance induced by the left-invariant Riemannian metric. Clearly, this
kind of metric L-Lipschitz condition is dependent on the metric @nand is much stronger than the
L-Lipschitz condition orCy, (o) given in Definition2.1:

dex‘ol(d feepu —dh| < Lul vx e G, (x0) andu € G with o(x, Xo) + [ull <r1.  (3.53)

Usually, in a noncompact Lie groug3.62) is difficult to verify, in particular, for the points and x’
that no one-parameter semigroups connect becaudgg abntainsno information about the distance
between the two points iG. Hence it is not convenient to apply Theorem 2/ding & Li (2007). For
example, consider the group = SL(N, R) in Example3.8. It would be very difficult to verify the
metric L-Lipschitz condition (3.52) (in fact, we do not know how to do that).

4. Applications to optimization problems

Let#: G — R be aC?-map.Consider the following optimization problem:

min ¢(x). (4.1)

xeG
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Newton’s method for solving4.1) was presented iklahony (1996), where a local quadratic conver-
gence result was established for a smooth funggion

Let X e G. Following Mahony(1996), we useX to denote the left-invariant vector field associated
with X defined by

X(x) = (L})eX foreachx e G,

andX¢ is the Lie derivative of with respect to the left-invariant vector fiel, that is, for eactx € G
we have

d
a‘tzogb(x - exptX). 4.2)

Let{Xy, ..., Xpn} bean orthonormal basis @f. According toHelmke & Moore(1994, p. 356) (see also
Mahony,1996), gradp is a vector field orG defined by

(Xgp)(x) =

gradg (x) = (X1, ..., Xn)(X16(X), ..., Xnp(x)T =D Xj¢()X; foreachx e G.  (4.3)
=1

Then Newton’s method with initial pointg € G thatwas considered iMahony(1996) can be written
in a coordinate-free form as follows.

ALGORITHM 4.1 Find XK € G suchthat XK = (L})eXX and
grade (x) + grad(X*¢)(xc) = 0.

Setxyy1 = Xk - exp XK.
Setk « k + 1 and repeat.

Let f: G —» G be a mapping defined by
f(x) = (L})zlgradg(x) foreachx e G. (4.4)
Define the linear operatdiix¢: G — G for eachx € G by
(Hx) X = (L))gtgrad(X¢)(x) foreachX e G. (4.5)

ThenH(,¢ definesa mapping fronG to £(G). The following proposition gives the equivalence between
dfy andHyg.

ProPOSITION4.2 Let f(-) andH()¢ bedefined by (4.4) and4(5), respectively. Then

dfy = Hx¢ foreachx € G. (4.6)
Proof. Let x € G and let{X3, ..., X} bean orthonormal basis &. In view of (4.3) and (4.4), we
have that
f(X) = (X, ..., X)) (X19)(X), ..., Xnd) (). (4.7)

Since¢ is aC?-mappingiit is easy to see by definition that

Xj(Xp)(x) = X(Xjp)(x) foreachX e Gandj =1,2,...,n. (4.8)
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Thereforeby (4.7), we have that

dfy(X) = f(x - exptX)

d
o

d ~ d - T
=(X1,..., Xp) (a‘t_o(xlcﬁ)(x -exptX),..., P t:O(Xn<;5)(x : exth))

= (X1, ., Xn)(X(X19)(X), ..., X(Xngp) ()"
= (X1, ., Xn)(X2(Xp)(X), ..., Xn(Xp) ()"
= (L))a (X1, ..., Xn) X1(X)(X), . . ., Xn(Xp) ()T,

wherethe fourth equality holds because df§). This means tha#(6) holds and the proof is complete.
O

REMARK 4.3 One can easily see from Propositidr? that, with the same initial point, the sequence
generated by Algorithnd.1 for ¢ coincides with the one generated by Newton’s mettd)(for f
defined by (4.4).

Let xg € G besuch that(Hqub)_1 exists and lef; = | (HXO¢)_1(L§(O)glgrad¢(xo) |- Recall that
ri is defined by 8.4). Then the main theorem of this section is as follows.

THEOREM4.4 Suppose that

1
andthat(HXOqﬁ)_l(H(.)ng) satisfies the_-Lipschitz condition orCy, (xo). Then the sequence generated
by Algorithm 4.1 with initial point xg is well defined and converges to a critical poxitof ¢ atwhich
grade¢ (x*) = 0.
Furthermore,if Hy,¢ is additionally positive definite and the following Lipschitz condition is
satisfied:

| (Hxo#) ™| IHxepud — Hxll < Lilull forx € G andu e G with (xo, ) + ull <r2, (4.10)

thenx* is a local solution of4.1).

Proof. Recall thatf is defined by4.4). Then, by Propositiof.2, dfy = Hy¢ for eachx € G. Hence, by
the assumptions,fq;1 df satisfieghe L-Lipschitz condition orC;, (xo) andcondition (3.7) is satisfied

becausd f = Ly < % Thus Theoren8.1is applicable. Hence the sequence generated by Newton’s
method for f with initial point xg is well defined and converges to a zetb of f. Consequently, by
Remark4.3, one sees that the first assertion holds.

To prove the second assertion we assumeliap is additionally positive definite and the Lipschitz
condition (4.10) is satisfied. It is sufficient to prove thdt- ¢ is positive definite. Let.* and A bethe
minimum eigenvalues dfly:¢ and Hy,¢, respectively. Theri® > 0. We have to show that* > 0. To
do this we let{xn} bethe sequence generated by Algorithm 4.1 and write= dfx—nlf(xn) for each
n=0,1,.... Then, by Remarl4.3,

Xn+1 = Xn - &Xp(—on) foreachn =0,1,..., (4.11)
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and,by Theoren8.1, we have
lonll < the1 —th foreachn=0,1,.... (4.12)

Therefore foreach =0, 1, ... we have

[ Fhod ™| 1 (Hpssd = Heo) | = | o ™| [ (Hioxpiom® = o)

=3 [t [ o = oo

o

< 2 Llonll

v

I
o

J

n
< Z L(thy1 —tn)
j=0

<Lrp (4.13)
dueto (4.10)—(4.12). Since
a = min (M@)o, 0) = min (g, o)
P = — * D.D) — D,V
A0 20 veg,|v|=1 X ’ veg,|v|=1 X0 ’
< | Hoot ™| [Heed = Hoot]
it follows that
l* . _l
o 1‘ < lim [ Hip ™| [Hep,a6 = Higg]) < Lra <1
dueto (4.13). This implies that* > 0 and completes the proof. O

Similar to the proof of Theorer.4, we can verify the following corollaries.

COROLLARY 4.5 Let x* be a local optimal solution 0f4.1) such that(Hy«¢)~1 exists. Suppose
that(HX*¢)_1(H(.)¢) satisfies thel-Lipschitz condition onCy, (Xo). Let Xo € Cy/4L (X*). Then the
sequence generated by Algorithm 4.1 with initial poxgtis well defined and converges to a critical
point, sayy*, of ¢ andp(x*, y*) < .

Furthermore,if Hx+¢ is additionally positive definite and the following Lipschitz condition is
satisfied:

. . 1
I(Hx-#) "Il Hxepug — Hxll < Lllull for x € G andu e G with o(x*, x) + |lul < T (4.14)

theny* is also a local solution of4.1).

COROLLARY 4.6 Let x* bea local optimal solution of (4.1) such théitly:¢) ! exists. Suppose that
(HX*¢)_1(H(.)¢) satisfies the.-Lipschitz condition orCy . (Xo). Let p > 0 be the largest number such
thatC,(e) C exp (B(0, £)) andletr = min {4, 4t }- Write N(x*,r) := x* - exp(B(0,r)). Then,
for eachxp € N(x*,r), the sequence generated by Algorithm 4.1 with initial points well defined
and converges quadratically x3.
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COROLLARY 4.7 Let G be a compact connected Lie group that is endowed with a bi-invariant
Riemannian metric. Lex* be a local optimal solution 0f4.1) such thaiHy-¢)~1 exists. Suppose
that(HX*¢)‘1(H(4)¢) satisfies the_-Lipschitz condition orCy . (Xp). Let Xg € Cy/aL (X*). Then the
sequence generated by Algorithtrl with initial point xg is well defined and converges quadratically
to x*.

We end this paper with two examples wighdefined by (1.1) for which our results in the present
paper are applicable but not the resultdfahony(1996).

ExAMPLE 4.8 Let G andgG be given by 8.50) and 8.51), respectively, witiN = 3. Consider the
optimization problem withp: G — R given by

$(x) = —tr(x' QxD) for eachx € G,

whereD is the diagonal matrix with diagonal entries2land 3 and) is a fixed symmetric matrix. Then
it is known (see, for example, Smith, 1993, 198#ghony,1996) that

gradg (x) = —(L})elx" Qx, D] = —x[x" Qx, D] (4.15)
and
X (x) = —tr(x"Qx[D, X)). (4.16)
Thereforejn view of (4.15), we have
grad(X¢p) (x) = —(Ly)elx"Qx, [D, XTI = —x[x" Qx, [D, X]].
Thisimplies that
(Hx) X = (L})g ‘grad(X¢) (x) = ~[xTQx, [D, X]]. (4.17)
Fix X e G anddefine the mag: G —» G by
g(x) := (Hx¢)X = —[x"Qx, [D, X']] for eachx € G. (4.18)

Then, by definition (cf.%.10)), for eacls € [0, 1] andu € G we have

dgx-expsull = %)t—o —[(xet etu)T Qx e e, [D, XT]]

- [% ‘t_oe‘t“(x e Qxet Y, [D, XT]}

_ d us\ T U T
- I:a)t_oAdetu((Xes ) Qxe), [D, X ]]

=—[[-u, xe*)TQxe™], [D, XT]],

where

t2
Adext (Y) =Y +t[X, Y] + E[X’ [X,Y]] +--- foreachX,Y e gG. (4.19)

TTOZ ‘vT Aeniga4 uo sjeuas Areiqi] [eaipawolg 1e 61o°sreuinolplojxo eulewi woly papeojumoq


http://imajna.oxfordjournals.org/

344 J.-H.WANG AND C. LI

Remembethat the norm| - || is the Frobenius norm. Consequently, for each G we have

1dgx.eqsutll < BIUIIQIIDIIXI = 8VL4(ull | QIIIX].

Hence applying (2.13), we have that

1
llg(x - expu) — g(X)[| < /O 1dgxexpeswy Ul ds < 814l QI X]I.

Thistogether with (4.18) implies that

IHx.expup — Hxll < 8v14|u)|| Q|| for eachu e G. (4.20)
In particular, taking
1 0003
Q=|0003 2 o,
0 0 O
we have
I Hx.expu® — Hxll < 16v21|ju|| for eachu € G. (4.21)
Let
0 10 0 01 0 0 0
by=]-1 0 0|, bb=|0 0 0|, bg=|0 0 1f. (4.22)
0 00 -1 0 0 0 -1 0

Then{by, by, b3} is a basis oko@, R). Thus we can endow the 2-norm |2 onso@, R) definedby

lullz = /u? +u3 +u3 for eachu = uiby + usby + uzbs € SO@, R).

It is routine to check thatu|| = +/2||u||2 for eachu € so@, R). LetXg = |3 andlet

1 0 0
C=]0 -2 —0.003
0 -0006 -2

Then, by @.17), we have that
(HX0¢) (bla b23 bS) = (bla b25 b3)C9
andso

(Hxo$) ~ (b, ba, bg) = (b1, bp, b3)C ™. (4.23)
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Thereforefor anyu = u1b; + uzbs + usbz € so@, R) we have
[ (Fo) ™ u = 101, bo, b)C(u, 2. )T

=2C (g, uz, uz) T2

<V2IIC7 Y ull2
=(IC™ ) ull.
Consequently
|(Hop) | <ic™ < V2. (4.24)

Combining this with (4.21) yields that(HXO¢)_1(H(.)¢) satisfies thelL-Lipschitz condition with
L = 161/42.Furthermore, by (4.15) and23), we have

By = | (Hat) ™ (L), gradg (o) | = | (Hxo#) 7 [Q, DI | = 0.003v2.

Hencel = Lgy < % Thus Theoren#.4 is applicable and the sequence generated by Algori#tin
with initial point Xxg = 13 is well defined and convergent to a critical pokitof ¢.

ExAamPLE 4.9 Consider the same problem as in Exampilgbut with Q defined by
2 -2 0
Q=|-2 1 -2].
0 -2 0

1 -2 2
2 -1 -2). (4.25)
2 2 1

Sincex*TQx* = diag(-2, 1, 4), it follows thatx* is a local optimal solution of (cf. Brockett 1988,
1991;Mahony,1996). Letx € G andu € G. Then it follows from (4.20) that

Let

I Hx.expugp — Hxll < 8v/14|ull|| Q|| = 56v/6]lull. (4.26)
Let by, by andbs begiven by @.22) and let

3 0
C=|0 12 O0].
0 0 3

With the same arguments as we had in Exardp8e we can show that

(Hx+¢) (b1, b2, bz) = (by, bz, b3)C

and

33
[(Hes )~ < IC7H) = % (4.27)
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Hence Hy:¢ is positive definite and(HX*¢)‘1(H(.)¢) satisfies thel-Lipschitz condition with
L = 14/22due to ¢.26) and4.27). Now letxg = x*-expo with x* given by @.25) and) = 0.00269h.
Then|o| < ﬁ. Note thatG is compact connected and endowed with a bi-invariant Riemannian met-
ric. Hence Corollary.7 is applicable and the sequence generated by Algoritihwith initial point

Xo = X* - expo is well defined and converges quadraticallyto
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